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Quickest Detection

The problem of detecting abrupt changes in the behavior of an observed signal or time
series arises in a variety of fields, including climate modeling, finance, image analysis,
and security. Quickest detection refers to real-time detection of such changes as quickly
as possible after they occur. Using the framework of optimal stopping theory, this book
describes the fundamentals underpinning the field, providing the background necessary
to design, analyze, and understand quickest detection algorithms.

For the first time the authors bring together results that were previously scat-
tered across disparate disciplines, and provide a unified treatment of several different
approaches to the quickest detection problem. This book is essential reading for any-
one who wants to understand the basic statistical procedures for change detection from
a fundamental viewpoint, and for those interested in theoretical questions of change
detection. It is ideal for graduate students and researchers in engineering, statistics,
economics, and finance.
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Preface

Change detection is a fundamental problem arising in many fields of engineering, in
finance, in the natural and social sciences, and even in the humanities. This book is
concerned with the problem of change detection within a specific context. In particular,
the framework considered here is one in which changes are manifested in the statistical
behavior of quantitative observations, so that the problem treated is that of statistical
change detection. Moreover, we are interested in the on-line problem of quickest detec-
tion, in which the objective is to detect changes in real time as quickly as possible after
they occur. And, finally, our focus is on formulating such problems in such a way that
optimal procedures can be sought and found using the tools of stochastic analysis.

Thus, the purpose of this book is to provide an exposition of the extant theory under-
lying the problem of quickest detection, with an emphasis on providing the reader with
the background necessary to begin new research in the field. It is intended both for
those familiar with basic statistical procedures for change detection who are interested
in understanding these methods from a fundamental viewpoint (and possibly extending
them to new applications), and for those who are interested in theoretical questions of
change detection themselves.

The approach taken in this book is to cast the problem of quickest detection in the
framework of optimal stopping theory. Within this framework, it is possible to provide
a unified treatment of several different approaches to the quickest detection problem.
This approach allows for exact formalism of quickest detection problems, and for a
clear understanding of the optimality properties they enjoy. Moreover, it provides an
obvious path to follow for the researcher interested in going beyond existing results.

This treatment should be accessible to graduate students and other researchers at a
similar level in fields such as engineering, statistics, economics, finance, and other fields
with comparable mathematical content, who have a working knowledge of probability
and stochastic processes at the level of a first-tier graduate course. Although the book
begins with an overview of necessary background material in probability and stochastic
processes, this material is included primarily as a review and to establish notation, and
is not intended to be a first exposure to these subjects. Otherwise, the notes are relatively
self-contained and can be read with a knowledge only of basic analysis. Some previous
exposure to statistical inference is useful, but not necessary, in interpreting some of the
results described here.
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Preface

The material presented in this book is comprised primarily of results published previ-
ously in journals. However, the literature in this area is quite scattered across both time
and disciplines, and a unique feature of this treatment is the collection of these results
into a single, unified work that also includes the necessary background in optimal stop-
ping theory and probability. Although this book is intended primarily as a research
monograph, it would also be useful as a primary text in a short course or specialized
graduate course, or as a supplementary text in a more basic graduate course in signal
detection or statistical inference.

This book grew out of a series of lectures given by the first author at the IDA Cen-
ter for Communications Research (CCR) in Princeton, New Jersey, and much of the
material here, including primarily the discrete-time formalism treated in Chapters 2-6,
originally served as lecture notes for that series. On the other hand, most of the material
on continuous-time models in Chapters 2-6, and all of the material in Chapter 7, was
completed while the second author was a post-doctoral associate at Princeton University
under the support of the US Army Pantheon Project.

The writing of this book has benefited from a number of people other than the authors.
Among these are David Goldschmidt, former Director of CCR, who suggested and
encouraged the series of lectures that led to the book, and George Soules, former Deputy
Director of CCR, who provided many useful suggestions on the subject matter and pre-
sentation of this material. Early drafts of this material also benefited considerably from
the comments and suggestions of the many members of the technical staff at CCR who
attended the lectures there. We are very grateful to these colleagues, as well as to many
other colleagues at Princeton University and elsewhere who have made useful sugges-
tions on this treatment. Of these, we mention in particular Richard Davis of Colorado
State University, Savas Dayanik and Stuart Schwartz of Princeton, Robert Grossman
of the University of Illinois, Chris Heyde of the Australian National University, Kostas
Kardaras of Boston University, George Moustakides of the University of Patras, and
Alexander Tartakovsky of the University of Southern California. Finally, the authors
are also grateful to Phil Meyler of Cambridge University Press for his encouragement
of this project and for his patience in awaiting its completion.



Frequently used notation

R is the set of all real numbers

Z is the set of all integers

R is the set of (one-sided) sequences of real numbers

CI0, 00) is the set of continuous functions mapping [0, oo) to R

DI0, o0) is the set of functions mapping [0, oo) to R that are right-continuous and have
left limits






Introduction

The problem of detecting abrupt changes in the statistical behavior of an observed sig-
nal or time series is a classical one, whose provenance dates at least to work in the
1930s on the problem of monitoring the quality of manufacturing processes [224]. In
more recent years, this problem has attracted attention in a wide variety of fields, includ-
ing climate modeling [15], econometrics [4,5,7,8,34,51], environment and public health
[110,115,170,201], finance [7,30,193], image analysis [17,214], medical diagnosis
[59,84,85,171,229], navigation [148,159], network security [53,55,125,164,208,213],
neuroscience [60,66,217,232], other security applications such as fraud detection and
counter-terrorism [86,87,125,202], remote sensing (seismic, sonar, radar, biomedi-
cal) [104,143,172], video editing [126,134], and even the analysis of historical texts
[50,95,182]. This list, although long, is hardly exhaustive, and other applications can
be found, for example, in [6,8,18,19,45,52,87,114,128,131,149,161,162,163,165,230].
These cited references only touch the surface of a very diverse and vibrant field,
in which this general problem is known variously as statistical change detection,
change-point detection, or disorder detection.

Many of these applications, such as those in image analysis, econometrics, or the
analysis of historical texts, involve primarily off-line analyses to detect a change in
statistical behavior during a pre-specified frame of time or space. In such problems, it
is of interest to estimate the occurrence time of a change, and to identify appropriate
statistical models before and after the change. However, it is not usually an objective of
these applications to perform these functions in real time.

On the other hand, there are many applications of change detection in which it is
of interest to perform on-line (i.e. real-time) detection of such changes in a way that
minimizes the delay between the time a change occurs and the time it is detected. This
latter type of problem is know as the quickest detection problem, and this problem arises
in many of the above-noted applications. For example, in seismology, quickest detection
can be used to detect the onset of seismic events that may presage earthquakes. It is
important that such events be detected as quickly as possible so that emergency action
can be taken. Similar issues arise in the monitoring of cardiac patients, the monitoring
of the radio spectrum for opportunistic wireless transmission, the analysis of financial
indicators to detect fundamental shifts in sector performance or foreign exchange trends,
the monitoring of computer networks for faults or security breaches, etc. Again, the list
of such problems is quite long and diverse.
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This book describes a theoretical basis for the design, analysis and understanding of
quickest detection algorithms. There are six chapters (plus bibliography) beyond the
current one. These are described briefly as follows.

@)

3

“)

Probabilistic framework

This chapter provides an overview of the elements of probability theory needed
to place the quickest detection problem in a mathematical setting. The top-
ics reviewed include probability spaces, random variables, expectations, Radon—
Nikodym derivatives, conditional expectations and independence, properties of
random sequences, martingales, stopping times, Brownian motion, and Poisson pro-
cesses. It is assumed that the reader has prior exposure to most of these ideas, and
this chapter is intended primarily as a review and as a mechanism for establishing
notation and vocabulary.

Markov optimal stopping theory

This chapter develops the concepts and tools of Markov optimal stopping the-
ory that are necessary to derive and understand optimal procedures for quickest
detection. These concepts include the general characterization of optimal stop-
ping procedures in terms of the Snell envelope, and the explicit techniques (e.g.
dynamic programming) for computing solutions to Markov optimal stopping prob-
lems. Three cases are treated: finite-horizon discrete time, infinite-horizon discrete
time, and infinite-horizon continuous time. The emphasis here is on the first two of
these cases, with the third case being treated only briefly. Several examples are used
to illustrate this theory, including the classical selection problem, option trading,
etc.

Sequential detection

This chapter formulates and solves the classical sequential detection problem as an
optimal stopping problem. This problem deals with the optimization of decision
rules for deciding between two possible statistical models for an infinite, statisti-
cally homogeneous sequence of random observations. The optimization is carried
out by penalizing, in various ways, the probabilities of error and the average amount
of time required to reach a decision. By optimizing separately over the error prob-
abilities with the decision time fixed, this problem becomes an optimal stopping
problem that can be treated using the methods of the preceding chapter. As this
problem is treated in many sources, the primary motivation for including it here is
that it serves as a prototype for developing the tools needed in the related problem
of quickest detection.

With this in mind, both Bayesian and non-Bayesian, as well as discrete-time and
continuous-time formulations of this problem are treated as well as models that
combine both a discrete and a continuous nature. In the course of this treatment,
a set of analytical techniques is developed that will be useful in the solution and
performance analysis of problems of quickest detection to be treated in subsequent
chapters. Specific topics included are Bayesian optimization, the Wald—Wolfowitz
theorem, the fundamental identity of sequential analysis, Wald’s approximations,
and diffusion approximations.
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A basic conclusion of this chapter is the general optimality of the sequential
probability ratio test (SPRT), which, in its various forms, is a central algorithm for
the problem of sequential detection.

Bayesian quickest detection

This chapter treats the ‘disorder’ problem, first posed by Kolmogorov and Shiryaeyv,
in which the distribution of an observed random sequence changes abruptly at
an unknown time (the change point). This change point is assumed to have a
known geometric prior distribution, and hence this problem provides a Bayesian
framework for quickest detection. The choice of a geometric prior is mathemati-
cally convenient, but it also provides a reasonable model for a number of practical
applications.

The objective of a detection procedure in this situation is to react as quickly
as possible to the change in distribution, within a constraint on the probability of
reacting before the change occurs. Thus, the design of such procedures involves
the satisfaction of optimization criteria comprised of two performance indices: the
mean delay until detection, and the probability of false alarm (i.e. premature detec-
tion). As with the classical sequential detection problem, this problem can also be
formulated as an optimal stopping problem after a suitable transformation.

We also describe various other formulations of this problem starting with its
continuous-time analog of detecting a change in the drift of a Brownian motion,
where the prior for the change point is assumed to be exponential. We subsequently
consider a Poisson model which combines both continuous-time and discrete-time
features in its nature and treatment. We further include a different treatment of this
problem that focuses on devising a stopping rule that, with high probability, is as
close as possible to the change point. This problem is also formulated as an optimal
stopping problem and the tools developed in Chapter 3 are used for its treatment.

After a discussion of several alternative optimization criteria comprised of trade-
offs similar to the ones mentioned above, we finally conclude this chapter with a
game theoretic approach to the problem of Bayesian quickest detection, in which
the change point is viewed as having been selected by an opponent (“nature”)
playing a competitive game with the designer of the detection procedure.

A central theme of this chapter is the general Bayesian optimality of procedures
that announce the presence of a change point at the first upcrossing of a threshold
by the posterior probability of a change, given the past and present observations.
An exception to this general optimality arises in the game theoretic formulation, for
which the optimal solution is the so-called cumulative sum (CUSUM) procedure,
also known as Page’s test, which plays a central role in non-Bayesian formula-
tions of the quickest detection problem. This latter formalism thus provides a bridge
between Bayesian and non-Bayesian problems, and a segue to the next chapter of
this book.

Non-Bayesian quickest detection

This chapter treats a non-Bayesian formulation of the quickest detection problem,
first proposed by Lorden, in which no prior knowledge of the change point is
known. For many applications, this formulation is more useful than the Shiryaev
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formulation, since the assumption of a prior distribution for the change point is
sometimes unrealistic. Without a prior, however, the performance indices used in
the Shiryaev formulation of this problem — namely, mean detection delay and false-
alarm probability — are not meaningful since there is an infinite set of possible
distributions for the observations, one for each possible value of the change point.

Lorden’s formulation deals with this difficulty by replacing the mean detection
delay with a worst-case conditional delay, where the conditioning is with respect to
the change point, and the worst case is taken over all possible values of the change
point and all realizations of the measurements leading up to the change point. False
alarms are controlled by placing a lower bound on the allowable mean time between
false alarms. Here, considering first the discrete-time case, we present a solution to
the problem of minimizing delay within this constraint, again by appealing to a
related optimal stopping problem. The above-noted CUSUM algorithm is the opti-
mal solution here, and it is in fact the central (although not the only) algorithm
arising in non-Bayesian quickest detection problems.

Results from renewal theory are also used here to relate the performance of
optimal detection procedures for this problem to that of the classical sequential
detection procedures described in Chapter 4. Through this connection, a number of
approximations and bounds for the relevant performance indices are developed.

The non-Bayesian quickest detection problem is also treated under the assump-
tion of several continuous-time models for the observations. The problem is seen
once again as an optimal stopping problem, but now we introduce a different
approach, based on establishing global lower bounds for the performance of all rel-
evant stopping times, in solving it. In the case of a specific continuous-time model
we also discuss the practically important problem of an unknown change after the
change point.

We finally give several asymptotic results that are useful in the analysis of the
CUSUM algorithm, and in its generalization. We also apply this asymptotic analysis
to treat the problem of two-sided alternatives (i.e. changes in the mean of unknown
sign) in the context of a specific continuous-time observation model.

Additional topics

This final chapter considers the problem of sequential and quickest detection in
several settings that arise from practical considerations not treated in the previous
chapters. These include decentralized, robust, and adaptive methods for quickest
detection. Decentralized problems arise, for example, in applications involving sen-
sor networks or distributed databases. Robust and adaptive methods are generically
of interest when there is uncertainty in the statistical models used to describe obser-
vations. Other generalizations and alternative formulations of the quickest-detection
problem are also described, notably in connection with problems in which the
observations do not form an independent sequence. Such problems arise in appli-
cations involving the analysis of time series, for example. All the results of this
chapter are cast in a discrete-time framework.

The basic idea in the treatment of the decentralized detection problems is to again
formulate them as optimal stopping problems and use the results of Chapter 3 to
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solve them. Adopting a Bayesian model for the change point, the similarity of the
problems of decentralized sequential and quickest detection to the problems treated
in Chapters 4 and 5, in both formulation and solution, is easily seen. However, an
additional feature here that does not arise in the earlier formulations is the need of
optimizing local decisions in addition to global ones.

As noted above, the problems of robust and adaptive quickest detection treat
situations of modeling uncertainty. The two approaches are quite different, as
robust procedures seek to provide guaranteed performance in the face of small, but
potentially damaging, non-parametric uncertainties in statistical models, whereas
adaptive procedures are based on the on-line estimation of parametrized models. In
the former case, we describe and solve a minimax formulation of quickest detec-
tion, whereas the latter problem is solved using combined detection—estimation
procedures. In both case, the approach is essentially non-Bayesian.

Finally, we present the problem of quickest detection in the case of more general
dependence models than the independent-sampling models used in earlier chapters,
again using a non-Bayesian formulation. After first giving a precise generalization
of the optimality of the CUSUM to a class of dependent observation processes,
we then turn to a more general approach to change detection in time series mod-
els based on a general asymptotic local formulation of change detection, which
makes heavy use of diffusion approximations to develop asymptotically optimal
procedures.
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Probabilistic framework

Introduction

Probability theory provides a useful mathematical setting for problems of optimal stop-
ping and statistical change detection. This chapter provides a brief overview of the
concepts from probability that will be used in the sequel. This overview is organized
into five sections, a review of basic probability (Section 2.2), a collection of results about
martingales and stopping times (Section 2.3), some introductory material on Brownian
motion and Poisson processes (Section 2.4), an overview of semimartingales (Section
2.5), and the definition and properties of the stochastic integral (Section 2.6). Those who
are already familiar with the basic definitions of probability, expected value, random
variables, and stochastic convergence, may want to skip Section 2.2.

Basic setting

In this section, we define some essential notions from probability theory that will be
useful in the sequel. Most of this material can be found in many basic books, including
[37,46], or in the first chapter of [225].

Probability spaces

The basic notion in a probabilistic model is that of a random experiment, in which
outcomes are produced according to some chance mechanism. From a mathematical
point of view, this notion is contained in an abstraction — a probability space, which is
a triple (€2, F, P) consisting of the following elements:

e a sample space 2 of elemental outcomes of the random experiment;

e an event class JF, which is a nonempty collection of subsets of 2 to which we wish to
assign probabilities; and

e a probability measure (or probability distribution) P, which is a real-valued set
function that assigns probabilities to the events in F.

In order to be able to manipulate probabilities, we do not allow the event class to be
arbitrary, but rather we assume that it is a o-field (or o-algebra); that is, we assume
that F is closed under complementation and under countable unions. The usual algebra
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of set operations then assures that F is closed under arbitrary countable sequences of the
operations: union, intersection, and complementation. Such a class necessarily contains
the sample space 2 and the null set ¢J. The elements of F are called events. A pair
(2, F) consisting of a sample space and event class is called a measurable space or a
pre-probability space.

The probability measure P is constrained to have the following properties, which
axiomatize the intuitive notion of what probability means:

e P(Q) =1;
e P(F)>0, VF € F; and

o o0
P (U Fn> = P(Fy.
n=1 n=1

for all sequences {Fy;k = 1,2,...} of elements of F satisfying F,, N F,, =
B, Ym # n.

That is, P is constrained to be non-negative, normalized, and countably additive.

Random variables

The probability space is a useful abstraction that allows us to think of a chance
mechanism underlying more concrete, observable phenomena that we wish to
model as being random. Such concrete things can be modeled as being random
variables.

Mathematically, a random variable is defined to be a measurable mapping from the
sample space 2 (endowed with the event class F) to the real line R (endowed with the
usual Borel o-field 3).! That is, X : Q — R is a random variable if

X YB)e F, VB e B, 2.1)

where X! (B) denotes the pre-image under X of B : {w € Q|X (w) € B}.
The measurability of X assures that probabilities can be assigned to all Borel subsets
of R via the obvious assignment:

Px(B)= P (X_I(B))  VBeB. 2.2)

In this way, X induces a probability measure Py on (R, 5) so that (R, B, Px) is also
a probability space. Once Pyx is known, the structure of the underlying probability
space (€2, F, P) is irrelevant in describing the probabilistic behavior of the random
variable X.

! Recall that the Borel o-field in R is the smallest o-field that contains all intervals. This is a natural event
class to consider on the real line, since the intervals, their complements, unions, and intersections, are the
sets of most interest in the context of describing the behavior of observed real phenomena.
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The information contained in the probability measure Px is more succinctly
described in terms of the cumulative probability distribution function (cdf) of X,
defined as

Fx(x) = P(X <x) = Px((—o0,x]), x € R. (2.3)

Either of the two functions F'y or Px determines the other.

The family of all cdf’s is the set of all non-decreasing, right-continuous functions with
left limit zero and right limit one. That is, all cdf’s satisfy these properties; and, given
any function with these properties, one can construct a random variable having that
function as its cdf. Random variables are classified according to the nature of their cdf’s.
Two distinct types of interest are: continuous random variables, whose cdf’s are abso-
lutely continuous functions; and discrete random variables, whose cdf’s are piecewise
constant.

It is sometimes of interest to generalize the notion of a random variable slightly to
permit the values 00 in the range of the random variable. To preserve measurability,
the sets of outcomes in 2 for which the variable takes on the values +oco and —oo
must be in F. This generalization of a random variable is known as an extended random
variable.

Expectation

The cdf of a random variable completely describes its probabilistic behavior. A coarser
description of this behavior can be given in terms of the expected value of the random
variable.

A simple random variable is one taking on only finitely many values. The expected

value of a simple random variable X taking on the values x1, x2, . .., X, is defined as
n
E{X}=)_xiP(Fp), (2.4)
k=1

where F; = {X = xi}. The expected value of a general non-negative random variable
X is defined as the (possibly infinite) value

E{X} = sup E{Y}. (2.5)
{simple Y|P (Y <X)=1}

The expected value of an arbitrary random variable is defined if at least one of the
non-negative random variables, X* = max{0, X} and X~ = (—X)T, has a finite
expectation, in which case

E{X}=E{XT}— E{X™). (2.6)

Otherwise E{X} is undefined. The interpretation of E{X} is as the average value of X,
where the average is taken over all values in the range of X weighted by the probabilities
with which these values occur.
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When E{X} exists, we write it as the integral

/ X (@) P(dw) = / XdP. 2.7)
Q Q

If E{|X]|} < oo, we say that X is integrable.
The simplest possible non-trivial random variable is the indicator function of an
event, say F, which is defined as

1 weF

Ir(w) = { (2.8)

0 a)¢F.

Since we have E{1r} = P(F), it follows that knowledge of expectations of all random
variables is equivalent to knowledge of the probability distribution P. For an event F'
and a random variable X whose expectation exists, we write

E{XlF}:f X(w)P(dw):/ XdP. 2.9)
F F

The integral (2.7) is a Lebesgue—Stieltjes integral, and it equals the Lebesgue—
Stieltjes integral

/ X Px (dx), (2.10)
R
which in turn equals the Riemann—Stieltjes integral
o)
/ xdFy(x), (2.11)
—00
whenever this integral converges. For a continuous random variable we thus have
o
E{X} =/ xfx (x)dx, (2.12)
—00
where fx(x) = dFx(x)/dx is the probability density function (pdf) of X. Similarly, for
a discrete random variable X taking the values x1, x2, ..., we have
oo
E{X} =) xpx (o), (2.13)
k=1

where px (x) = P(X = x) is the probability mass function (pmf) of X.

If X is a random variable and g is a measurable function from (R, B) to (R, B),
then the composite function ¥ = g(X) is also a random variable, and its expectation
(assuming it exists) is given by

E{Y} =/Qg(X(w))P(dw) =/Rg(x)Px(dX)- (2.14)

(The right-hand integral also must equal fRyPy(dy), of course.) The following
quantities are of interest.
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e The moments of a random variable:
E{X"}, n=1,2,... (2.15)

The first moment (which is the expected value) is called the mean of X.
e The central moments of a random variable:

E{X-E(XD)'},n=12,... (2.16)

The second central moment is the variance of X.

e The function My (t) = E{e'X} for t complex, which is known as the moment gener-
ating function if t € R, and the characteristic function if t = iu withi = +/—1 and
u € R. The characteristic function is sometimes written as ¢x(u) = My (iu). Note
that Px and ¢y form a unique pair.

A useful result involving expectations of functions of random variables is Jensen’s
inequality:

E{g(X)} = g (E{X}), (2.17)

which holds for convex functions g such that the left-hand side exists. If g is strictly
convex, then the inequality in Jensen’s inequality is strict unless X is almost surely
constant.

Radon-Nikodym derivatives

Suppose P and Q are two probability measures on a measurable space (€2, F). Then,
we have the following theorems.

o Lebesgue decomposition theorem. There exists a random variable f (unique up to sets
of P-probability zero), and an event H satisfying P(H) = 0, such that

Q(F):/ fdP+Q(HNF), YVF e F. (2.18)
F

We say that Q is absolutely continuous with respect to P (or that P dominates Q)
if P(F) = 0 implies Q(F) = 0. We write Q < P.If Q <« P and P K Q, we say
that P and Q are equivalent and we write P = Q.

A trivial corollary to the Lebesgue decomposition theorem is the following.

e Radon—Nikodym theorem. Suppose Q < P. Then there exists a random variable f
such that

O(F) =/ fdP,VF e F. (2.19)
F

The function f appearing in (2.19) is called the Radon—Nikodym derivative of Q
with respect to P, and we write

_ 1 2.20
f@) = T @) (2.20)
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If w is a third probability measure on (€2, F), and we have Q < P < u, then we
can write’

40 _ d0/du

dP  dP/du’

2.21)

If P does not dominate Q, then, for any u that dominates both P and Q, the ratio on
the right-hand side of (2.21) is called the generalized Radon—Nikodym derivative of Q
with respect to P.° The generalized Radon—Nikodym derivative is an extended random
variable. In (2.18), the random variable f is the generalized Radon—Nikodym derivative
of O with respect to P, and H = {w € Q|f(w) = oco}. For any two probability
measures Q and P, there is a common dominating probability measure 1 (e.g. £ =
(P+Q)/2).

The Lebesgue decomposition theorem (and, hence, the Radon—Nikodym theorem)
remains valid if the normalization axiom (P(2) = Q(2) = 1) is replaced with the
condition that P and Q be o-finite; i.e. that €2 can be written as the countable union of
events, each of which has finite measure under P, and similarly for Q.

As a simple example of a Radon—-Nikodym derivative, suppose (2, F) = (R, 1) and
P and Q have pdf’s p and ¢, respectively. Then, the condition Q < P is equivalent
to the condition that the support of ¢ is contained in the support of p, and in this case
we have

d

o _ g (2.22)
dP p

This is a restatement of (2.21) for the case in which pu is the Lebesgue measure on

(R, B).

Conditional expectation and independence

Conditional expectation is one of the most important fundamental concepts needed in
optimal stopping theory. To introduce this notion, we consider again a probability space
(2, F, P), an integrable random variable X, and an event F' with P(F) > 0.

The conditional expectation of X given F is the constant

fF XdP
E{X|F} ="+t ——-. (2.23)
P(F)
Note that this constant satifies the condition
/ E{X|F}dP =/ XdP; (2.24)
F F

2 Note that Radon—Nikodym derivatives are only unique up to sets of P-probability zero. From here on,
whenever we equate two random variables, it is understood that equality holds almost surely; i.e. that the set
of experimental outcomes for which equality does not hold has zero probability under the basic probability
P. A similar interpretation should be used when interpreting inequalities or other statements involving
random variables.

3 The ratio can be defined arbitrarily in the ambiguous case in which dQ/du(w) = dP/du(w) = 0, since
the set of w for which this holds has zero probability under both measures P and Q.



12

Probabilistic framework

that is, it has the same P-weighted integral that X does over the event F.

For our purposes, we would like to generalize this notion of conditional expectation
to allow for conditioning on groups (in particular o -fields) of events. To do so we begin
with a few preliminary definitions.

o A o-field G is a sub-o-field of F if each element of G is also in F. We write G C F.

e A random variable X is measurable with respect to the sub-o-field G if X~'(B) €
g, VB ekB.

e The o-field generated by a random variable X (denoted by o (X)) is the smallest
o -field with respect to which X is measurable.

Heuristically, o (X) can be thought of as the set of events on which the random vari-
able X is constant. Further refinement of F beyond o (X) is not observable through X.
This interpretation is exact for simple random variables.

Now suppose we have an integrable random variable X and a sub-o-field G. The
conditional expectation of X given G is defined as any random variable Z, measurable
with respect to G, such that

/ Zdp =f XdP, VG €G. (2.25)
G G

Such a random variable Z always exists, and we write E{X|G} to denote any such
random variable. Any two versions of E{X|G} differ only on sets of probability zero.
Of course, if X itself is G-measurable, then E{X |G} = X.

The interpretation of E{X|G} is that it is a random variable that behaves like X does
to the extent that is consistent with the constraint that it be G-measurable. In this sense,
E{X|G} can be thought of as a projection of X onto G.* Again appealing to a heuristic
interpretation, E{X|G} is a random variable formed by replacing X by its centroid (with
respect to P) on each set in G. This can be illustrated with a very simple example. In
particular, choose an event F with 0 < P(F) < 1, and consider the sub-o-field

G={F,F,Q,0}. (2.26)
Then, for any random variable X we have

E{X|F} weF

E{X|F} weF° " @.27)

E{X|G} = {
The existence of conditional expectation follows as a corollary to the Radon—-Nikodym
theorem. To see this, suppose first that X is non-negative. Consider the measurable space

(22, §) and define two measures Q and P’ on (€2, G) by

0(G) =/ XdP and P'(G)=P(G), VG €g. (2.28)
G

4 This notion of conditional expectation as a projection is precise if we assume that E{X?} < co. In this case,
it is easily shown that E{X|G} minimizes E{(Z — X)?} over all G-measurable random variables Z.
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Note that Q is a finite measure (i.e. Q(2) < 00), but it is not a probability measure
unless E{X} = 1. The probability measure P’ is the restriction of P to G. We have
trivially that Q <« P’ and thus we can write

0(G) :/ fdP', VG e g, (2.29)
G

with f = dQ/dP’. Since f is G-measurable and P and P’ agree on G, (2.29) can be
rewritten as

0(G) =/ fdP, VG eg, (2.30)
G

Comparing this relationship with the definition of E{X|G}, we see that E{X|G} =
dQ/dP’. If X is not non-negative, then the existence of E{X|G} follows straightfor-
wardly by decomposing X as X* — X, and proceeding as above.

If 'H is a sub-o-field of G, then it is easy to see that

E [E{Xlg} ‘H} — E(X|H). 2.31)

The interpretation of this property is that the projection of X onto the o-field 7 can be
found by first projecting onto the finer o-field G and then projecting the result onto .
So, for example, since E{X} is the conditional expectation of X given the trivial o -field
(22, ¥), we have

E{E{X|G}} = E{X}, (2.32)

forany G C F.
If Y is another random variable, then the conditional expectation of X given Y, is
defined by

E{X|Y} = E{X|o(Y)}. (2.33)

The quantity E{X|Y} has the interpretation of being the (probabilistically-weighted)
average value of X, given that Y is fixed. It can be shown that X is o (Y)-measurable if
and only if there is a measurable function g : (R, B) — (R, B) such that X = g(Y).
So, E{X|Y} can be considered to be a measurable function of Y. Thus, we can think of a
measurable function g : R — R such that E{X|Y} = g(Y); we can write this function
as g(y) = E{X|Y = y}.

Conditional expectations are closely related to the notion of (statistical) indepen-
dence, defined in various circumstances as follows.

e Two events F and G are said to be independent if P(F N G) = P(F)P(G).

e Two o-fields G € F and H C F are said to be independent if all elements of G are
independent of all elements of H.

e A random variable X is said to be independent of a o-field G if o (X) is independent
of G.

e Two random variables X and Y are said to be independent if o (X) and o (Y) are
independent.
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If X is independent of G, then E{X|G} = E{X}; and so if X and Y are independent,
then E{X|Y} = E{X}. This condition is the opposite extreme of the condition that X
be o (Y)-measurable, which means that X (and E{X|Y}) is a function of Y.

Example 2.1: (R?, B%). As an example to illustrate the above concepts, consider the case
in which the measurable space of interest is the plane equipped with its Borel o-field;’
ie. (2, F) = (R?, B?%). Consider the sub-o-field G consisting of those sets of the form

{w = (w1, ) € R*|wy € B}, B€B, (2.34)

where, as usual, B is the Borel o-field of R. It is straightforward to see that the set of
G-measurable random variables is the set of random variables that are functions of only
the second coordinate of w.

So, for an integrable random variable X, the random variable E{X|G} is any
measurable function of w, satisfying the equation

/ E{X|GHwy)P(dw) :/ X (w1, w)P(dw), VB € B. (2.35)
RxB

RxB

Now suppose that the probability measure P assigns probabilities via the integral
P(F) = / p(wi, wy)dwidwy, YV F € F, (2.36)
F

where p is a non-negative integrable function on R?, with total integral 1. Then, (2.35)
becomes

/E{Xlg}(wz)m(wz)dm:/ /RX(wl,wz)p(wl,wz)dwldwz, (2.37)
B B
where

p2(@2) =Lp(w1,w2)dw2~ (2.38)

It follows that the random variable

fR X (w1, w2) p(wr, w2)dw;
p2(w2)

(2.39)

is a version of E{X|G}. Note that the two measures Q and P’ defined above are given
here by

0(B) 2/ / X (w1, w2) p(w1, wr)dwidw,, B € B, (2.40)
BJR
and

P'(B) =Lp2(w2)dw2, B e B. (2.41)

5 The Borel o-field in the plane is the smallest o-field containing all rectangles.
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To illustrate the conditioning of one random variable on another, consider the random
variable Y given by Y (w) = w;. Then, o (Y) = G, and so

E{X|Y} = E{X|G}(Y); (2.42)
in other words

_ Jr X (@1, y) p(w1, y)dw

E{X|Y =y} (2.43)
p2(y)
To illustrate independence, consider the sub-o-field of sets of the form
{(1, ) € R?|w; € B}, B € B. (2.44)
Then G and H being independent means that P is a product measure; i.e. that
P({w|wy € A} N{w|wy € B}) = Pi(A)P»(B), YVA,B € B, (2.45)

where Py and P, are the restrictions of P to G and H, respectively. Note that H is
the o-field generated by the random variable X (w) = w1, so this X is independent
of the above Y if and only if P is a product measure. In the case in which P has the
representation (2.36), this is equivalent to the condition that p(w1, wy) factor into the
product of two functions, one of which depends only on w; and the other of which
depends only on w;.

Having defined conditional expectations allows for the definition of conditional prob-
abilities by considering the conditional expectations of indicator functions. (Such con-
ditional probabilities obey the same axioms that P does.) For example, the conditional
cdf of a random variable X given another random variable Y is defined as

Fxjy (1Y) = E [Iix<q Y}, x € R. (2.46)

Since this random variable is, for each x, a function of Y, we can define a func-
tion g(x, y) of two real variables such that Fyy(x|Y) = g(x,Y). So, we can write
g(x,y) as Fxjy(x|y) and think of this function as the conditional cdf of X given
the event Y = y. As a function of x, Fxy(x|y) has the properties of an (uncon-
ditional) cdf. Similarly, conditional pdf’s, pmf’s, etc., can easily be defined. Such
quantities allow for the straightforward computation of conditional expectations and
probabilities.

Random sequences

A stochastic process (or random process) on a probability space (€2, F, P) is an indexed
collection of random variables on (€2, F), in which the set of indices is a subset of the
reals. That is, a stochastic process is a collection { Xy ; k € K}, where K € R and where,
for each k € IC, X} is a random variable on (2, F).

In this book, we are interested primarily in stochastic processes with one of two index
sets, the non-negative integers (discrete-time processes, or random sequences), and the
non-negative reals (continuous-time processes.) In either case, a stochastic process can
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be viewed as a mapping from the set Q2 to the set of real-valued functions with domain
K. The required measurability of X for each k € K constrains this mapping. For the
case of random sequences, this mapping can be any measurable mapping from (€2, F) to
(R®°, B*°), where the set R is the set of all sequences of real numbers. The o-algebra
B contains all cylinder sets, that is sets of the form

E ={x € R%; (xg,....x,) € A}, (2.47)

where A ranges through® B”, {ki,..., k,} ranges through n-long subsets of the
non-negative integers, andn =1, 2, ...

Stochastic processes are essentially random functions, and so analytical properties
are of interest. This general area is a very broad topic, and here we will discuss only
one aspect of it: asymptotic behavior (i.e. notions of convergence). We limit attention to
the case of discrete time, although the analogous continuous-time concepts are largely
identical.

There are a number of useful modes of convergence that are of interest in analyzing
problems involving random sequences. The four most common of these are defined
as follows. In each case, we assume that X, X¢, X1, ... are random variables on the
probability space (2, F, P).

o {Xi;k=0,1,...} converges to X almost surely (or with probability I) if

P(lim szX) =1.
k—o00
In this case we write Xy, 2 x.
e Suppose p > 1. {X3: k=0, 1, ...} converges to X in the p™ mean (or in LP) if
lim E {|X; — X"} =0.
k— 00
. . LP
In this case we write X; — X.
o {Xy;k=0,1,...} converges to X in probability if
lim P (| Xy — X|>¢€)=0,Ve > 0.
k— 00
In this case we write X} 2 x.
o {X1;k=0,1,...} converges to X in distribution (or in law) if

lim Fy, (x) = Fx(x),
k—o00

. . . . . D
for all x at which Fy is continuous. In this case we write X; — X.

Either of almost-sure or L? convergence implies convergence in probability, which
in turn implies convergence in distribution. None of these implications can be reversed
in general, although some limited converses hold. For example, convergence in

6 Analogously with 5 and B2, B" denotes the Borel o-field in R”; that is, the smallest o -field containing all
n-dimensional rectangles.
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distribution to a constant implies convergence in probability to this constant; con-
vergence in probability of a dominated sequence implies convergence in L? (see
below); and every convergent-in-probability sequence has an almost surely convergent
subsequence.

Some basic results relating the interchange of expectation and passage to the limit are
listed here.

e Fatou’s lemma. Suppose Xy > 0, Vk. Then

limsup E{X;} < E {lim sup Xk} .
k— o0 k— o0
e Dominated convergence theorem. Suppose {X} converges in probability to X, and
there exists a random variable Y such that | X;| <Y, Yk and E{Y?} < oo. Then

lim E{|Xx — X|"} = 0.
k— o0

e Monotone convergence theorem. Suppose { X} converges monotonically up to X with
probability one. Then, we have E{X;} * E{X}.

The dominated convergence theorem’ is a corollary to the more general result that
the order of expectation and passage to the limit can be interchanged for a non-negative
random sequence converging with probability 1, if and only if the sequence is uniformly
integrable (u.i.):

lim supf | Xr|dP = 0. (2.48)
YTk Xk |=x)

In fact the non-negativity condition is not necessary in the case of uniform integrability.
In particular, suppose that Xy BoxIr {Xk} is wi. then E{X} < oo and E{X;} —
E{X}. (See for comparison p. 185 [37].)

Moreover, there is the following relationship between u.i. L? convergence and
convergence in probability.

(1) If the random sequence {|Xy|”} is u.i. for some p > 0 and Xy ® X, then
E{|X|’} <ocand X, - X in L?.

P
() Tf E{|X;|P} < coand X; 55 X, then {|X;|?} is u.i.

For a proof of the above result please refer to [58].

Similarly, the conclusion of Fatou’s lemma holds under the more general hypothesis
that {X;} is w.i. and E{lim sup;_, ., Xx} exists.

Note that all of the above results remain valid if the expectations are conditional
expectations.

As with pairs of events, o -fields, and random variables, we can define independence
among larger groups of these same objects.

7 The case of the dominated convergence theorem in which the dominating random variable Y is a constant
is also known as the bounded convergence theorem.
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o A setof events {Fg, k € K} is independent if

P (ﬂ Fk> = (") P(Fo). (2.49)

kel ke
for all subsets Z of K.

e A set of sub-o-fields {F;, k € K} is independent if all sets of events of the form
{Fx € Fi, k € K} are independent.

e A set of random variables {Xy;k € K} is independent if the set of o-fields
{o(Xy); k € K} is independent.

Some well-known basic results involving limits of sequences of random variables are
given in the following list.

e Kolmogorov’s strong law of large numbers. Suppose {X; k = 1,2, ...} is a sequence
of independent and identically distributed (i.i.d.) random variables, each having finite
mean . Then

S xe B (2.50)
n

e Chebychev’s central limit theorem. Suppose {Xy; k = 1,2, ...} is a sequence of i.i.d.
random variables, each having finite mean p and variance o2 satisfying 0 < 0?2 < 0.

Then

N

where X is a standard (zero mean and unit variance) Gaussian random variable.

e Borel-Cantelli lemmas. Suppose Fi, F>, ... is a sequence of events. Consider the
event consisting of those experimental outcomes that are in infinitely many of the
F}’s; i.e. consider

R D
— > X —p) = X, (2.51)
k=1

{Fyio) = ﬂ U Fy. (2.52)

n=1k=n
(Here ‘i.0.” stands for ‘infinitely often’.)
= If Y32, P(Fx) < oo, then P(F i.0.) = 0.
— If Fy, F>, ..., are independent and Z,fil P(F;) = oo, then P(Fy i.0.) = 1.

The first two of the above limit theorems can be generalized considerably.

Martingales and stopping times

In this section, we define the notions of martingales and stopping times, and we give
some general properties relating to these objects. We do so primarily in the discrete-
time case, leaving the continuous-time case to be developed at the end of the section.
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Thus, except at the end, the time set for all sequences in this section is the set of non-
negative integers. A good source for the material in this section is [157]. Reference
[191] also contains most of these results.

Martingales

We consider throughout a probability space (€2, F, P), and we begin with some
definitions.

o A filtration {Fi; k =0, 1, ...} is an increasing sequence of sub-o-fields of F.

e A random sequence {X} on (2, F, P) is adapted to {Fy} if, for each k, Xy is Fi-
measurable.

e Suppose {Xi} is a sequence of integrable random variables adapted to a filtration
{Fi}. Then, { Xy, Fi} is a submartingale if

E{X(|Fi} = Xe Ve <k (2.53)

(Again, as noted above, (in)equality of random variables is taken to mean almost-sure
(in)equality with respect to the measure P.) When the filtration is understood, we will
simply say that such a sequence {Xy} is a submartingale. Note that it is sufficient that
(2.53) hold for all k with £ =k — 1.

o {Xi, Fi} is a supermartingale if {—Xy, Fi} is a submartingale. Submartingales and
supermartingales are sometimes referred to as semimartingales as they are special
cases of them.

o { Xy, Fi} is a martingale if it is both a submartingale and a supermartingale; i.e. if

E{Xy|Fe} =X VE<k.

One way of thinking of a martingale is as the fortune accumulated by a gambler in
playing a sequence of fair games. In particular, if X, is the gambler’s fortune after the
2™ play, then the gambler’s expected fortune at any time k in the future given all that
has transpired up until time ¢ is just E{Xy|F¢} = X,. This interpretation is reinforced
if we note that any martingale {X;} can be decomposed into the cumulative sum of a
fair sequence:

k
X, = Z Ay, (2.54)
{=0

where the sequence Ag = Xo, Ax = X — Xx—1 if fair; i.e. it satisfies the property
E{Ax|F¢} =0, VO0<{ <k (2.55)

In the context of the gambling analogy, the fair sequence represents the sequence
of winnings on each play of the game. Note that a submartingale can be thought
of as the gambler’s fortune when the game is biased in favor of the gambler, and a
supermartingale is the gambler’s fortune when the game is biased against the gambler.
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A filtration can be viewed as describing the evolution in time of observable infor-
mation in a given model. For example, {F}} could be generated by a sequence { X} of
random variables, viz.,

Fr=0Xo, X1,..,Xp), k=0,1,2, ..., (2.56)
where o (X¢, X1, ..., Xx) denotes the smallest o-algebra with respect to which all of
the random variables X, X1, ..., X}, are measurable. Note that this filtration is the

minimal filtration with respect to which the sequence { X} is measurable. In this case,
the martingale property is

E{Xy| X0, X1,..., X¢} = Xp, V€ <k. (2.57)

It is easily seen that, if a sequence { Xy} is a martingale with respect to any filtration, then
it must be a martingale with respect to its natural filtration. However, there are often rea-
sons for using filtrations other than the natural one (for example, there may be more than
one martingale arising in a given model, each of which has its own natural filtration).

As a concrete example of a filtration, consider the measurable space (2, F) = (R,
B°°). Define a sequence of random variables {X} via Xy (w) = wy, Kk = 0,1, ...,
where v = (wq, w1, w3, ...). Then, Fj in the filtration {F; = o (Xg, X1, ..., Xp)} is
the class of all k£ 4+ 1-dimensional cylinder sets in R, as they appear in (2.47). Note
that these sub-o -fields are analogous to the sub-o-field G discussed in Example 2.1 of
Section 2.2.5.

Three major results concerning martingales are the following. In each case, we
assume that { X, Fx} is a submartingale.

e Kolmogorov’s inequality.

E{X;
P<max szot)f X}
o

1<k<n

, Va > 0. (2.58)

e Martingale convergence theorem. Suppose sup; E {X,j} < 00. Then there is a ran-

dom variable X finite a.s. on the set {X| > —o0o} such that X = 'd Moreover, if
sup; E{|Xr|} < oo, then E{|X|} < oo.
e Doob decomposition theorem. { X} can be written in a unique way as

Xy =M+ Ar, k=0,1,2,..., (2.59)

where {My, Fi} is a martingale and {Aj} is an increasing process; that is, {Ax}
satisfies the following conditions:

(1) Ao is Fo-measurable, and Ay is Fx-measurable for all £ > 0; and
(i) 0=Ap <A <Ay <---
A process satisfying condition (i) is said to be predictable.

Kolmogorov’s inequality can be compared with Markov’s inequality, given by

E{X*}

P(X>a)< , Ya>0 (2.60)

for arbitrary random variables X.
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Note that, if {Xy, Fi} is a non-negative supermartingale, then {—Xj, F;} is a
non-positive submartingale, which trivially satifies the hypothesis of the martingale
convergence theorem. We can conclude that all non-negative supermartingales are
almost-surely convergent. Since a martingale is also a supermartingale, this conclusion
also applies, of course, to all non-negative martingales.

It is easily seen that the processes { My} and {A} arising in the Doob decomposition
are given by

My — My = Xgy1 — E{Xg11Fi}, k=0,1,..., Mo = Xo; (2.61)
and
At — Ax = E{Xis1|F) — X, k=0,1,..., Ag=0. (2.62)

We now consider some examples of martingales and semimartingales.

Example 2.2: (the likelihood ratio under the null hypothesis). Consider a sequence
{Yr; £ = 0,1,...} of i.i.d. random variables, each of which has pdf p, and let {F;}
be the minimal filtration associated with {Yj}. Suppose g is another pdf such that the
likelihood ratio, L = q/ p, is finite a.s. Define a random sequence {X;; k =0, 1, ...} by

k
= HL(YZ), k=0,1,... (2.63)
£=0

Then, since X; = X;_1L(Y), we have
E{X|Fk—1} = E{Xk—1 L(Yi)| Fr—1}
= X1 E{L(Yi)|Fr-1}
= Xx—1 E{L(Yr)},
where the second equality follows because Xj;_; is F;_i-measurable, and the third

equality follows because L(Y%) is independent of Fj;_;. Now, since Y; has pdf p, we
have

q(x)
oo()

So we conclude that {Xj, Fi} is a martmgale Since it is non-negative, it is therefore
almost-surely convergent. (In fact X 2o. )

E{L(Yy) = f p(x)dx = f g(r)de = 1. (2.64)

Example 2.3: (the likelihood ratio under the alternative hypothesis). Continuing with
the set-up of Example 2.2, define {Yy}, {Fx}, and { X} as above, with the exception that
we now assume that each Yy has pdf ¢ instead of p. Now, we have

E{L(Yu)} =/ %q( )dx

q(x)
— dx
/ (()) Peo
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N (O > .
= . EP(X) =1,

where the inequality is Jensen’s inequality. Assuming p and ¢ are distinct, this
inequality will be strict, and so { Xy, F} is a submartingale. Here, we have

E{|Xx|} = (E{L(YD)H*, (2.65)

which grows exponentially if p and ¢ are distinct, and the sufficient condition for
submartingale convergence fails. (In this case, it happens that {X;} diverges almost
surely.)

Example 2.4: (the moment-generating function of cumulative sums). Suppose {Y}72
is a sequence of i.i.d. random variables, each of which has moment-generating function:

My =E [} e R (2.66)
Let {Fi} be the minimal filtration generated by {Y%}. Consider ¢ € R such that M (1) <
00, and define a random sequence { X} by
tSk

c

=W,k=0,l,..., (2.67)

Xk

where S; = ZIE:O Yy, k=0,1,.... Then, since
1Yy

71M(t)’

X = Xi (2.68)
an argument similar to that used in Example 2.2 shows that { X, F} is a martingale.

Since Xj; > 0 for each k it follows that {X} is almost surely convergent. In fact,
it is readily seen that this example is a particular case of Example 2.2, in which the
likelihood ratio is given by L(y) = e'Y/M (). Thus, X}, =o.

Example 2.5: Suppose { Xy, Fi} is a martingale and ¢ : R — R is a convex function
such that g(X}) is integrable for all k. Then, the sequence {Y;} with Y, = g(Xy) satifies,
for each k > 0,

E{Yi|Fi-1} = E{g(X)| Fr—1}
> g (E{Xk|Fi-1})
= 8(Xk—1) = Y1,
where the inequality is Jensen’s inequality. So, {¥x, Fx} is a submartingale.

As a specific example, consider the set-up of Example 2.2. Since g(x) = —log(x)
is convex, the accumulated “log-odds” process Z; = Y ;_,logL(Yy) is a
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supermartingale. Alternatively, under the set-up of Example 2.3, this process is a
submartingale.

Example 2.6: Consider a filtration {F;; k = 0, 1, ...}, an integrable random variable X,
and the sequence of random variables defined by

Xp = E{X|F},k=0,1,.... (2.69)
Since we have that
EUX) = E {|[EXIA)]} = E(EIX 1R = EIX) <00, 270)

where the inequality is Jensen’s inequality, we can take X to be non-negative. Moreover,
by the basic properties of conditional expectation:

E{Xi|Fe} = E{E{X|Fi}|Fe} = EXX|Fe} = Xo, £ <k, 2.71)

so that { X, Fx} is a martingale. Since (2.70) implies sup; E{|Xk|} < oo, the martingale
convergence theorem implies that {X;} is almost-surely convergent. It can be shown
that, if { X} can be written in the form (2.69), then it can be written in this form with X
taken to be the almost-sure limit of { Xy}, since in that case X, = lim,_. o X, a.s. is
such that E{|X |} < o0.

Martingales that can be generated as in Example 2.6 by conditioning on their (inte-
grable) almost-sure limits are known as regular martingales. A necessary and sufficient
condition for regularity of a martingale is that it be uniformly integrable. (See for com-
parison Proposition IV-2-3 of [157].) An equivalent condition is that the martingale
converges in L.

Example 2.7: (square-integrable martingales). Consider the set-up of Example 2.5 with
g(x) = x2. (A martingale with finite second moments is called a square-integrable
martingale.) Then the increasing process {Ax} appearing in the Doob decomposi-
tion of the submartingale {X?Z, F;} is called a quadratic variation process and is
given by

A1 = Ak = E [ (a1 = X0 B k=012, 2.72)

Square-integrable martingales have some useful properties. Among these are the
following: (Here {Ay} is the increasing process associated with {XZ, Fi}.)

e {X}} converges almost surely on {Ay < 00}; and
o if E{As} < oo then {X;} converges in L? and is therefore regular.
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Stopping times

Consider a probability space (2, F, P) and a filtration {F;; k = 0, 1, ...}. A stopping
time (or Markov time)® is an extended random variable 7 taking values in the set
{0, 1,2, ...} U{oo}, with the property that

{we QT (w) <k} € Fix, Vk=>0. (2.73)
Note that this condition is equivalent to
{we QT(w) =k} € Fk, Vk >0, (2.74)

or that {1;7—} be an adapted sequence.

Thus, a stopping time associated with a filtration is an extended random variable
taking values in the time set of the filtration, with the property that it can assume the
value k only on events that are measurable with respect to the filtration at k. If the
filtration is the minimal filtration generated by a random sequence { Xy}, then whether
T = k or not can be determined by observing Xo, X1, ..., Xi.

Stopping times play an important role in the theory of martingales. We now give some
basic results relating these two concepts.

For a filtration {F%; k=0, 1,...} define the o-field F as the smallest o-field
containing Up , 7. For a stopping time T associated with {7} define the o-field Fr as

Fr={FeFulFN{T <kl FiVk=0,1,..). 2.75)

(Events in Fr are said to be prior to T.) It can be shown that, if {X;} is a ran-
dom sequence adapted to {F¢}, then X7 (i.e., X7(»)(w)) is an Fr-measurable random
variable.

We have the following results, known as the Optional Sampling theorem.

e Suppose { Xy, Fi} is a submartingale, and that there is an integrable random variable
X such that

Xy < E{X|F), Vk=0,1,... (2.76)

Then for any stopping time 7', the random variable X7 is integrable; and for any two
stopping times S and 7T satisfying P(S < T) = 1, we have

Xs < E{XT1|Fs}. (2.77)

(Note that this results generalizes the submartingale property to randomly stopped
submartingales.)

e Suppose {Xi, Fi} is a regular martingale. Then the above conclusions hold with
(2.77) becoming

Xs = E{X7|Fs). (2.78)
In particular, for any stopping time 7 we have E{X7} = E{Xo}.
8 Some authors (e.g. Shiryaev [191]) reserve the term “stopping time” for stopping times that are almost

surely finite, and use the term “Markov time” for extended stopping times. We will use the term “stopping
time” as defined above.
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Note that the optional sampling theorem implies that the above conclusions hold for
any non-negative supermartingale with (2.77) being replaced by

Xs > E{X7|Fs}. (2.79)

The optional sampling theorem holds for arbitrary stopping times 7. However, its
conclusions hold under weaker conditions for specific stopping times. To discuss this
idea, suppose { X, Fr} is a martingale. Then, for every stopping time 7" associated with
{Fk}, the “stopped” sequence {Xxa7, Fi} is also a martingale.” A stopping time is said
to be regular for { Xy, Fi}, if {Xgar, Fi} is a regular martingale.

A variety of useful conditions assuring the regularity of stopping times can be found
in [157]. For example, if {Xj, Fi} is square integrable and {Ay} is given by (2.72),
then every stopping time 7T satisfying E{/A7} < oo is regular for { Xy, F¢}. Also, any
bounded stopping time is trivially regular. The notion of a regular stopping time allows
us to generalize the optional sampling theorem as follows.

e Suppose S, T, and U are stopping times such that U is regular for the martingale
{Xk, Fr}and P(S < T < U) = 1. Then S and T are also regular for {Xy, F},
k=0,1,...and

Xs = E{X7|Fs}. (2.80)

e Suppose { Xy, Fi} is a submartingale with Doob decomposition X; = My + Ag, and
suppose the stopping time U is regular for {My, Fi}. Then Xy is integrable if and
only if Ay is, and in this case

Xs < E{X7|Fs} (2.81)
holds for all stopping times S and 7 satisfying P(S <T <U) = 1.

Note that the second of these two results implies that, if 7 is regular for the martingale
{My, Fi} in the Doob decomposition of the submartingale { Xy, i}, then

E{Xr} = E{Xo} + E{Ar}. (2.82)

An application of regular stopping times is found in the following set of results,
known collectively as Wald’s identities.

Suppose {Yx; k = 1,2,...} is an i.i.d. sequence adapted to a filtration {F%}, and
let {Si} denote the sequence of cumulative sums, Sy = Z]E: 1 Y¢. Then we have the
following results.

e Suppose u = E{Y1} is finite. Then the sequence {Sy — ku, Fi} is a martingale, but
it is not generally regular. However, every stopping time 7 satisfying E{T} < oo, is
regular for {Sy — ku, Fi}. So, for any such stopping time

E(S7} = nE{T). (2.83)

9 x Ay = min{x, y}.
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(Note that, if E{le} < 00, then {8k, Fi} is square integrable, and thus E{JT} <
oo is sufficient for T to be regular for {Sy, Fr}.)

e Suppose E {le} is finite, and let o> denote the variance of Y;. Then the sequence
{[Sx — kpl? — ko?, Fi} is a martingale, but again, this martingale is not generally
regular. However, similarly to the previous case, every stopping time 7 satisfying
E{T} < oo is regular for {[Sx — ku]* — ko, Fi}, and so

E{[St — Tul*} = o 2E{T}. (2.84)

e Suppose M is the moment generating function of Y;. If t € R is such that M (¢) < oo,
then the sequence

{efsk (M ()], ]-'k} (2.85)

is a martingale. (See Example 2.4 of Section 2.3.1.) With regard to this martingale,
we have the following results.

e For scalars a, b > 0, define the stopping time
T%, = inf{k|Sk ¢ (—=b, a)}. (2.86)

Suppose ¢ # 0 is such that M (¢) < oco. Then forall 0 < a, b < oo, T¢, is regular
for the martingale (2.85). Thus, the relationship

E {efST [M(t)]_T} —1, (2.87)

holds for any stopping time 7" such that P(T < T%,)) = 1.
e Suppose a > 0, and ¢ # 0 is such that M(r) < oo and M'(¢r) > 0. Then (2.87)
holds for any stopping time 7 such that P(T < T¢_ ) = 1.

Wald’s identities will be useful in analyzing the performance of statistical change
detection algorithms.

Continuous-time analogs

We now consider extensions of the basic definitions and results of the preceding sec-
tions for processes for which the time set L = [0, 00). Because the time set is now an
uncountable set, issues of continuity of sample paths of the processes arise. In partic-
ular, a sample path is a realization {X;(w);t > 0} of the process for a fixed w € .
It is said that the process {X;(w); t > 0} has continuous sample paths if the functions
t — X:(w) seen as functions of 7 (for fixed w) are continuous. Similarly, it is said that
{X:;t > 0} has cadlag paths if the functions ¢t — X;(w) seen as a functions of ¢ (for
fixed w) are right-continuous with the existence of left limits. These two properties give
rise to two very important sample spaces €2, namely the space of continuous functions
CJ0, 0o) and the space of functions with cadlag paths D[0, co). These sample spaces
are equipped with natural o-algebras B(C[0, 00)) and B(D[0, 00)), respectively, the
details of which can be found in [118]. These o-algebras host filtrations {F;} which are
defined in exactly the same way as in the discrete-time case. Also, the same definition
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of adaptivity of the process {X;} carries over, as do the definitions of a supermartingale,
a submartingale and a martingale. Kolmogorov’s inequality also holds with the maxi-
mum replaced by the supremum, and the martingale convergence theorem holds as well.
Much of this material as well as the material that follows can be found, for example,
in [118].

Because of the continuity of the time set, some additional concepts arise in the
continuous time case. For example, for a given filtration {F;} we define

(1) Fi+ =Ny Fs; and
(2) Fi- =0{F;, 0<s <t}

The filtration {F;} is said to be right-continuous if F,+ = F; forall t > 0, and it is said
to be left-continuous if ;- = F; forall t > 0.

The same definitions as in the discrete-time case also hold for stopping times, but
now the notion of an optional time becomes relevant. A random time is said to be an
optional time with respect to the filtration {F;} if {T < t} € F; forall + > 0. It is easy
to see that an optional time with respect to {F;} is a stopping time with respect to {F;+}.

We continue by developing a notion of predictability in continuous time. In particular,
a process that is F;--measurable is predictable. Also, the process {X,-} is F;-adapted,
where X,- = limy4, X = supy—,_; X;. If a process {X;, F;} is predictable and 7T is an
F; stopping time, then the random variable X 7 I{T <00} 18 Fp--measurable. The notion
of predictability will prove useful in the definition of Poissonian martingales in Sections
2.4.2 and 2.6 below.

The Doob decomposition holds in this setting (where it is known as the Doob—Meyer
decomposition), but with uniqueness only up to indistinguishability for {M,} and {A,}.
Also, the process {A;} satisfies additional technical conditions that we will not need
here except as noted in the sequel (see for comparison [106,118,180]).

We can also restate the optional sampling theorem for continuous-time processes as
follows. Suppose that {X;, F;} is a right-continuous submartingale and let S, 7', and U
be stopping times such that P(S < T < U) = 1. If either one of the following two
conditions is satisfied:

(1) U is regular; or
(2) {X;} has alast element X, with E{|X |} < 00,

then

E{XT|Fs} = Xs. (2.88)

Brownian motion and Poisson processes

In this section we introduce two of the most basic and important examples of
continuous-time random processes: Brownian motion and the basic Poisson process.
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Brownian motion

As noted in the preceding section, the theory of martingales can be extended to stochas-
tic processes in which the time set C is a continuum. Many of the basic results are the
same as those cited in the preceding section, although new issues involving the con-
tinuity properties of the filtration also arise as we have seen above. Rather than give
a further exposition of this somewhat technical area, we will limit attention now to
a specific type of continuous-time semimartingale, namely integrable processes with
stationary, independent increments.

Throughout this section, we consider a probability space (€2, F, P), the index set
K = [0, 0c0), and a filtration {F;; t > 0} of sub-o-fields of F.

Suppose {X;;¢t > 0} is a stochastic process adapted to {F;; ¢t > 0}. We say that
{X:, Fs; t > 0} has independent increments if X; — X is independent of F; for all
s < t. We further say that {X;, F;; t > 0} has stationary increments if the distribution
of Xs4; — X does not depend on s for all s, 7 > 0.

If {X,, F;} has stationary and independent increments (s.i.i.), and X is integrable,
then {X;, F;} is a semimartingale with

E{X;|Fs} = Xs +put—s), Vt > 5 (2.89)

where © = E{X}. The parameter p is called the drift of {X;, F;}.
If {X;, F;} has s.i.i. and also satisfies the continuity condition

P (|X, — Xo| > e‘}"o)
lim
110 t

=0, Ve >0, (2.90)

then the conditional distribution of X; — X, is Gaussian for all 7 > s. A process of this
type is called a Brownian motion. Without significant loss of generality we assume that
Xo = 0, in which case X; ~ N (ut, 02t), Y t,'° where p is the drift and o2 > 0is
the variance parameter. (o2 is the variance of X, which is finite.) A Brownian motion
satisfying u = 0 and o> = 1 is called a standard Brownian motion.

Like standard Gaussian random variables, standard Brownian motion is the limit in
distribution of certain appropriately centered and scaled sums of random sequences. In
particular, consider a sequence of i.i.d. zero-mean random variables {Y;; k = 1,...}
each of which has finite, non-zero variance o 2. For each positive integer n, define the
stochastic process {X ,(”)} by

xW= Lz, =0 2.91)
o/n

10°A continuous random variable X is Gaussian with mean p and variance o2 if its probability density
function fy is given by

_a-w?

\/726 22 | x eR.
2ro

fx(x) =

In this case we write X ~ N (i, o).
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where {Z;} is a stochastic process obtained by linearly interpolating the cumulative
sums S; = Zﬁ:] Y, as!!

Zy= Sy + (t = [t Y(sj41, 12 0, (2.92)

Then, for any times 0 <] <t <--- <t; < 00, we have'’
D
(X,(l”), X", xfj)) 2 (Wiys Way, . Way), (2.94)

where {W;, 7V} is a standard Brownian motion and {F)V} is the minimal filtration
generated by {W;}.

Brownian motion can be viewed as a measurable mapping from the underlying prob-
ability space to the measurable space ( C[0, 0o0), B(C[0, c0)) ) where C[0, co) denotes
the set of all continuous, real-valued functions on [0, c0) and B(CJ0, 00)) is the smallest
o -field containing all of the open sets in C[0, co) generated by the metric

o0

1
P, y) =) o max (lx(t) =y A D). (2.95)

n
n=1
A standard Brownian motion induces a measure P* on ( C[0, 0co0), B(C[0, o)) )
known as Wiener measure. If we denote by P the measure induced on
( C[0, 00), B(C[0, 00)) ) by the process {Xt(")} defined above, then it can be shown
that P converges weakly to P*, where weak convergence means that

/ fdP™ — / fdP*, (2.96)

for every bounded continuous real-valued function f on C[0, co). Weak convergence
of probability measures on R is the same as convergence in distribution, so we again
see a role for standard Brownian motion (in this case Wiener measure) that is analogous
to that of the standard Gaussian distribution on R.

Brownian motion plays a central role in both the theory and application of
continuous-time stochastic processes, and the literature dealing with its properties is
vast. A good, although not exhaustive, treatment is found in [118].

Some basic properties of Brownian motion are that its sample paths (i.e. the set of
functions {X;(w);t > 0} with w € Q) are almost surely continuous, but are almost
surely not of bounded variation. The quadratic variation of {X(w); 0 < s < t} (the
quadratic variation will be defined below; compare Example 2.9 of Section 2.5) is
almost surely equal to .

1| #] denotes the greatest integer not larger than .
12 The joint distribution of a set X, X», ..., X,, of random variables is the function

F(x)=P(X1 <x1, X2 <x2,..., Xy <x,), x = (x1,x2,...,%) € R". (2.93)

Convergence in distribution for sequences of vectors of random variables means that the joint distribution
function of the components of the sequence of vectors converge to the joint distribution of the components
of the limiting vector at points of continuity of the latter.
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If {X;, F;} is a Brownian motion, then { X; —ut, F;} is a square-integrable martingale,
and the process {(X; — ut)?, F;} has the decomposition

(X; —ut)> =M, +0°t, t >0, (2.97)

where {M,;, F;} is a martingale satisfying My = 0.
Analogously with the discrete-time case, Wald identities hold. In particular, we have
the following.

e Suppose {X,, F;} is a Brownian motion with drift ; and variance parameter o2, and
T is an integrable stopping time with respect to the filtration {;}. Then
E{Xr} = pnE{T} (2.98)
and
E{(X7r —uT)?} = o2E{T}. (2.99)

e Consider a family {P"; u € R} of measures on (2, F) such that, under P,
{X:, F:} is a Brownian motion with drift x and unit variance. Suppose further that T
is a stopping time with respect to the minimal filtration generated by {X,} such that
PO(T < 00) = 1. Then

E(O) {el/«XT*%H«ZT} — l, (2100)

if and only if P"(T < o0) = 1.

Poisson processes

If we relax the continuity condition (2.90), then a process having s.i.i. is no longer nec-
essarily Gaussian. However, its distribution must still be among the family of infinitely
divisible distributions, which consists of those distributions that can arise as the limits
in distribution of sums of i.i.d. random variables. A distribution is infinitely divisible if
its characteristic function is of the form

2.2 . 2
. 1
log ¢ (u) = icru — ﬂT” + yf (e —1- %) %v(dm, (2.101)

where v is a probability measure on the reals that assigns zero probability to the origin,
and where «, B, and y > 0 are constants. Note that, in the case of Brownian motion, X;
has the above characteristic function with @ = ut, 2 = o%t, and y = 0.

Another interesting case is that in which X, has the above characteristic function
with B = 0, = y = At, where A > 0 is a constant, and with v placing unit mass
at x = 1. In this case, X; has the Poisson distribution'® with parameter At for all 7,

13 The discrete random variable X has a Poisson distribution with parameter A if its probability mass function
px is given by
k

A
Px(k)=€_kﬁ, k=0,1,...
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and {X;; t > 0} is a homogeneous Poisson counting process (HPCP) with rate X. Since
E{|X:|} = At, {X;, F;} is a semimartingale (in this case, a submartingale), and as such
it shares many of the properties of Brownian motion. However, the sample paths of { X/}
are non-decreasing and piecewise constant, taking unit jumps at random times whose
number in any given time interval (s, #) is Poisson with parameter A(¢ — s). Thus, the
value of X; is a count of all of the jumps occurring up to time 7.

To get a better sense of this simplest of counting processes, namely the homogeneous
Poisson process, and how it arises consider a sequence of events, say arrivals of cus-
tomers in a queue. Let 77 be the waiting time to the first event, 7> the waiting time
between the first and the second event, and so on. And let S, = > """, T; be the time of
occurrence of the n'M event. Assume that {7},} is a sequence of random variables defined
on a probability space (€2, F, P). The number of events that occur in any time interval
[0, t] is

X, = sup{n|S, <t}.

Moreover the number of events in the interval (s, 7] is the increment X, — Xj. If, in
addition, the sequence of random times {7},} are independent and identically exponen-
tially distributed with parameter X,'* then the process {X;} is a homogeneous Poisson
counting process with rate A.

It can easily be verified that if the process {X;} is adapted to a filtration {F;}, then the
process {X; — At} is an F;- martingale.

An inhomogeneous Poisson process is the cadlag process that is identical to a
homogeneous Poisson process but with the property that,

e for0 <1 < --- < 1 the increments X, X;, — Xy, ..., X, — X;,_, are independent
and
[ ]
S ndu Ty du)”
els u
PX,— Xy =n) = (fj ‘ ), n=0,1,2,...,
n

where A; > 0 for all ¢ € [0, 00) is a deterministic function, called the intensity of { X;}.

It can easily be verified that if such a process is adapted to a given filtration F;, then
X, — fé Asds is an F;-martingale.

Other processes of interest include the doubly stochastic Poisson process which is a
point process with an intensity function {A;; # > 0} that is o measurable. A discussion
of this type of process can be found in [47]. A further class of interesting processes are
the self-exciting Poisson processes, in which the intensity A; is F; measurable for each
t > 0[200].

14° A random variable X is exponentially distributed with parameter  if its cumulative probability distribution
function Fy is given by

Fx(x)=1—¢, x>0.
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A good treatment of the martingale properties of point processes such as Poissonian
martingales can be found in [47]. We will also briefly mention them in the sequel as
needed.

Continuous-time semimartingales

In Section 2.4 we introduced a special class of continuous-time semimartingale pro-
cesses {X;, F;} with stationary and independent increments (s.i.i.) and X integrable,
with a specific reference to Brownian motion with drift and to the HPCP. We also men-
tioned that supermartingales, submartingales, and martingales are all special cases of
semimartingales. It is natural to expect that the class of continuous-time semimartin-
gale processes is much wider than such a special class of processes. Although we will
not go into all the details involved in defining continuous-time semimartingale processes
here, we will give some brief insight into their properties. The motivation for this will
be made clear in the next section when we define the stochastic integral.

To begin, we will first introduce the local martingale process and the quadratic vari-
ation process. A local martingale, as the name suggests, is a process that behaves as a
martingale locally. That is,

DEFINITION 2.1. A real-valued, right-continuous, adapted process {(X;, F;);t €
[0, 00)} on a probability space (2, F, P) is a local martingale if there exists a sequence
of F;- stopping-times {T,} such that

e 0<Th(w) <Th+1w)Vwe n=1,2,..;

e P(limy_ oo T, = 00) = 1; and

o {XinT,, Ft);t €10, 00)} is a martingale for each n.

The sequence of stopping times {7,,} is called a localizing sequence for the local
martingale {X;, F;}. It is obvious that if a process is a martingale then it is also a
local martingale, but that the converse is not true. In fact, it is possible to find u.i.
local martingales that are not martingales. An example of such a process is given on
page 168 of [118]. It is important to mention however that if a given local martingale
{(X¢, Fr);t € [0, 00)} with localizing sequence {7,} gives rise to the u.i. sequence
{(XinT,, Fr)st €10, 00)}, then {(X;, F;); t € [0, 00)} is a martingale. Finally, an inter-
esting connection between local martingale processes and supermartingales is that every
local martingale that is a.s. non-negative is a supermartingale.

We now define processes of finite variation. We then will use these two ingredients
(i.e. the finite variation process and the local martingale) to define a semimartingale.

DEFINITION 2.2. A random process {A;; t > 0} is of finite variation on the interval

[s, ] if

n
VIA;s, 1] = supZ|Atk — Ay, | <00, as., (2.102)
k=1

where the sup is taken over all partitions s =ty <t} < --- <1t, =1.
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Examples of such processes include any non-increasing or non-decreasing processes.
Any process of finite variation can be written as the difference of two non-decreasing
processes.

We are now in a position to give a characterization of semimartingales. In particu-
lar, an adapted cadlag process {X;, F;} is a semimartingale if it can be written in the
form

X; =Xo+M;+ A, t >0,

where X is an F( measurable random variable, {M;} is a square integrable local mar-
tingale (i.e. such that £ {th} < oo forallt > 0), and {A;} is a cadlag finite variation
process.

It is worth mentioning that both of the above processes {M;} and {A,} are unique
to within indistinguishability, which in a loose sense means that they are unique
everywhere except on subsets of €2 that have probability 0.

The motivation for the above definitions will be made clear in the next section.

Before concluding this section we motivate the idea of a quadratic variation process.
A quadratic variation process is a finite variation process that can be subtracted from the
square of a square-integrable continuous (local) martingale in order to make this new
process a square-integrable continuous (local) martingale. In Example 2.7 of Subsection
2.3.1 for example, the process {A;} is the quadratic variation process of the square-
integrable martingale { M, }. We now give a more precise characterization of this process.

Suppose that {X,, F;} is a local martingale with continuous paths on the probability
space (€2, F, P). A real-valued process {A;;t € [0,00)} on the same space is a
quadratic variation process if

(1) {A;, F;}is an adapted process,

(2) The mappings t — A;(w) are continuous and non-decreasing on [0, oo) for all
w € Q,

(3) Ap =0, and

@ {X tz — A;, F:} is a continuous local martingale.

Example 2.8: Let {X,, F;} be a square-integrable continuous martingale. Then, its asso-
ciated quadratic variation process is the natural increasing process that arises in the
continuous version of the Doob—Meyer decomposition of {(X D2}

Example 2.9: The quadratic variation process of the standard Brownian motion process
(W, }is t since E{W}? — t|Fs} = W2 —s.

In the case in which {X;, F;} is a square-integrable martingale (i.e. E{X ,2} < oo for
all t € [0, 00)), we also have that E{A;} < oo for all ¢ € [0, 00). Moreover, the local
martingale {X,, F;} with E{X,z} < oo is a martingale if and only if E{A,;} < oo for all
t € [0, 00) (see [106,180]).
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REMARK 2.3. The natural increasing process that appears in the Doob—Meyer decom-
position of the square of a right-continuous (but not continuous) square-integrable
(local) martingale is not the same as the quadratic variation process. In fact the for-
mer is the compensator of the latter (i.e. the process that needs to be subtracted from
the quadratic variation process so that the resulting process is a (local) martingale).

Example 2.10: Let {X,, 7;} be a homogeneous Poisson counting process with rate A.
The quadratic variation process of the martingale (X; — At) is X;, with compensator Af.
Notice that {(X; — Ar)> — At} is an JFi-martingale as can be easily verified from

E{(X; — a)* = M| F} = (X; — As) = As,
which follows by using E{X; — Xs|F} = A(t — 5).

REMARK 2.4. It is interesting to note that any continuous local martingale of finite
variation has the same intervals of constancy as its quadratic variation process. This
implies that if the quadratic variation process of a martingale is constant everywhere
then so will be the local martingale.

Note that the continuity of the sample paths of the local martingale in the above
remark is essential. To see this, consider the F;-martingale { X; —At} from Example 2.10.
While it has no intervals of constancy, its quadratic variation process {X;} is constant
everywhere except for the points of jumps.

Stochastic integration

Brownian motion plays a central role in the theory of stochastic calculus, as we will
review here briefly. We begin this discussion by considering how to properly define the
stochastic integral

1
/ D,dW;, (2.103)
0

where {®,} is a stochastic process and {W,} is a standard Brownian motion with Wy =0.
It is evident that the above integral does not exist for many types of integrands (e.g.,
continuous ones) in the Lebesgue—Stieltjes sense, as the paths of Brownian motion are
not of finite variation (see [106,180]). That is, the stochastic integral (2.103) cannot exist
for such integrands in the “pathwise” sense for individually chosen w, and thus can only
exist as the limit in one of the senses defined in Section 2.2 of sums of appropriately
chosen integrands.
To define integrals of the form (2.103), let us start with the elementary processes {®;}
of the form
2|
o = Y eilyg ) (0. (2.104)
i=0
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For such functions it would be reasonable to define, for each w € €,
p 2]
/ OAWs = D [ Wi, — W, . (2.105)
0 pard o 3
However, it is easy to check that with ¢; = W iy the expected value of the right-hand
side of (2.105) is equal to 0, while with ¢; = Wi# , the expected value of the right-hand
side of (2.105) is equal to 7. Thus, we must be czareful in situations where the integrand
and integrator are dependent. It turns out that the first choice of ®;, which was suggested
by Itd, preserves important martingale properties of the stochastic integral that will be
discussed in the sequel. The characteristic of such integrands is that they are not forward
looking in time. That is, for each ¢, {®;, < u} € F; = o{W,,s <t} foranyu € R;i.e.,
{®,} is Fy-adapted.
To consider this issue further, we consider with the following class of integrands C:

C= {dJ : [0, 00) x @ — R; @ is jointly measurable in ¢ and w,

t
®, is F; adapted, and E { / [<1>s]2ds} < oo}. (2.106)
0

Using the elementary form for &, in (2.104), with {c;} chosen so that ® € C along with
the definition of the stochastic integral in (2.105), we can easily check that

t 2 t
E{(/ q>de3>} = E{/ [@S]st}, (2.107)
0 0

a property known as It6’s isometry.

The next step is to generalize the definition in (2.105) to all ® € C using Itd’s isome-
try. This is achieved in three main steps that involve going first from a sequence {&}
of elementary integrands to bounded and continuous integrands in C with mean-square
convergence of the sequence fot CIDAS”) dW;; second from a sequence of bounded and con-
tinuous integrands in C to bounded integrands in C; and finally from a sequence of
bounded integrands in C to any integrand in C, again using mean-square convergence.
As a result of these steps we can now define the stochastic integral

t
/ (DSdWS’
0

for any @ € C as the limit in mean-square of the sequence of stochastic integrals

t
/ DM dw;,
0

where {CD(”)} is a sequence of elementary integrands in C (see [106,160]).

It is possible to show (see, e.g., [106,160]) that for any integrand & € C there exists a
continuous modification of the stochastic integral of (2.103). It is also possible to show
that this stochastic integral is a martingale. In particular, we have the following result
(see, e.g., [106,118,160]).
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THEOREM 2.5. The stochastic integral (2.103), with integrand of the class C as in
(2.106), is a continuous square-integrable martingale.

It turns out that a “converse” to the above result also holds. That is, if {M;} is a
continuous square-integrable F;-martingale, then there exists a unique g € C, such that

t

M, = E{My} +/ gsdW; a.s. forall r > 0. (2.108)
0

It is noteworthy that, if the last condition in the integrands of class C is replaced by
the weaker condition P ( fé [®,]%ds < 00) = 1, then the stochastic integral (2.103) still
exists as the limit in probability of the sequence of stochastic integrals with elementary
integrands (see for comparison, Chapter 3 of [160] or Chapter 5 of [106]), but it is only
guaranteed to be a local martingale.

We now consider the class of one-dimensional Itd processes, which are processes of
the form

t t
X: = Xo +/ wsds +/ o, dWs, (2.109)
0 0

where the processes {5} and {os} are F;-adapted (in which {F;} can be a larger fil-
tration than {ftw} as long as {W;} maintains its martingale property), and are such

that
t
P(/ afds<oo)=1, (2.110)
0

t
P(/ |/Ls|ds<oo) =1. 2.111)
0

Notice that conditions (2.110) and (2.111) are weaker than the condition satisfied
by processes of the class C. However, in view of the discussion following equation
(2.108), condition (2.110) is sufficient in order to guarantee that the stochastic integral
fot oydWs is a local martingale. An Itd process thus consists of the sum of a finite vari-
ation term (compare Definition 2.2) and a local martingale. In particular, Itd processes
are semimartingales but with continuous sample paths.

For (2.109) we use the shorthand notation

and

As noted above It6 processes (2.109) are semimartingales. In fact every continuous
semimartingale is an Itd process [180]. The space of 1t6 processes (and in fact of all
semimartingales continuous or with discontinuities) is closed under smooth maps. In
other words, if {X,} is an Itd process and g(¢, x) is a once continuously differentiable
function of the first variable and a twice continuously differentiable function of the
second variable, then the process Y; = g(t, X;) is also an Itd process. We now state the
celebrated It6 formula.

THEOREM 2.6. Suppose {X;} is an It6 process given by dX; = u,dt + o, dW,.
If g(t,x) is a once continuously differentiable function of the first variable and a
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twice continuously differentiable function of the second variable, then the process
Y; = g(t, X;) is again an It6 process and

dg dg 10%g )
dY; = —(, X,)dt + —(t, X;)dX ——(t, X)) (dX,)*,
t 8t( dt + 8x( 1) t+28x2( )(dX;)

where (dX,)2 = dX,dX; is computed according to the rules dtdt = dtdW, = dW;

For a detailed proof of the above theorem we refer the reader to [106], [118] or [160].

In fact the space of all semimartingales is closed under smooth maps g(¢, x) described
above. This is summarized in the more general version of Theorem 2.6 which includes
all semimartingale processes.

THEOREM 2.7. Suppose {X;}is a cadlag semimartingale and g(t, x) is a once contin-
uously differentiable function in the first variable and a twice continuously differentiable
function in the second variable. Then the process {Y;} defined by Y; = g(t, X;) is also
a semimartingale, and the following formula holds:

t ag
g(ts Xl)_g(ovo): _(S, XS—)ds
o+ Ot

t
)
+ / 8 (5. X, )dX,
0 ax

-+

1 (! 9%
— — (s, X5)(dA
+ 3 /O+ 92 (s, X5)(dAy)

g
+ ) [g(s,xa — 805 Xs) = 226, X;)AXS],
O<s<t
where AX; = X5 — Xs— and {Ay} is the quadratic variation process associated with

the process {X}.

For a detailed proof of the above theorem we refer the reader to [180]. We now state
another celebrated result, the innovation theorem (see [191]).

THEOREM 2.8. Suppose that {W;} is a standard Brownian motion on the probability
space (2, F, P), and that {j4;} is an independent measurable random process such
that, for all t > 0,

() Ef{lnsl} < oo, and
Q) E {fo’ Mfds} < 0.
Suppose also that for the process {X;} we have

dX, = wdt+odW, t>0, Xo=0, (2.113)

where o > 0, and consider ]-"tX = o{Xs,s < t}. Then there is a standard Brownian
motion W, such that

dXt = ﬁtdl +0'th, X() = 0,
and t, = E(,| 7).
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We also mention Girsanov’s theorem which will be used extensively in the sequel.
(See [160] and [118].)

THEOREM 2.9. Consider a probability space (2, F, P) under which {X;, F;} is an
1t6 process of the form dX; = pu,dt +dW;; t < T, Xo = 0, where T < 00 is a constant
and {W;} is a standard Brownian motion. Suppose that"

E {e%foT “3‘“} < 0. (2.114)
Define
M, = e JomsdXot g [ids o <y <7 (2.115)'¢
and define the measure Q on the space (2, Fr) by
Or(A) = E{M7(X)14}, A € Fr. (2.116)

Then {X;;0 < t < T} is a standard Brownian motion under Q, and the process
{M;;0 <t < T} isamartingale.

So far in this section we have been concerned with the question of properly defin-
ing the stochastic integral (2.103), where the integrator is a specific continuous-path
martingale, that is, a Brownian motion process. We have also summarized some of the
most important properties of Itd processes which are continuous-path processes defined
through the stochastic integral (2.103). These properties were summarized in the above
theorems.

A natural question that arises in the consideration of the stochastic integral of the form
(2.103) is how to define it in the case in which the integrator is no longer a Brownian
motion but a general process with cadlag sample paths such as the Poissonian martingale
of Example 2.10. Is then the progressive measurability of the integrand {®;}, a condition
loosely speaking equivalent to joint measurability and adaptivity, enough to ensure that
the stochastic integral with respect to a cadlag martingale is also a cadlag martingale?
The answer to this question is in the negative as the following example demonstrates.

Example 2.11: Consider the stochastic integral fot &,dM; where M; = N; — At with N;
a homogeneous Poisson process with rate A. Let ® = Ijo 7,) where T7 is the time of the
first jump of the process N;. Then,

t t t
/ @, dM, =/ @SdNS—A/ ®,ds
0 0 0

= —A(t AT,

which is not martingale.

15 Condition (2.114) is known as the Novikov condition.
16 Equation (2.115) is known as the Cameron—Martin formula.
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The above example indicates that we need to impose a predictability condition
on the integrand {®;} in order to preserve the martingale properties of the stochastic
integral with respect to a point process.

Briefly stated, suppose that {X;} be a Poisson process which admits the F;-
measurable intensity {)A;}. Then the following properties hold.

o If P (f(; Asds < oo) =1,Vt>0,then {X; — fé Asds} is an F;-local martingale.

e If {X,} is an F,-predictable process such that E{fé | Xs|Asds} < oo, then {fé X dM,}
is an F;-martingale.

o If {X;} is an F;-predictable process such that P(fot | Xs|Asds < oc0) = 1, V ¢, then
{fot X dM,} is an F;-local martingale.

For further details on these properties please refer to [47] or [180].
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Markov optimal stopping theory

Introduction

In this chapter, we review the theory of Markov optimal stopping. We will treat the
discrete-time case in some detail, and then simply quote the analogous continuous-
time results. This treatment is comprised of three main sections: Section 3.3 treats
the relatively simple case of finite-horizon optimal stopping; Section 3.4 considers the
infinite-horizon discrete-time case; and Section 3.5 provides a brief review of results in
the continuous-time setting. Section 3.2 sets up the problem.

Most of the results contained in this set of notes can be found either in [57] or in
[191], although our proofs are somewhat different in places.

Markov optimal stopping problems

We begin, then, with a discrete-time model. As a basic setting for this problem, consider
a probability space (2, F, P), equipped with a filtration {F;; k = 0,1, ...} and an
adapted sequence {Yy; k =0, 1, ...} of integrable random variables on (€2, F). We call
such a pair {Yy, Fi} a stochastic sequence.

Suppose that, for each k, the random variable Yj represents a reward that can be
claimed at time k. For a stopping time 7', E{Yr} is the expected reward that we will get
if we stop according to T'. An optimal stopping problem is a problem in which we try to
choose a stopping time 7' to maximize E{Y7} over some interesting class of stopping
times. In particular, for a class S of stopping times such that E{Yr} exists forall T € S,
we define the payoff

V(S) = sup E{¥Yr} (3.1
TeS
and we are interested in computing V (S), determining when it is achieved on S, and,
when possible, finding a stopping time in S that achieves it.

We will mainly be interested in so-called Markov optimal stopping problems, which
can be described as follows. Consider a measurable space (E,.4) and a sequence
{Xr; k = 0,1,...} of measurable functions from (2, F) to (E, A), such that X is
Fr-measurable for each k. (That is, {X}} is an adapted sequence of E-valued random
variables.) The sequence { Xy, F} is said to be a Markov process if, for each A € A,
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we have
P(Xpre € AlFp) = P(Xje € AlXp) Vi, £ > 0. (3.2)

Note that, for each k, £ and A, the quantity P(X4+¢ € A|Xk) is a measurable function
of Xj. The Markov process { Xy, Fi} is said to be homogeneous if this function does
not depend on k.

A stochastic sequence {Yj, Fi} is said to have a Markov representation if there is
a Markov process { Xy, Fi} and a sequence of measurable functions gx : (E, A) —
(R, B), k = 0,1,..., such that Y, = g¢(Xy) for all k. A Markov optimal stopping
problem is an optimal stopping problem whose reward sequence has a Markov repre-
sentation. A Markov optimal stopping problem is said to be stationary if the underlying
Markov process is homogeneous, and if there is a fixed function g such that g, = g Vk.

Note that the transition properties of a Markov process described by (3.2) do not com-
pletely specify the distribution of the process. In particular, each possible distribution
for X can potentially result in a different process. In the sequel, it will be convenient
to think of a family { Py; x € E} of distributions on the measurable space (€2, F), such
that P,(Xo = x) = 1 Vx € E. Such a measure P, can be described as follows. For
each event F, define the measurable function fr : (E, A) — (R, B) such that

fr(Xo) = E{1r[Xo}. (3.3)
Then Py is given by
Py(F) = fr(x). (3.4

In the context of Markov optimal stopping, we will usually be interested in the family
of Markov optimal stopping problems

sup Ex{Yr}, x € E, 3.5)
T
where E,{-} denotes expectation under the measure P,. Note that the xth problem in

(3.5) is a Markov optimal stopping problem in which the initial value of the underlying
Markov process is fixed at x.

The finite-horizon case: dynamic programming

The general case

It is of interest to consider first the above general (not necessarily Markov) optimal
stopping problem in which the set of stopping times of interest is given by

S"={T e T|T < n) (3.6)

for some fixed n > 0, where 7 denotes the set of all stopping times with respect to the
filtration {F%}. That is, we consider those stopping times that always stop by time .



42

Markov optimal stopping theory

To examine this problem, let us consider for each k = 0, 1, .. ., n, the set of stopping
times
S ={T €Tlk <T <nj}, (3.7
and the random variables yé’, yln, ..., ¥, defined by'
Vi =esssupT€$gE{YT|]-"k}, k=0,1,...,n. (3.8)

That is, y;' is the least upper bound on the possible payoff over all stopping times in S"
that do not stop before time k, conditioned on the information up to time k. Note that

n
Vel = Y EUYel |7, (3.9)
=k
which implies that y;’ is integrable (and that it is a proper, not extended, random
variable).
A natural stopping time to consider as a candidate for optimality is

T" = inf{k > 0]y = Y;}. (3.10)

That is, T" stops the first time k such that the current reward Y; equals the largest
conditional expected reward (given current information) among all stopping times that
stop from k onwards. Intuitively, one would not expect to be able to do better than this,
and this intuition is borne out by the following result.

THEOREM 3.1. (BACKWARD INDUCTION). Consider the stopping time T" defined
by (3.10). Then

(i) T" is optimal over S™; i.e.

E{Yr} =V(S") = E{yyh (3.11)
and
(ii) the sequence vy, vy, ..., v, satisfies the backward recursion
Yi = max {Yk, E{y,:'+1|.7:k}} s k=n—-1,n-2,...,0, (3.12)
with y)! =Y.

Proof: Put y) =Y,, andfork =0, 1, ..., n, define stopping times in S} given by

T = inf{e > k|Ye = E{y},|Fe} ). (3.13)

! The essential supremum (esssup) of a set X’ of random variables is any extended random variable Z having
the properties

@) P(Z=X)=1, VX € X; and
() {P¥>X)=1,VXeX}=P¥>2Z)=1 ¥YXeX.

The essential supremum of a set of random variables always exists.
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We will show that

E {YTkn

Fl=vi k=0.1,...n (3.14)

This will imply that 7 is optimal in §". Moreover, in the process of proving (3.14) we
will prove (ii), which implies that 7if = T". The theorem will follow.

Note that (3.14) holds trivially for the case k = n. Suppose it also holds for the
case k = (¢ for some nonzero £ < n, and choose a stopping time 7" € S;_;. Set
T" = max{T, ¢}, and note that 7" € S}/. Since

| Y on{T =¢—1)}
E{Yr|Fe—1} = { E(Yp|Fooy) on{T>€—1)° (3.15)
we can write
E{Yr|Fe—1} < max{Y,—1, E{Y7/|Fe-1}}
=max{Yy_1, E{E{Y7/|Fe} | Fe-1}}
< max{Y,_1, E{y; | Fe-1}}, (3.16)

where the equality follows from the fact that 7,_; € F, and the second inequality fol-
lows from the fact that 7" € S} and the definition of y;'. Since 7' was chosen arbitrarily
from Sy, it follows from (3.16) that

Vi < max{Ye—1, E{y)'|Fe-1}}. (3.17)

We now note that for 7 = 7' |, we have 7’ = T}'. So, by the inductive hypothesis,
the second inequality in (3.16) is an equality. This further implies that the first inequality
in (3.16) is also an equality, since, by construction we have

T, =t—1 <= Y1 =max{Ye_1, E{y;/'|Fe-1}}. (3.18)
So, we conclude that
E{¥ry |Fer ) = maxt¥eot, B 1Fe), (3.19)
which implies
Voo = max{Ye_1, E{yy'|Fe-1}}. (3.20)

Combining (3.17), (3.19), and (3.20), we see that (3.14) holds for k = ¢ — 1. Thus,
induction implies the validity of (3.14) for all k. Note further that the recursion (ii)
follows from (3.17) and (3.20). (That y,} =Y, is obvious.) [ |

We illustrate the above result with the following example.

Example 3.1 (the selection problem [57,191]): Suppose we have a box containing n > 2
objects that are rank ordered according to the ranks 1, 2, . . ., n, with 1 denoting the high-
est ranking. We are allowed to draw the objects at random from the box one at a time,
and after drawing an object we can determine its rank relative to those objects already
drawn. After drawing an object, we can either stop drawing from the box and keep that



44

Markov optimal stopping theory

object, or we can discard the object and draw another one from the box (assuming we
have not yet exhausted the n objects). Our objective is to maximize the probability that
the object we stop with is the highest-ranking object in the box.

This problem can be cast within the framework of Theorem 3.1 as follows. Let €2 be

the set of all permutations of the numbers 1, 2, ..., n; F be the set of all subsets of €2
(ie., F = 29); and P be the uniform distribution on £2; i.e.,
|F|
P(F) = > F C Q, (3.21)
n!
where |F| denotes the number of elements in F. We observe the random vari-
ables X1, X7, ..., X,,, where X; is the rank of the kth object drawn among those
drawn previously to it; i.e., X () is the number of the integers w1, wy, ..., w; that

are not greater than wi. The information evolves according to the filtration F; =
o(X1,X2,.., Xp), k=1,2,...,n.

Ideally, we would like to stop at the value of k such that w; = 1; or more realistically,
we would like to maximize the probability that wr = 1, over stopping times T < n.
That is, we would like to solve the problem

sup E {1{w,=1}} - (3.22)
TeS"

Note, however, that the sequence {1,,—=1;} is not adapted to {Fi}, since, for exam-
ple, we cannot say that the k™ object drawn ranks first among all of the n objects just
because it ranks first among those drawn up to time k. Fortunately, we can still formu-
late this problem as an optimal stopping problem, by considering the adapted sequence
of rewards defined by

Yie = E{lig=n)|Fx}, k=1,2,...,n. (3.23)
For any T € 8" we have

E{Yr} =Y E(V|T =k}P(T =k)
k=1

=Y E{E{ljo=1)|l A} IT =k} P(T = k)
k=1

n
- ZE {l{wk:an = k} P(T =k)
k=1

=F {l{wr=l}} , (3.24)

where the third equality follows from the fact that {T = k} € F. So, the optimal
stopping problem

sup E{Yr} (3.25)
TeS"

is the same as (3.22).
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In order to solve (3.25), we would like to find the sequence {y;'} defined in
Theorem 3.1. It is straightforward to show that the random variables X1, X», ..., X,
are independent with

1
P(szﬁ):;, £=1,2,..,k; (3.26)

and that Y% is given for each k by

k
Yo = ;1{Xk:1}~ (3.27)
These two properties imply that, for each k = 2, ..., n, the random variable yk" is
independent of F;_; so that
y,f=max{Yk,E{y,f+]}},k=n—1,n—2,...,1, (3.28)

with E{y,'} = 1/n. On applying (3.26) and (3.27), we can use (3.28) to write, for
k=n—-1,n-2,...,0,

E) = {?{V/::jf k <nE{y,} .
2t EWL) k= nElyd)

n

(3.29)

It can be seen (consider, e.g. the sequence nE {yk"} /(k — 1)) that the solution to (3.29)
is given by

S e A k=0.1 Lk
Eiy =1 S ) (330)
TZZ:km k=k +1,...,I’l,
where
1

K=mindke 23, 0| Y —— =1t 331
min e { n} Z 1= ( )

l=k+1

It then follows from Theorem 3.1 that an optimal stopping time is given by

T {inf{kzk*|Xk=1} ifmin{Xk*,...,Xn}zl; (3.32)

n otherwise

that is, the optimal stopping strategy is to first rank k* — 1 objects, and then to stop on
the next object that ranks first among its predecessors. Theorem 3.1 also implies that
the maximal expected reward is given by

=1 < 1

Pl

E{y'} =

(3.33)

It can be shown that k* ~ n/e, from which it follows that E{y['} ~ 1/e. That is,
the probability that the optimal stopping time stops with the highest-ranked object is
asymptotically 1/e.
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The Markov case

Theorem 3.1 characterizes the solution to general finite-horizon optimal stopping
problems in terms of the random variables yy', v/, ..., y,. In the above example,
the computation of this sequence is greatly facilitated by the fact that the variables
E{y;", |7k} have a simple form; in particular, they are constants over the sample space.
This example is actually a Markov optimal stopping problem in which the state space
E = {1,2,...,n}; the sequence X1, X», ..., X;, of successive ranks is the Markov
process; and the functions g are given by g (x) = klj—1y/n, k = 1,2,...,n. The
problem is particularly simple here because the Markov process is actually a sequence
of independent random variables. However, it is true in general that the backward induc-
tive procedure for obtaining the random variables y;' can be simplified significantly for
Markov optimal stopping problems. This idea is summarized in the following.

COROLLARY 3.2. (DYNAMIC PROGRAMMING). Consider a Markov opti-
mal stopping problem with Markov process {Xy, Fi} and reward sequence Y =
8r(Xx), k=0,1,... Then

Y = fir(Xi),k=0,1,....n, (3.34)
where the functions f;' are determined by the recursion
fi () = max {gr(x), E{f{'\y XxsDI Xk =x}} . x € E, k=n—1,...,0, (3.35)
with f]' = g,.
Proof: We can prove this by induction. Clearly, since y,} = Y, = g,(X,), (3.34) holds
for k = n. Suppose it holds for k = £ < n, and consider y;' . We can write
E{y |Fe-1} = E{fi (X Fe—1} = E{f (X)X e-1}, (3.36)

where the first equality follows from the inductive hypothesis, and the second equality
follows from the Markovity of { Xy, Fi}. Using (3.12) we have

vy = max {Xe_1, E{f/ (X)|Xe-1}} . (3.37)
and thus (3.34) holds for k = ¢ — 1. Corollary 3.2 follows. [ |

Theorem 3.1 and Corollary 3.2 imply that, for a finite-horizon Markov optimal
stopping problem, the stopping time

T" =inffk = Olgk(Xk) = f (Xp)} (3.38)

is optimal over S”. Moreover, Corollary 3.2 provides a backward recursion for comput-
ing the functions f;' from the reward functions g, and the one-step transition properties
of the underlying Markov process. This result is illustrated by the following example.

Example 3.2 (American call options): An American call option (see, e.g. [80]) is a
financial instrument giving the holder the right to buy a fixed number of shares of a
security at a given price (the strike price) at any time on or before a given date (the
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expiration date). Ignoring transaction costs and assuming that the option covers one
share of the security, the time-discounted reward to the holder who exercises such an
option on date k is given by

Yo=——F+——k=0,1,...,n, (3.39)
where:

e X is the price of the security on date k;

e K is the strike price of the option;

e 1 is the expiration date of the option; and

e R > 1 is the riskless rate of return available to the option holder.

The option holder can observe the price of the security on each date, and would
like to act on this information so as to maximize the expected reward returned by the
option. That is, the option holder’s information evolves according the filtration Fj =
o(Xo, X1,..., Xr), k=0,1,..., and the goal is to solve the problem

sup E{Y7} (3.40)
TeS"
where S” is the set of all stopping times with respect to {F} that are bounded by 7.
The price process X¢, X1, ... can be written as

X =Xp—1¢0r, k=1,2,..., (3.41)

where ¢y is the return on one unit of the security held during date k — 1. A common
model for the behavior of security prices is that the returns on successive dates are
independent of the past prices. We make this assumption, in which case {Xy, Fi} is
a Markov process, and the above stopping problem thus becomes a Markov optimal
stopping problem with

(x—K)*
Rk

In order to find the optimal stopping time, we can proceed as in Corollary 3.2 to

compute the sequence y;'. In particular, the first step of the recursion (3.35) is given by

_ + _ +
f,:’_l(x)zmax{(x K) ,E{(Xn ) ‘X,Il:x”

g (x) = L k=0,1,...,n. (3.42)

Rn—1 RN
= max { (x;ﬁ)+, E { (x¢,,1;1<)+ H . (3.43)
Straightforward calculus give
E{(x¢y — K)T} =x /Ko/o P(¢, > v)dv, x > 0. (3.44)
x

Setting y = K /x, we have

Ry (K /y)/K = max{(1 — »)F, f(M}, y >0, (3.45)
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with

1 [e¢)

10 = [ PG> v (3.46)
R Jy

Of course for y > 1, we have max{(1 — y)™, f(y)} = f(y). For y < 1, there are two

cases of interest. Note that

E{¢n}

P(¢,
f0) = Tand f’(y)=—M <0.

R

Since P(¢, > y) is non-increasing in y, it follows that f is convex. We also note that
f'(0) > =l and limy_, o f(y) = 0 (= 0if E{¢,} < o0). From these properties we
can conclude that max{(1 — y)*, f(y)} = f(y) forall y > 0if E{¢,} > R. And, if
E{¢,} < R, then

(3.47)

(I-=-»t 0<y<y*
max{(1 — 7T, f(M} = { , (3.48)
(=7 7o) VAS)) y=y*

where, if P(¢, > 1) > 0, y* € (0, 1) is the unique root of

y+fm=10<y<1 (3.49)
and otherwise y* = oo.
From the above, it follows that
., gn—1(x) if E{¢»} < Rand x > x*

a0 = E{f"(X4)|Xu_1 = x} otherwise, (3.50)

where x* = K /y* and y* is as above. We conclude that the optimal strategy on date
n — 1 is to exercise the option if the expected return is lower than the riskless rate and
the current price X,,_; is higher than a threshold price x*. Otherwise, we should wait
until date n. The threshold price is zero if the probability that the price will increase is
Zero.

The above type of computation can be carried out recursively to obtain the optimal
stopping time. It is straightforward to see that, as long as

n
E{ ] ¢jt =R VYe=k...n, (3.51)
j=t+1
the recursion (3.35) will yield
fj’-’(x) = E{fj+1(Xj+1)‘Xj =x} > gjx), x>0, j=k,...,n—1. (352

This means that the optimal strategy is to hold the option until expiration if it is still
held at such a value of k. For the largest k such that

E{ ] ¢iy <rR"™* (3.53)

j=k+1
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the recursion (3.35) is as in (3.50) with x* determined as before, but with f given by

f) =

(e.¢]
ot | PG> vdv =0, (354)
y

For j smaller than this largest &, the relationship (3.52) will again hold if E{¢;1} > R;
and a more complex expression will result otherwise.

A conclusion of the above is that, if (3.51) holds for k£ = 0, then the optimal strategy
is to hold the option until its expiration date. An example of such a case is that in which
the ¢y ’s are i.i.d. with E{¢;} > R.?

In order to extend the favorable properties of Markov optimal stopping seen in Corol-
lary 3.2 to the infinite-horizon situation, it is convenient to first particularize the result
of Corollary 3.2 to the stationary case.

Consider now a stationary Markov optimal stopping problem with underlying
Markov process { Xk, Fi} and reward sequence Yy = g(Xx), k = 0,1, ... For a set
S of stopping times such that E{Yr} exists for all T € S, define the payoff

Ve(S) = sup Ex{Y7}, (3.55)
TeS

and for each non-negative integer n define the function
vn(x) = Vi(S"), x € E, (3.56)

where, as before, §” is the set of stopping times that are bounded by .
It is convenient to define two operators on the set of functions £ defined by

L={f:(E,A) - RB)| EALf(X1)]} < oo} (3.57)
In particular, we define the operator R by
Rf(x) = E{f(XD} (3.58)
and the operator Q by
Qf (x) = max{f(x), Rf(x)}. (3.59)

The following result summarizes the situation for the finite-horizon stationary
Markov case.

COROLLARY 3.3. Consider a stationary Markov optimal stopping problem with
Markov process { X, Fi} and reward sequence {g(Xx)}. Then

Y= vek(X), k=0,1,....n, (3.60)
and
v, (x) = max{g(x),Rv,_1(x)} = Q"¢g(x),Yx € E, n=1,2,..., (3.61)
with vy = g.

2 That a hold strategy is optimal for the i.i.d. case with E{¢} > R could also have been reached by noting
that {g(Xx), Fr; k=0,1,..., n} is a submartingale under this condition.
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Proof: Consider the functions f;" defined in Corollary 3.2. By the homogeneity of {X},
we can write

@) = f775 ). (3.62)
Also, by Corollary 3.2, we can write féz_k(Xo) = E{y, ~k1X ). It follows that
f378 ) = Ex{yy ™). x € E. (3.63)

By Theorem 3.1 and Corollary 3.2, Ex{y(;’*k} = v,_r(x), and so (3.60) and the first
equality in (3.61) follow.
Now consider the second equality in (3.61). This equality is proved if we can show

max{g(x), Rv,—1(x)} = max{v,—1 (x), Ru,_1(x)}, n =1,2,.... (3.64)
To show this, we first note that
g(x) =wvo(x) =wi(x) <---, Vx € E, (3.65)
and that
{f(x) = h(x), Vx € E} = {Rf(x) > Rh(x), Vx € E}. (3.66)

Suppose g(x) > Ruv,_1(x) for some x € E. Then (3.65) and (3.66) imply that g(x) >
Ruv,,_»>(x), which implies in turn that g(x) = v,—1(x), via the equality v,_1(x) =
max{g(x), Rv,_2(x)}. Now suppose that v,_1(x) > Rv,_1(x) for some x € E.

Then v,—1(x) > Rv,_»(x), which again implies g(x) = v,—1(x) via v,—1(x) =
max{g(x), Rv,_2(x)}. So, g(x) and v,_1(x) are equal whenever either is larger than
Ruv,_1(x), and the second equality in (3.61) follows. |

For fixed n, Corollary 3.3 does not really allow for significant practical simplification
of the recursions of Corollary 3.2. However, by allowing the “forward” computation of
the sequence of functions vy, vy, ..., Corollary 3.3 will be useful in the computation of
optimal solutions to the stationary Markov optimal stopping problems in the infinite-
horizon case. This objective will be pursued in the following section.

The infinite-horizon case

In this section, we extend the results of the preceding section to the infinite-horizon
situation. In particular, for a stochastic sequence {Y, Fi} we consider the problem

sup E{Yr}, (3.67)
TeT

where 7 denotes the set of all stopping times such that E{(Y7)} exists. In (3.67), and in
general for a stochastic sequence {Yj, Fi}, we define

Yoo = limsup Yk. (3.68)

k— 00

We first re-interpret the results of the preceding section, and then we use this
re-interpretation to suggest approaches to the infinite-horizon case.
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A martingale interpretation of the finite-horizon results

The finite-horizon results of the preceding section were based on the backward induc-
tion argument used to prove Theorem 3.1. In the infinite-horizon case, this approach is
not suitable since there is no maximal time at which to start such an induction.

To gain some insight into how we might proceed in the infinite-horizon case, it is
instructive to examine the result of Theorem 3.1 from a different point of view. In
particular, suppose we start with the recursion (3.12); i.e.

vii = max {Yi, E{y{', || Fi}}, k=n—1,n-2,...,0, (3.69)

with y;' = Y,,. Note that this recursion defines a unique set of random variables (up to
sets of zero probability), which we know from Theorem 3.1 to be the essential suprema
of E{Yr|F} over the sets S;'. However, for the moment, let us focus only on the fact
that these variables satisfy (3.69).

The relationship (3.69) implies that {y,f, Frik = 0,1,...,n} is a supermartingale,
and that it dominates the reward sequence {Y; k =0, 1, ..., n}; i.e.,

=Y, k=0,1,...,n. (3.70)
These properties imply that
E{yr}<E{y}} <E{y}}. VT €8, (3.71)

where the first inequality follows from the domination of {¥;} by {y}'}, and the second
follows from optional sampling via the fact that any bounded stopping time is regular
for all martingales. Note that the left-hand inequality in (3.71) becomes an equality for
the stopping time 7" of (3.10):

T" = inf{k > 0|Y; = ]/k”} (3.72)
Using the Doob decomposition, we can write the middle term in (3.71) as

E{y}}=E{Mr})— E{Ar} = E{Mo} — E{Ar} = E{y{} — E{Ar},
(3.73)

where { My, Fi} is a martingale and {A} is an increasing process with respect to {F}.
Here, we have again used the regularity of 7 € S". Since the process {Ay} is predictable
(i.e., Ax+1 is Fr-measurable for each k), it is possible to define a stopping time 7" such
that A7 = 0. For example, the random variable

T" = inf{k > 0|Aj41 # 0} (3.74)

is such a stopping time, as is any stopping time bounded by 7”. For any such stopping
time, the right-hand inequality of (3.71) becomes an equality.
Recall that the increasing process {Ay} is given by

k—1

A= (' = EW/ 7). k=1.....n. Ag=0. (3.75)
£=0
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So, the stopping time T" of (3.74) is the first time that e > E{yl |1 Fi}. Since v =
max{Yx, E{yk"+1 | Fx}}, the stopping time 7" of (3.72) is bounded by T". 1t follows that
both inequalities in (3.71) are equalities for the stopping time 7"; and thus that 7" is
optimal. Note that, since

Vin = Ya, (3.76)

it is also the case that 7" is optimal. And, in fact, we see that any stopping time satis-
fying T < T" and Y7 = yp is optimal. 7" is the minimal stopping time that satisfies
these two conditions.

Note that several of the above relationships (e.g., (3.71) and (3.73)) rely only on the
fact that {y;'} is a supermartingale dominating {¥}. It follows inductively from (3.69)
that any supermartingale dominating {Y}} also must dominate {y;'}; i.e.

Zy =z max{Yy, E{Zy1|Fi}}, k=0,....,n—1, and Z, = Y, (3.77)
imply
Zr=y', k=0,1,...,n. (3.78)

That is, {y;'} is the minimal supermartingale dominating {Y}}. This minimality of {y;'}
is closely related to the optimality of stopping times T satisfying Y7 = yy. To see this,
suppose {Z;} satisfies (3.77), and suppose T is a stopping time satisfying

E{YT} = E{Z7} = E{Zp}. (3.79)
Then, since {y;'} is between {Y;} and {Z;}, it must be true that
E{Yr} = E{yr} = E{yg ). (3.80)

But the right-hand equality of (3.80) implies that 7 < T" and the left-hand equality
means that Y7 = y;.

The infinite-horizon case for bounded reward

From the above discussion, we see that the optimality of 7" follows directly from the
recursion (3.69) without resorting to inductive arguments. However, this still does not
give a direct approach for the infinite-horizon case, since the recursion itself requires a
final time to serve as its starting point.

The above development does, however, allow us to state the following.

PROPOSITION 3.4. Suppose {yi, Fir; k =0, 1, ...} is a stochastic sequence satisfy-
ing the following conditions.

(i) Yoo =Yeo; (3.81)
(i) ye = max{Ye, E{yi11Fx}}, k=0,1,.. (3.82)
(iii) {yx}is T-regular,i.e. E{yr} exists and

E{yr} < E{w}, VT € T; (3.83)
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(iv) the stopping time
Ty = inf{k > 0|y, = Y} (3.84)

satisfies E {MTO} = E{My} for the martingale { M} in the Doob decomposition of
{rchs
Then Ty € T, and

E{Yg} =V (). (3.83)

Proof: The proof is essentially the same as the argument given in the preceding section
for the optimality of 7" over S". In particular, we have

E{Yr} < E{yr} < E{po}, VT €T, (3.86)

where the left-hand inequality follows from (i) and (ii) and the right-hand inequality is
(iii). We have E{yr,} = E{MT7,}, since the increasing predictable process Ay = M —yx
satisfies Ay, = 0 via (i). Now, (iv) implies that E{M7,} = E{My} = E{yo}, which in
turn implies that E£{Y7,} = E{y}, and the proposition follows. |

So, we see that (3.67) can be solved if we can find a sequence {yx} satisfying the
hypotheses of Proposition 3.4. To look for such a sequence there are two possible
approaches suggested by the finite-horizon case:

e define
Vk = esssupTETkE{Yﬂ]-'k}, k=0,1,..., (3.87)

where 7y is the subset of 7 satisfying P(T > k) = 1; or
e consider limiting properties of ;' as n — oo.

Since the second of these ideas is the easiest to analyze, we will consider it first. Note
that, fork =0, 1, ..., we have

yE< il <yl < (3.88)
So, the extended random variables
Y= lim ¥, k=0,1,..., (3.89)
n—oo

are well defined as the limits of monotonically increasing sequences of random
variables. Since

vi =max{Yy, E{y' | Fi}l, n=k+1,k+2,..., (3.90)
the monotone convergence theorem implies that
Y = max{Yy, E{y 1| Fi}), £=0,1,... (3.91)

That is, {y, Fi} satisfies condition (i) of Proposition 3.4.
Now, we would like to find conditions under which {y,, Fx} satisfies the other
conditions of the proposition. The following result provides such conditions.
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THEOREM 3.5. Suppose
E {sup|Yk|} < 00. (3.92)
k

Then {y ., Fi} satisfies the conditions of Proposition 3.4, and hence the stopping time
T = inf{k > 0|Y; =7}, (3.93)

is optimal in T .

Proof: Put Z = sup, |Yx|. Note that
Vil = E{Z|Fi}, k =0, 1, ..., (3.94)

from which it follows that Y is integrable. Thus, (3.90) implies that {y;, Fx} is a
supermartingale.
To show condition (i), we first note that we trivially have ¥, > Y from (3.90). We

also can write

< E squg)]-'k L0<m<k<n<oo, (3.95)
>m
from which it follows that
7, <E supn)fk L0<m <k < oo (3.96)
{>m
By taking limits in k in the above equation, we can write
Ve < lim E | sup Yg‘}'k —E{sup Yg‘foo — sup Yy, (3.97)
k—o00 >m >m >m

where the first equality follows from Example 2.6 of Section 2.3.1, and the second
equality follows from the Foo-measurability of sup,-,, ¥;. Taking the limit as m — oo
of this expression implies ¥, < Yoo, and condition (i) follows.

Since
~Viz—E {SHP(Ye)_Ifk}, (3.98)
=0
and the hypothesis of the theorem implies
E {sup(Yy)™ ¢ < o0, (3.99)
=0

the optional sampling theorem for submartingales implies that {y;, Fi} satisfies
condition (iii).
To show condition (iv), let us write, forn =1, 2, ...,

n

E{Mp} = 2/ MidP +/ MndP—i—/ (Mg, — M,)dP.
k=0 Y {To=k} {To>n} {To>n}

(3.100)
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By recursively working backward and using the properties of conditional expectation
and the martingale property, we can write

n

f MidP + M,dP = ModP = E{My}, Yn > 1. (3.101)
(To=k} Tosn

k=0 To=0

In order to show the validity of condition (iv), it is sufficient to show that

lim (M7, — M,)dP = 0. (3.102)

n—od {T()>l’l}
(This will imply that f{T0>n}(MT0 — M,)dP = 0.) Note that, on {Ty > n}, we have
M, =y, and M, = ¥,. So, (3.102) is equivalent to

lim Fg, — V)P =0, (3.103)

n—od {T0>n}

or, further,

nl_i)ngof Uryon (Fg, — 7n)dP = 0. (3.104)

Note that the integrand of (3.104) converges a.s. to zero since, by the martingale conver-
gence theorem, {y4} is a.s. convergent. From the optional sampling theorem, we know
that Y1 is integrable. Also, we can bound ¥, according to (3.94). Moreover, under
integration with respect to P the bound

[Vl liro>ny < EXZIFu}l{1y>n) (3.105)
is equivalent to the bound
[Vl litysn) < Z11y>n)- (3.106)

Thus, the bounded convergence theorem implies (3.102). Property (iv) and the theorem
follows. |

REMARK 3.6. Theorem 3.5 remains valid if the hypothesis is relaxed to the conditions
E{vo} < oo and E{squk} < 00. (3.107)
k

(See [57].)

The general infinite-horizon case

The hypothesis of the above theorem is too strong for most applications of interest.
Thus, it is of interest to relax this condition. Relaxing the lower bound condition is the
most useful in this regard, and so we would like to proceed under the weaker condition

EfsupY;"} < o0. (3.108)
k

Unfortunately, Theorem 3.5 is no longer true in general under this condition.
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However, we can turn to the first of the two approaches mentioned earlier and define
a sequence {yx} as in (3.87); i.e.

Yk = esssupreq E{Yr|Fi}, k=0,1,..., (3.109)

where, as before, 7y is the subset of 7 satisfying P(T > k) = 1. Throughout the sequel,
{yx} will refer to this particular sequence.
With regard to this sequence, we have the following result.

THEOREM 3.7. Suppose
EfsupY;"} < o0. (3.110)
k

Then the sequence {yx} from (3.109) satisfies the conditions of Proposition 3.4, and
hence the stopping time

Ty = inf{k > 0|Yx = w}, (3.111)
is optimal.
Proof: We first quote the following useful lemma, a proof of which is found in the

Appendix at the end of this chapter.

LEMMA 3.8. Suppose (3.110) holds. Then there is an increasing sequence {1y} of
stopping times in Ty, such that

YkgE{YTl

]—'k} 1y as £ — oo, (3.112)

We now can prove Theorem 3.1.

We first note that condition (i) of Proposition 3.4 can be proven here exactly as in
Theorem 3.5, since only the condition (3.110) is needed there.

To prove condition (ii), we note that

Yk = max{Yy, esssuprcg, E{Y7|Fi} }
= max{Yy, esssupreg, | E{E{YT|Fit1}1Fi} }
< max{Yi, E{yes1 15} ) (3.113)

Now choose T1, T, ... from 74| as in Lemma 3.8 so that

EXY1 | Frs1} 1 Vis1- (3.114)

Then we have

Yk = E{Y1 | Fi} t E{Vir1 Fit (3.115)

where the limit is the monotone convergence theorem. Since, yx > Yk, condition (ii)
follows.
To see condition (iii), we note that

yo > E{Yr|Fo} VT € T. (3.116)
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Thus,
E{yo} > E{Y7r} VT €T (3.117)

by iterated expectations. So, condition (iii) is trivial here.
To see condition (iv), choose increasing 77, 75, . .. from 7y = 7 as in Lemma 3.8 so
that

E{YT,|Fo} 1 o, (3.118)

and define a stopping time 7 = limy_, , T¢. Then, since 7y C 7k, we have

E(Mo} = E{w) = lim E(Yy) < E {lim sup YTE} — E{Yr), (3.119)

£— 00

where the first equality is the monotone convergence theorem, the inequality is Fatou’s
lemma, and the second equality follows from the definition of 7. Since E{Y7} < E{y},
we must have E{Y7} = E{yo}.

Now define another stopping time 7' = min{T, Tp}. We have

E{Y7:} =/ Yr,dP —i—f YrdP
{To<T} {To=T}
:/ yTOdP—i—/ YrdP. (3.120)
{To<T} {To=T}

The first term on the right-hand side of (3.120) satisfies

00
/ v, dP = Z/ yed P
{To<T} k=0 {To=k<T}

G
> ,;O/{To_kd} E{Y7|F}dP
= / YrdP. (3.121)
{To<T}
So, we have
E{Yr} > E{Yr}, (3.122)
and thus that
E{Y7'} = E{y}. (3.123)

If we can show that T’ = T, then condition (iv) follows. To see that this is the case,
assume the contrary. Then there must be a k > 0 such that the set By = {T' = k < Ty}
has positive probability. By definition of Ty, we must have y; — Yx > 0 on By. Thus

(yx — Yp)dP =€ > 0. (3.124)
By
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Now since By € Fi, from Lemma 3.8 we can choose a stopping time 7 € 7% such that

< Z/ J/de—/ E{Y; |fk}sz/ yde—/ Y5 dP. (3.125)
2 By By, k By By g
So,
(Y;, — YodP > <. (3.126)
B * 2
Now, define a stopping time Tk’ by
= fk on By
T —{ ' on BY. (3.127)
Then, we have
k Bk k B;i'
z/ kaP+/ YrdP + <
By B 2
€
=E{Yr}+ 3
€
= E{y} + 3 (3.128)

But, this is a contradiction of condition (iii), and so no such k exists and T’ = T.
Thus, conditions (i)—(iv) of Proposition 3.4 hold for {yx} and the optimality of Tj
follows. |

REMARK 3.9. Note that it was unnecessary in this case to prove conditions (i) and (ii)
to prove optimality of Tp, since it follows directly from the inequalities

E{YT} < E{yo} = E{Y,}, VT €T, (3.129)
which are proved independently of conditions (i) and (ii) in the above.
REMARK 3.10. Theorem 3.7 remains valid if the hypothesis is relaxed to the
conditions E{yo} < o0 (3.130)

and there exists an optimal stopping time [57].
We illustrate the above theorem with an example.

Example 3.3: Leta, = n®> — 1 and b, = n(n — 1) and Q be the space of sequences
a)] = (a]5 LRRY) ajy _bj+17 _b]+2’ .. ')5

for j = 1,2,.... Let F be all subsets of €2 and assign the following probability to
each w;:

P(a)j)zl,——_1 )

J Jt1
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for j = 1,2,....Foreachn = 2,3,..., let X,(w;) be the n" coordinate of w;j and
Fn=0{Xa,..., X,}. We have

(D) P(Xy=ay) =1/n=1—P(X, =by)
Q) EiXp}=n—D{(n+1)/n+1—n}.

It is easy to see that only stopping times of the form 7,, = min{7’, n} where
T =inf{k > 2; Xy = —bi}

need be considered in searching for an optimal stopping time.

We notice that E{sup, X;/} = oo and so we are not surprised to find that
lim,, o0 X, = —00, while y», = 1. To see this, notice that E{X7,} = 1— rll Therefore,
Yoo = L.

This example appears in [57; p. 85].

The infinite-horizon case with Markov rewards

We see from Theorems 3.5 and 3.7, that the development of an optimal stopping time
depends on the derivation of the sequence {;} or {yx}. This task is greatly simplified
in the Markov case, as the following result suggests.

COROLLARY 3.11. Suppose {Yy, Fi} has a stationary Markov representation. Then
(D Yy =9(Xp), k=0,1,..., where

v(x) = nll>nolo Q"g(x), x € E, (3.131)

and,
2) ik =v(Xy), k=0,1,2,..., where

v(x) = sup Ex {g(X7)}, x € E. (3.132)
TeT
So, in particular,
To = inf {k > 0lg(Xx) > V(Xp)} (3.133)
and
To = inf {k = 0]g(Xx) = v(Xp)}. (3.134)

Both v and v satisfy the integral equation

f(x) =max{g(x), Rf(x)},x € E. (3.135)

REMARK 3.12. Item (2) of Corollary 3.11 remains valid in the case

k—1

Y = g(Xp) — ) e(Xp), (3.136)
=0
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where |g| is bounded and ¢ > 0 satisfies E{c(Xy)} < oo, Vk. (See, e.g. Chapter 2 of
[191].) Note that the second term on the right of (3.136) can be viewed as representing
a cost of sampling.

Markov optimal stopping in continuous time

To consider the continuous-time case, we begin by the definition of a continuous-time
Markov process. Just as in the discrete-time setting consider a measurable space (E, A)
and the process {X;, F;; t > 0}, where each of the random variables X, is a measurable
function from (2, F) to (E, A), such that X, is F;-measurable for each 7. (That is, {X;}
is an adapted process of E-valued random variables.) The process {X;, F;} is said to be
a Markov process if, for each A € A, we have

P (Xiys € AlF) = P(Xiqs € AIX)), V5,1 €0, 00) (3.137)

which is similar to its discrete-time equivalent (3.2). Note that, for each s, ¢ € [0, 00),
P(X;4s € A|X;) is a measurable function of X;. The Markov process {X;, F;} is said
to be homogeneous if this function does not depend on ¢.

Just as in the discrete-time case the transition properties of a Markov process
described by (3.137) do not completely specify the distribution of the process. In par-
ticular, each possible distribution for X can potentially result in a different process.
This gives rise to the family of distributions { Py; x € E} on the space (€2, F) such that
P.(Xo = x) = 1forall x € E. Each of the measures P, can be fully described just as
in discrete time (see (3.3) and (3.4)). The quantity Py(X; € A) forallx € E, A € A
and ¢ € [0, co) is called the transition function of the Markov process. For a detailed
discussion on Markov processes in continuous time please refer to [142].

Let S be the set of A-measurable functions f : E — R that are also in class £
defined in (3.57) (Ex{f~ (X;)} < oo forall t € [0,00) and x € E) and define the
mappings {K;} each of which (for each fixed #) maps S into itself in the following way:

K (f(x)) =/ SO Pe(X; €dy), 1 €]0,00).
E
We say that a given function g is excessive if

(1) g > K;g,forallt € [0,00) and all x € E; and
2) limy—o K;g(x) = g(x) forall x € E.

Suppose that f € £ and that E,{sup, f~(X;)} < oo, for all x € E. Then the
excessive function g € L is said to be an excessive majorant of f if g(x) > f(x),
for all x € E. Moreover, it is said to be the smallest excessive majorant of f if it is an
excessive majorant and if for any other excessive function &, h(x) > g(x),forallx € E.
In connection with excessive majorants, we have the following result (see, e.g. [191]).

LEMMA 3.13. For any function f € L with E{sup, f~(X;)} < oo, there exists a
smallest excessive majorant that is a member of L (3.57).
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The smallest excessive majorant v of the function f in the above lemma is
constructed in the following way.

an(-x) = maX{f(x), R27”f(x)}3 ne N
and
v(x) = lim lim Q) f(x),

with R the operator defined by (3.58) and QQ’ is the N power of the operator Q,,. For
a proof of this fact please refer to [191] page 86. We notice that Ry f(x) = Kp-n f(x)
in the above.

Since the state space is uncountably infinite, continuity of the functions g and v
become relevant in the solution of the problem (3.55). For this reason we give a further
definition concerning the continuity properties of a function.

A function g associated with a process {X;} is lower (upper) semicontinuous if
liminf; o g(X) > g(x) (limsup, 4 &(X;) < g(x)) Py as. forall x € E. (It is known
that, for a standard process, any lower semicontinuous function is continuous.)

We can now state the following main result which can be found in [191].

THEOREM 3.14. Suppose {X;, F;} is a homogeneous Markov process. Define a
process {Y;} by Y, = f(X,), where f € L satisfies Ex{sup, f1(X;)} < 00, x € E. Sup-
pose further that f is continuous and bounded from below, and is bounded on the closed
set {x; v(x) > f(x)}, where v is the smallest excessive majorant of f. Suppose also
that v is lower semicontinuous. Then y; = v(X;). Thus, supyc7 Ex{Y1} = Ex{f(X1)}
and Ty = inf{r > 0| f(X;) = v(X})} is an optimal stopping time.

REMARK 3.15. Suppose that all the conditions of Theorem 3.14 are satisfied but we
only have Ey,{sup, f*(X;)} < oo, for some xo € E. Then the assertion of the theorem
remains valid. (See for comparison, Chapter 3 of [191].)

Appendix: a proof of Lemma 3.8
Proof of Lemma 3.8 We first prove an intermediate result.

LEMMA 3.8’ Suppose (3.110) holds. Then, for each k, there is a countable set Cy, C Ty
such that

Yk = sup E{Y7|Fi}. (3.138)

Ck
Proof of Lemma 3.8” Let C denote the set of all countable subsets of 7;. Define

s = supE{sup E{Yr|.7:k}}, (3.139)
ceC TeC
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and for each integer £ > 1, choose C; € C such that

1
E{ sup E{Y7|Fi}s =5 — —. (3.140)
TeCy 14
Put
o0
a=Jc. (3.141)
=1
and define
Z = sup E{Yr|Fi}. (3.142)
T eCy

Note that Cy is countable, and that E{Z} = s < co. We would like to show that Z = y4.
In order to do so, we must show two things:

(@) P(Z>=EXY7|F}) =1VT €7y ; and
(b) any other random variable Y satisfying (a) also satisfies P(Y > Z) = 1.

Now, suppose T’ € 7Ty, and define
7 = max {Z, E{Yr/|Fi)} . (3.143)
Since Z < Z’, we have
E{Z} < E{Z'} <s = E{Z), (3.144)

where the second inequality follows from the fact that C; U {T'} is countable. Thus,
E{Z' —Z} =0and Z' — Z > 0, which implies that P(Z = Z’) = 1. But, we also have

Z' > E{Yp | Fi), (3.145)
from which it follows that
P(Z = E{Yp|F}) = 1. (3.146)

Since T’ was chosen arbitrarily, (a) follows.
Now suppose, Y is any other random variable satisfying

Y > E{Yr|Fi} (3.147)

(almost surely) for all T € 7. Then clearly Y > Z almost surely. Lemma 3.8’
follows. ]

We now turn to the proof of the main lemma. Fix k& and choose C as in Lemma
3.8'. Write the elements of C; as {7}, T,, ...}. For each £ > 1, define a stopping time
T, € T; by

Tg = inf{m > k‘E {YTL’/

fm} < Ym}. (3.148)

Since Yo is Foo-measurable, Tg is always well defined. Now define a further sequence
of stopping times by 77 = 77 and

Ty =max{Ty_1, Ty}, €=2,3,... (3.149)
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‘We will show that this sequence satisfies the property:

max{Yk, max ElYT/);fk}} < E[YT ‘]—'k] < EHYTHl
1<j<¢

]-'k} v (3.150)

Lemma 3.8 will follow since supy- ;o E {YT{
— J

T]’ , T2’ e
To see that this property holds, choose £ > 1, j > k, and F € F;. We can write

/ _ YpdP = YudP
FO{T,>j} m=j FN{Ty=m}

]:k} = yr > Y by the choice of

3

3

> / E{Y;/|Fu)dP
FO{Ty=m) ¢

m=j

- / YpdP. (3.151)

Since {T( > j} € Fj—1 C Fj, it follows from (3.151) and the fact that F was chosen
arbitrarily from F; that

f E{Y; |F;}dP Z/ E{Yp/|F;j}dP Y F € Fj, (3.152)
FN{T;>j} ¢ FO{Ty>j} ‘

or, equivalently, that
(o} = j = E(Y7|F}) = E(Yp)|F}). (3.153)
It follows that

{{fzzj} = E{ ‘f}>max{E{YT/

} Y}},ijk. (3.154)

Now, consider T; . Again choose j > k and F € F;. We can write

/ YTZ+ldP = / YTlJrldP
FO{Te=j} S FO{Ty=m}

= Z{f E{Yj, |Fn}dP

F{Ty=m<Tp41}

+ / Y,,dP)}
FO(Ty=m=Ty11)

>Zf

Fn{ Tg_m}

= / Yr,dP. (3.155)
FOTe=j}
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where the second equality follows from the fact that F N {Ty = m < Ty41} € F, and
the inequality follows from (3.154). So, we can conclude that

ez j)= En. 7)) = EUn 7)) (3.156)

Note that (3.156) with j = k implies the middle inequality in (3.150). Since the
right-hand inequality in (3.150) is true by definition of y, we need only show that
the left-hand inequality holds in order to complete the proof. In order to show this, it
is convenient to show simultaneously that the following property is satisfied for each
£>1.

[z ) = Efr,

Note that (3.154) implies that both (3.157) and the left-hand inequality of (3.150)
hold for £ = 1. Moreover, (3.157) with £ = 1 is the same as the left-hand inequality
of (3.150) for £ = 1. Suppose (3.157) and the left-hand inequality of (3.150) hold for
£ = m > 1. Since T, satisfies (3.157), the same argument as in (3.155) leads to the

Filzvl vizk (3.157)

conclusion
(T = j) = E{Y1, | F)) = E(Y; |F)). (3.158)

Using (3.158) and (3.154) with j = k, we see that the left-hand inequality of (3.150)
holds for £ = m + 1. Moreover, since

(Tws1 = j} = Tn = Y U{Ts1 > j}, (3.159)

equations (3.156), (3.158), and (3.154) imply that (3.157) holds for £ = m + 1. So, by
induction, the proof is complete. |
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Sequential detection

Introduction

This chapter will formulate and solve the classical sequential detection problem as
an optimal stopping problem. This problem deals with the optimization of decision
rules for deciding between two possible statistical models for an infinite, homogeneous
sequence of random observations. The optimization is carried out by penalizing, in var-
ious ways, the probabilities of error and the average amount of time required to reach
a decision. By optimizing separately over the error probabilities with the decision time
fixed, this problem becomes an optimal stopping problem that can be treated using the
methods of the preceding chapter. As this problem is treated in many sources, the pri-
mary motivation for including it here is that it serves as a prototype for developing the
tools needed in the related problem of quickest detection.

With this in mind, both Bayesian and non-Bayesian, as well as discrete- and
continuous-time formulations of this problem will be treated. In the course of this
treatment, a set of analytical techniques will be developed that will be useful in the
solution and performance analysis of problems of quickest detection to be treated
in subsequent chapters. Specific topics to be included are Bayesian optimization,
the Wald—Wolfowitz theorem, the fundamental identity of sequential analysis, Wald’s
approximations, diffusion approximations, and Poisson approximations.

Sequential testing displays certain advantages over fixed sample testing in that it helps
the user reach a decision between two hypotheses after a minimal average number of
experiments. In particular, in the case of a fixed sample the sample size is fixed, and
may be redundantly large for making a reasonably good inference on which of the
two hypotheses is true. With sequential testing on the other hand, no observations are
wasted. In fact, as soon as we can declare that one of the two hypotheses is true with
reasonable certainty, we stop taking observations. For this reason, it is clear that sequen-
tial testing is a method of testing that is less costly on average than its competitor fixed
sample size testing, if there is a cost associated with each observation.

Optimal detection

Consider a sequence {Z;; k = 1,2, ...} of i.i.d. real observations that obey one of two
statistical hypotheses:
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Hy: Zp~Qo, k=1,2,...
versus
H : Zy~Q1, k=1,2,... 4.1

where Qp and Q) are two distinct distributions on (R, B) satisfying Q¢p = Q1. We
assume for now that hypothesis H; occurs with prior probability 7 and Hy with prior
1 — . Let go and g denote densities of Q¢ and Q; with respect to some common
dominating measure (e.g. Qo + Q1).

We would like to decide between these hypotheses in a way that minimizes an
appropriate measure of error probability and sampling cost.

Let us consider a probability space (2, F, P) = (R*°, B*, P;) where

Pr=(0-m)Py+nP 4.2)

and where Py and P; are two probability measures on (R, 3°°) such that, under
Pj, Zy, Z;, ... are ii.d. with marginal distribution Q, for j = 0, 1.! The distributions
Py and P; describe the hypotheses Hy and Hj, respectively. Note that these measures
are mutually singular (i.e. Pp L Pp) since (see Example 2.3 of Section 2.3.1)

1—[ q1(Zy) { 0 a.s.under P 43)

qo(Zk) oo a.s.under Py

as n — Q.

That is, we can tell these two distributions apart from the limiting value of the likelihood
ratio. So, if we observe {Zy; k = 1,2, ...} we can decide perfectly between the two
hypotheses of interest.

Suppose, however, there is a cost for sampling — say, a linear cost ¢ > 0 per sample
taken. Suppose further that we observe {Z;; k = 1, 2, ...} sequentially, generating the
filtration {Fy; k =1, 2, ...}, with

Fi=0(Z1, Zos ..  Z0), k=1,2,..., Fo=(Q,0). (4.4)

Clearly, the quality of a decision between Hy and H; will improve with an increas-
ing number of samples. However, the cost of sampling tempers the net benefit of that
improvement, and thus a tradeoff develops between the cost of errors and the cost
of sampling. The optimization of such tradeoffs can be examined in the context of
sequential decision rules.

A sequential decision rule (s.d.r.) is a pair consisting of a stopping time T € T,
where 7 denotes the set of all stopping times with respect to the filtration {F%}, and a
sequence § = {8k} of terminal decision rules, where for each k, &y is an Fi-measurable
function taking values in the set {0, 1}. Let D denote the set of all such §. To elaborate
on the notion of an s.d.r., define the random variable

0
T = Z Sk Lir=k)- 4.5)

! Note that the observations are not independent under Py, except in the cases 7 = 0 and 7 = 1.
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Notice that §7 is an Fr-measurable random variable also taking values in the set {0, 1}.
One can now describe an s.d.r. as the pair (7, §), in which T declares the time to stop
sampling, and once the value of T is given, §7 takes the value 0 or 1 declaring which of
the two hypotheses to accept. For an s.d.r. (T, §) there are two performance indices of
interest: the average cost of errors,’

ce(T,8) = (1 —m)coPo(67 = 1) + e P1(67 = 0), (4.6)
where ¢; > 0 1is the cost of falsely rejecting hypothesis H;, and the cost of sampling,
cEL{T}, 4.7

where E{-} denotes expectation under the measure Py .
So, we might like to choose an s.d.r. to solve the following optimization problem:

TG%&D [ce(T, 8) + cEx{T}]. (4.8)

This problem can be converted into a Markov optimal stopping problem via the
following proposition.

PROPOSITION 4.1. Forany T € T, we have

ainlf) ce(T,8) = Ex {min{c 17}, co(1 — n)}}. 4.9
€

where the sequence {m[" } is defined by the recursion

b Z
= — 112 k=12, 1 =1 (410
T q1(Zi) + (1 — 7 )qo(Zk)

Moreover, the infimum in (4.9) is achieved by the terminal decision rule

322{ 1 ifaf = co/(co+c1) @11

0 ifmy <co/(co+cr)

REMARK 4.2. The random variable 7]’ is the posterior probability that H; is true,

given Zy, ..., Z;. To see this, let p7 denote this posterior probability, and notice that
k
|[iZ Zi
p]f: l_[z_lql( l) (412)

71 a1(Z) + (1 —m) [T q0(Zi)

From the above equation it follows that

pis k qi(Zi)
P = oz [li=1 90(Z;)
k= =z k  qi(Zi)
o iz gozn +1
fh(Zk)Ll—[/f—l q1(Zi)
_ qo(Zy) 1—-7 i=l qO(Zi) (4 13)
A ’

1kl a(Z) ’
qo(Zy) 1-7 ni=1 q0(Z;) +1

2 Py(87 = 1) and Py (87 = 0) are also known as the type I and type II errors, respectively.
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Notice that

iy Hm(Z) -
1—pr 1—n,. q0(Zi) -

Therefore the above equation (4.13) becomes
T
Pi—1 gz

L=p, ™
i =

Pi-1 q1(Zp)
1=pi_; q0(Zk) +1

_ Pr_191(Zk)
PE_1a1(Zi) + (1 — pf_Dqo(Zi)
On noting that pj = 7, and comparing (4.14) with (4.10), the assertion that 7;7 = py
follows.

(4.14)

Proof: Since the proposition is rather obvious if 7 = 0 or # = 1, we restrict attention
to the case 7 € (0, 1).
Fix T € 7. For any § € D we can write

o0

ce(T.8) = [(1 —n)cof dp, —l—ncl/ dpl] (4.15)
(8x=1,T=k} =0,T=k}

k=0 (o=
Consider the second summand in this expression. Using the Radon—-Nikodym theorem
and the fact that P, dominates P; for ¥ > 0, we can write

dP
/ dp| = / S gp,. (4.16)
{51=0, T =k} (81=0,7=k} APz

Now, since the events {§y = 0} and {T = k} are in Fj, we can write

[ Ry BN Frs i T
T =T k
se=0.7=k) APz " {8¢=0,T =k} dPy

= / mp dPy, 4.17)
{8x=0,T=k}
with
k
T 771_[]‘:1611(Zj) 4
T = T T ; (4.18)
1 —m) Hj:l qo(Zj) +m Hj:[ q(Zj)

where we use the convention that ]_[ 1if b < a. To see why the above equality
is true, notice that the d;’)I can be described as the ratio of the probability of observing
Z1, ..., Z if Py is the true measure divided by the probability of observing Z1, ..., Zx,
if P, is the true measure. In other words,

dpy [T a1(Zo)

dPr [T @1(Zomw + [Tz q0(Zo (1 — 7))
Using equation (4.12) the result follows.
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Similarly,
(1—m) dPy = / (1 — zf)dPy, (4.19)
(8x=1,T=k} (8x=1,T=k}
and so
o0
co(T, 8) = Z [CO/ (1 —2f)dPy + ¢ / rr,fdP,ri| . (4.20)
=0 (8x=1,T=k)} {6k =0,T =k}

It is clear from (4.20) that ¢, (T, §) achieves its minimum over § € D at the terminal
decision rule

: s _ 7
% = { (1) ilffccll;zr,;]; < ccoo((ll— :f)) @20
which is the same as (4.11). Thus, we conclude that
S
min ¢, (7, ) = %/{ Zk}min{cln;j,co(l — )} dP,
=E; {min {cln}r, co(l — n’T’)}} . (4.22)

It is straightforward to check that {m]} satisfies the recursion (4.10), and the
proposition follows. n

Proposition 4.1 reduces the problem (4.8) to the alternative problem
Ting_Eﬂ {min {cln}r,co(l —n?)} +cT}. (4.23)
S
Because of the recursivity of {r;"} this new problem can be embedded in a Markov

optimal stopping problem, which can be solved straightforwardly using the methods of
Chapter 3. In particular, we can prove the following result.

PROPOSITION 4.3. There are constants wy, and wy satisfying 0 < wp, < co/(co +
c1) < my <1, such that problem (4.23) is solved by the stopping time

Topt = inf{k > Ol ¢ (p, 7U)}. (4.24)

Proof: Consider a homogeneous Markov process {Xy; k = 0, 1, ...}, with state space

E=10,11x 2. Let Xo = (Z), and consider a family of measures { P, ); (:;) € E}

Pm) (X() = <Zl)) =1, 4.25)

and let E; ;) {-} denote expectation under P ,,). Let A; be a Borel subset of [0, 1].
For any A Borel subset of E, we have that A = A; x Z;, where Z; is a subset of the
integers. We have that

nl T i
Pirmy (Xk = (m —T—k) €A ‘ Xo = <m>> = P(z,m) <7‘L’]7: € A ‘ Xo = (m>> .

such that
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In other words, the first element of the vector X; will evolve in time k according to
the recursion (4.10), and the second will deterministically increase by k units.
The problem (4.23) is a special case (m = 0) of the Markov optimal stopping problem

sup Ezm) {g(X1)}, (4.26)
TeT
where
g(x) = —min{c1m, co(1 —m)} —cm, x = (71, m) e E. 4.27)
Since
sup g ¥ (Xp) < c(—m)*, (4.28)
k
Theorem 3.7 implies that the optimal stopping time is
Topt = inf{k > 0[g(Xx) = v(Xy)} (4.29)
with
T
v(x) = sup Eq ) (8(X7)}, x = < ) € E. (4.30)
TeT m
Clearly, we have
v(x) = —s(w) — cm, 4.31)
with
s(m) = — sup E(z0) {g(X7)}, 7 €[0, 1], (4.32)
TeT
and so
Topt = inf{k > Ol min{ci 7], co(1 — 7))} = s(x])}. (4.33)

Let us examine the function s. We can rewrite s as
s(m) = ing_En {min{c17], c1(1 =)} + T}
Te

= TeiTr}Sfep [ce(T, 8) + cEx{T}] (4.34)

where the second equality is from Proposition 4.1. For fixed (7, §), the objective
ce(T,8) + cE-{T} of the right-most optimization in (4.34) is a linear function of 7.
In particular, ¢, (T, §) is seen to be linear from (4.15), and the term E,{T} is given by

E{T} = (1 —m)Eo{T} + m E{T}. (4.35)

It follows from this linearity that s is a concave function of . It further follows from
(4.34) that s is bounded according to

0 <s(7) <minfcim,co(l —m)}, 0 <mw <1, (4.36)

where the inequalities must be equalities at w = 0 and & = 1. These relationships are
illustrated in Figure 4.1. That Top must be of the form described in the proposition is
thus clear. |



Fig. 4.1.

4.2 Optimal detection 71

¢,(m)

s(m)

T
0 T m, 1

An illustration of s ().

REMARK 4.4. The thresholds 71, and my are determined from the minimal cost
function,

s(ry = inf_[ce(T.8) + cEx(T}, 7 € [0,1], (4.37)

via
mL=sup{0 <7 <1/2|s(m) =cim}, (4.38)

and
mu=inf{l/2<m <1|s()=co(1 —m)}. (4.39)

Suppose the prior # € (0, 1). Then, it follows that n,f € (0, 1), Yk. We can conclude
that both 71, and mry are also in (0, 1), since otherwise we would have E; {Topt} = 00,
a contradiction to the optimality of Typ¢. From this result and Corollary 3.3 (combined
with Theorem 3.7 and equation (4.28)), we have the following computational method
for the optimal cost s(;r) and for the thresholds n, and my.

PROPOSITION 4.5. The minimal cost s of (4.37) is the monotone pointwise limit from
above of the sequence of functions

5y (1) = min {min{c7, co(1 — )}, OQsp—1 (@)}, n=1,2,..., (4.40)
with so(;r) = min{c7, co(1 — )}, where the operator Q is defined by

Qsp—1(7) = Ex {sn-1(7)} . (4.41)



72

Fig. 4.2.

Sequential detection

accept H, o
" 5
L] 1
° ° ° E
- ° . ° ° ° E
. .
. . .
o :
accept H, ;

T T T T T T T T T T T I T

~

T T
0 1 2 3 4 5 6 7 8 9 10 11 12 T, 15 Time

An illustration of Topt.

As a consequence, we have wr{' |, w1, and m{j 1 wy, where
af =sup{0 <m <1/2]s,(w) =cim}, (4.42)
and
= inf{1/2 <7 < 1|su(mw) =co(l1 —m)}. (4.43)

Propositions 4.1, 4.3 and 4.5 specify the optimal sequential decision rule for (4.8),
which is summarized in the following.

THEOREM 4.6. Consider the optimization problem of (4.8). The optimal solution is
given by the sequential decision rule (T, §) with T from (4.24) and & from (4.11). That
is, the optimal s.d.r. continues sampling until w7 ¢ (7L, wy), at which time it chooses
hypothesis H if t7 > my, and it chooses Hy otherwise.

Figure 4.2 illustrates the operation of this s.d.r.
Note that the stopping time 7 of (4.24) can equivalently be written as

T =inflk > 0| Ay ¢ (A, B)}, (4.44)

where {Ay} is the sequence of likelihood ratios,

k

a(Z;))  q1(Zy)
Ay = =
¢ l_[ qo(Z;)  qo(Zy)

A1, k=1,2,..., Ag=1, (4.45)
j=1

and where the thresholds A and B are given by

1-— 1—
A= T and B = T_T .
T 1—m 7 1l—my

(4.46)

It follows that the Bayes optimal sequential decision rule (4.24) and (4.11) can also
be viewed as a test that continues sampling as long as Ay € (A, B) and then, at the
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first exit of Ay from (A, B), decides H; if the exit is to the right of this interval, and
decides Hy if the exit is to the left. This test is referred to as the sequential probability
ratio test with boundaries A and B (SPRT(A, B)), and it is of independent interest
beyond its optimality in the Bayesian setting of the preceding section. The SPRT(A, B)
is illustrated in Figure 4.3.

SPRT’s exhibit minimal expected stopping time (i.e. minimal runlength) among all
s.d.r”’s having given error probabilities. In particular, we have the following well-known
result from Wald and Wolfowitz (1948).

THEOREM 4.7. Suppose (T, ) is the SPRT(A, B) with0 < A <1 < B < o0, and
let (T', §') denote any other s.d.r. with max {Eo{T’}, Eq {T’}} < 00, and satisfying

Po(8%7 = 1) < Py(87 = 1) and Pi(87, =0) < Pi(57 =0), (4.47)
with

Py =1)+ P87 =0) < 1.
Then

Eo{T"} = Eo{T} and E\{T'} > E{T}. (4.48)

Proof: The crux of this result is a partial converse to Theorem 4.6. In particular, it can be
shown that, forany 7 € (0, 1) andany 0 < A < 1 < B < o0, there are positive costs
o, c1 and ¢, such that SPRT(A, B) is the Bayes test for this prior and these costs. That
is, we can find positive costs such that 1, and wy from (4.46) are the thresholds of the
corresponding Bayes test from Theorem 4.6. This property follows from monotonicity
and continuity properties of the thresholds and the minimal cost as functions of ¢, cg
and cy. Its proof can be found, for example, in [132], and it will not be repeated here.
Note however, that in this proof we need the condition P (§7 = 0) + Po(67 = 1) < 1.
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Fix # € (0, 1). From the above property, we can choose positive ¢, cp, and c|
such that

ce(T,8) + (1 =m)E{T} + T E\{T} < co(T",8") + (1 = m) Eo{T"} + w E\{T"}.
The hypothesis (4.47) implies that ¢, (T, §) > c.(T’, §'), so we must have
(1 —=m)E){T}+7E(T}) < (1 —m)Eo{T'} + mE{{T’}. (4.49)

Now, since m was chosen arbitrarily in (0,1), the inequality (4.49) must hold for all
m € (0, 1), and hence the theorem follows. [ |

REMARK 4.8. Note that a consequence of Theorem 4.7 is that SPRT’s require
expected sample sizes that are smaller than those of fixed-sample-size tests with the
same error probabilities. Thus, the flexibility to decide quickly in unambiguous cases
at the expense of taking more time to decide on ambiguous cases, pays off on the
average.

REMARK 4.9. A further consequence of Theorem 4.7 is that the stopping times of
SPRT’s have finite expected values under both Hy and Hi, a fact that is easily proved
independently. (See for comparison, Proposition 8.21 of [198].)

Performance analysis

As a Bayes s.d.r., the performance of an SPRT can be computed via Proposition 4.5.
However, a more basic understanding of the properties of SPRT’s can be obtained by
examining the relationships among the thresholds, the two conditional error probabili-
ties, and the two expected runlengths. Such relationships are considered in the following
paragraphs.

We first consider relationships among the thresholds and the error probabilities. Fix
0<A<1<B < o0, and let (T, §) denote the SPRT(A, B). For definiteness, we
assume A < B. Recall that L(Z;) = Zég:;, where go and ¢; are densities of Q¢ and
Q1 with respect to a common dominating measure, and Qg, Q1 are distinct. To simplify
notation, define

a= Py(ér =1) and y = P1 (87 =0). (4.50)
The thresholds and error probabilities are related via the following result.

PROPOSITION 4.10.

1—
7/andAZ 14 .
o l —«o

B < 4.51)

Proof: Since 7 must be almost surely finite under Py (compare Remark 4.9), we can

write

o0

oo
1
a=Py(Ar=B) =) f dPo < — " / ArdPy. (452)
=0/ (=B T=k) B = Jin= . T=1)
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Now, since both {T = k} and {A; > B} are in F}, we can write

/ ArdPy = / dpPy, (4.53)
{Ar=B , T=k} {Ak=B , T=k}

from which we have (7 is also almost surely finite under P;)

l & Pl (A7 >B) 1-—
af—E:[ gp, = LAr=8 _1-y (4.54)
B = JiszB . T=n) B B

A similar argument gives y < A(l — «), and thus we have the relationships in (4.51).
[ |

A further pair of inequalities can also be used to relate the error probabilities of
SPRT(A, B) to the expected runlengths. These are given in the following result.

PROPOSITION 4.11. Suppose the random variable log A has finite means dy and
dy, respectively, under hypotheses Hy and Hi. Then

Eo{T} > d;" [a log (1773’) +(1—a)log (%)} (4.55)

and

1—
E\ (T} > d}! [(1 — ) log <Ty) +ylog (%)} . (4.56)

REMARK 4.12. In view of the Wald—Wolfowitz theorem (Theorem 4.7), the inequali-
ties of Proposition 4.11 must hold for the stopping times of arbitrary sequential decision
rules having error probabilities & and y.

Proof: We will prove (4.55), the proof of (4.56) being essentially the same. Similarly to
the argument used in proving Proposition 4.10, we can write

o0 o
l—y = Z/ dpP, = Zf ArdPy. 4.57)
ko {Ak=B,T=k) ko Y {Ak=B,T=k)

On defining I to be the event {A7 > B}, we then have
1 —y =Eo{Ar x Ir} = Eo{Ar|1r} Po(I") = a Eo{Ar|1r}. (4.58)
Using Jensen’s inequality, we can write
1 —y <aexp(Egf{logAr|1r}) =a exp(Epf{logAr x 1r}/a), (4.59)
or, equivalently,

l _
Eo{log A7 x 11} > alog <—V> . (4.60)
07

A similar sequence of steps yields a second inequality

Eo{log Az x 1r¢} > (1 — ) log <1L> : 4.61)
—
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which, when added to (4.60), yields

1 —
Eollog A7} > alog <—y) +(1—a)log (L) . (4.62)
o l—«o
We now use Wald’s identity (2.83) to write
Epf{log Ar} = doEo{T}, (4.63)

and (4.55) follows. (That dy and d; are non-zero follows from Jensen’s inequality and
the distinctness of Qg and Q;.) |

The inequalities of Propositions 4.10 and 4.11 provide universal relationships among
the performance indices of SPRT’s. It is interesting to consider conditions under which
equality is achieved in these inequalities. Note that the inequalities in (4.52) and (4.54)
(and hence the first inequality in (4.51)) would be equalities if A7 = B almost surely on
the event I' = {A7 > B}; that is, if the likelihood ratio hits the upper boundary exactly
when it crosses it. Similarly, the second inequality in (4.51) would be an equality if the
likelihood ratio were to always hit the lower boundary upon exiting there. Examination
of the proof of Proposition 4.11 reveals that these two conditions are also sufficient for
equality in (4.55) and (4.56). In particular, the condition A7 = B almost surely on
the event I, is sufficient for equality in Jensen’s inequality as used in (4.59), and the
condition A7 = A almost surely on the event ', similarly yields equality in (4.61).

An example in which these conditions are met is the following.

Example 4.1: Suppose the observations {Z;} are Bernoulli (0-1 valued) random vari-
ables with Q;(Zy =1) = p; € (0, 1), j € {0, 1}. Suppose further that pg =1 — p; <
1/2. Here, we have

k
log Ay = log <ﬂ> Y@z, - 1. (4.64)
o/ 4
j=1

So, the SPRT stops and decides at the first violation of the inequality

k
log A log B
2 2L N oz,-n<—20 Ly (4.65)

log(p1/p0) ~ ~log(pi/po)

Since the sum 21;21 (2Z; — 1) is integer-valued, no generality is lost in assuming that
a’ and D' are integers. Moreover, since (2Z i — D) € {1, +1}, the likelihood ratio will
exactly touch the boundary at 7. (See Figure 4.4.)

Thus, in this example, the inequalities in Propositions 4.10 and 4.11 are equalities.
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More generally, the conditions for equality in Propositions 4.10 and 4.11 will not be
met. However, these inequalities can be considered to be approximate equalities if the
“excess over the boundaries” (i.e. A7 — B or A — A7) can be assumed to be negligible.
In this situation, from Proposition 4.10 we have

~ 1 - ~
B Y qnaaz Y (4.66)
l—«
or, equivalently,
~1—A ~  B-—1
o= and y = A , 4.67)
B—A B—-—A
and from Proposition 4.11 we have
~ o1 -y 14
Eo{T}=d, |alog| — )+ —-a)log| —— (4.68)
o 11—«
and
~ 1—
E\{T}=d;" [(1 —y)log (Ty> + y log <ﬁ>} . (4.69)

These approximations are known as Wald’s approximations.

Wald’s approximations can be used to choose the boundaries A and B to yield a given
level of error-probability performance. For example, if we wish to design a test with
approximate error probabilities oy and y,, then we can use (4.66) to choose boundaries

1—
Vd and A — Vd

B= .
2%] — Qg

(4.70)
The inequalities (4.51) then tell us that the actual error probabilities, «, and y, are
bounded according to

oy

1 =oay(1 +O0®(a) (4.71)
— Vd

g =
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and

1 =va(1 + O(ag)). (4.72)
—ay

Ya =
Thus, we see that for small desired error probabilities, the actual error probabilities
obtained by using Wald’s approximations can be bounded by values that are quite close
to their desired values. And, in fact, these bounds will be tight in the limit of small error
probabilities. This is consistent with intuition, since small error probabilities translate
into boundaries whose logarithms have large magnitudes, and thus for which the excess
over the boundary is negligible relative to the value of the boundary. This is the regime
in which Wald’s approximations are reasonably accurate, although they can be improved
upon, as we will discuss in the sequel.

The idea of approximating the SPRT performance by ignoring the excess over the
boundaries can be extended to provide approximations for the exit statistics of more
general random walks. In particular, let P be the probability measure under which
{Ax; kK = 1,...} is a sequence of i.i.d. Bernoulli(p) random variables, and let E{-},
denote its corresponding expectation. Define the random walk {Wy; k = 1,2, ...} by

k
W= Aj=Wii+A k=12,..., Wo=0. (4.73)
j=1
For real constants a and b satisfying —oo < a < b < 0o, define the stopping time 7} ;
(we consider the filtration o (Wy, Wy, ..., Wi), k=0,1,...) by

T,.» = inf{k > 0|Wy ¢ (a, b)}. (4.74)
We are interested in the mean value, or expected run length, of T, p :
E{T.»}, (4.75)
and in the upper exit probability of the random walk:
P (Wrg,, >b). (4.76)

Notice that the SPRT(A, B) corresponds to the case Ay = log L(Z;), a = log A, and
b = log B; and the expected run lengths and upper exit probabilities under Py and P;
are the quantities considered in the preceding paragraphs.

The expected runlength and upper exit probability of the general random walk (and
hence of the SPRT(A, B)) can be determined from the solutions to linear integral equa-
tions (see for comparison [19] pp. 202-204), which must generally be solved numeri-
cally. However, a somewhat more useful approach is to approximate them as follows.

Since T, is the first exit of the random walk from an interval, the result in the
next-to-last bullet point of Section 2.3.2, implies that it is regular for the F;-martingale

ekufklogM(S) ,k=0,1,... “4.77)

for any s € M = {s|M(s) < oo}, where M denotes the moment generating function of
A1 (see for comparison Proposition IV-4-17 of [157]). Hence, optional sampling gives
us the identity
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E [ Tt e MO} — 1 v 5 e M, (4.78)
as noted in Chapter 2. Now, we would like to find a non-zero solution, s’, to the equation
M) = 1. 4.79)

In fact, there exists a unique non-zero s’ that is the solution of (4.79) as long as E{W;} #
0. In particular, we have that

(1) If E{W;} < 0, then s’ > 0,
(2) If E{W;} > 0, then s’ < 0.

To see the first implication above we just have to notice that M’'(0) = E{W;} < 0.
Moreover, M'(s) = E{W;e*W17102 M)} 5 a strictly increasing function of s. Therefore,
there exists a unique so > 0 such that M'(s) < O for s < s9 and M'(s) > 0 for all
s > so. But this implies that M (s) is strictly decreasing for all s < sg, while it is strictly
increasing for all s > s¢, and so > 0. Moreover, M (0) = 0 and therefore there exists an
s’ > so > O such that M (s") = 0. A similar argument implies that s’ < 0 if E{W;} > 0.

For such s/, (4.78) becomes

E {e"Wwa} =1 (4.80)

Now, if we ignore the excess over the boundaries, then Wy, , is approximately equal to
either a or b, and (4.80) becomes

P W, = )+ [1 - P (0, = )

~

1. (4.81)
On rearranging, we have

< 1—¢'

P (Wr,, = b) = (4.82)

es’b _es'a’
In the case of the SPRT(A, B), it is easily seen that (4.79) is solved under Py and P;
by s’ = 1 and s’ = —1, respectively. On substituting these values into (4.82), Wald’s
approximations (4.67) are obtained.
The expected value of the stopping time 7, 5 can also be approximated for the general
random walk. In this case, if we assume E{A} # 0, we can use Wald’s identity (2.83)
to write

B E {WTa,b}
E{T.»} = Ea (4.83)
Again ignoring the excess over the boundaries, we thus have
~ bP (W b 1— P (W b
E(T.p} = (Wr,, 2 b) +a] (Wr,, = )], (4.84)

E{A1}
which, together with (4.82) reduces to (4.68) and (4.69) for the SPRT(A, B) under Py
and Pj, respectively. Alternatively, if E{A;} = 0 and E {A%} < 00, then the second
Wald identity (2.84) yields the approximation

~ b*P (W, = b) +a*[1 — P (Wr,, > b)]

E{T, ) = = (4.85)
) (a7
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In the context of sequential detection, the interest in the general approximations
(4.82), (4.84) and (4.85) lies in the fact that they provide simple estimates of error
probabilities and average runlengths for certain sequential decision rules other than the
SPRT(A, B). This is of particular interest when the exact distribution of the observations
is unknown under one or both of the two hypotheses.

Suppose, for example, that we have a parametric family {fp; 6 > 0} of possible
marginal densities for the i.i.d. observations {Z;}. For a given s.d.r. (T, ) we can
consider the so-called operating characteristic (oc)

oc(0) = Pg(b7 = 1), 6 >0, (4.86)
and the average sample number (asn)
asn(@) = Eg{T}, 6 >0 (4.87)

where Py and Ep{-} denote probability and expectation, respectively, under the model
that {Z;} are i.i.d. with marginal density fp. Consider the following pair of hypotheses:

Hy: Zp~ fo, k=1,2,...
Versus
Hy : Zp~ fo, k=1,2,..., 0 >0. (4.88)

Since H; is composite, we cannot, in general, design a single SPRT that will optimize
performance in testing between these hypotheses. We might, however, consider SPRT’s
between Hj and the particular alternative marginal density fy, for some specific 6,
in which case the test is as described in Section 4.2., with fy = g1, and fo = qo
(Here, without loss of generality, we consider the real parameter 6 to be translated and
scaled so that the marginal under Hy is fp and a nominal marginal under Hp is fy.)
The performance of this test, as measured by oc and asn, are computable by solving
appropriate integral equations, as noted above. However, (4.82), (4.84) and (4.85), give
the simpler, and more revealing, approximations

_ea9

OC(G) = m, 6 > 0,
e —1

OC(Q) = w, 0 <0

and

b—a)-oc®)+a

asn(@) = 7
0

(4.89)

where sg solves
Eo {[A1]17} =1,
and

dg = Eg {log A1} .
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Whereas, in the case for which dyp = 0, we obtain

b2oc(0) + a%(1 — oc(0))
Ep{(log A1)?}

asn(f) =

The performance approximations made in this section can be improved upon by a
more careful modeling of the excess over the boundary. (See for comparison, Chapter
X of [198].)

The continuous-time case

The results of the preceding sections can be extended to certain continuous-time prob-
lems in which the observations have stationary independent increments under either
hypothesis. Here, we consider this problem in the important cases in which the observa-
tions are either Brownian motions or homogeneous Poisson counting processes. We also
give a result on the extended optimality of the SPRT to convex cost functions, which
applies to stochastic processes in discrete time, continuous time, as well as in the case
of processes with jumps.

The Brownian case

Consider the following measurable space:

(1) € = CJO0, oo]: the space of continuous functions, and
(2) F = B(CI0, oo]): the o -algebra of Borel sets on the space of continuous functions.

Let us consider first the case of Brownian observations, about which we wish to test
hypotheses concerning the rate of drift. In particular, suppose we observe a continuous-
time random process {Z;; ¢ > 0} which behaves statistically according to one of two
possible models:

Hy: Zi=oW;+puot,t>0
Versus
H: Zi=cW;+puit,t>0 (4.90)

where {W;;¢t > 0} is a standard Brownian motion with respect to the filtration
{F; t = 0}, with

Fi=0(Zy;;0<u=<t).
As before, we can consider a family of probability distributions { P, ; = € [0, 1]} where
P,=(0—-m)Py+ P, 4.91)

with Py and P; denoting the distributions of the observed process under Hy and Hj,
respectively.



82

Sequential detection

We again define a sequential decision rule as a pair (7, 8) € 7 x D where 7 denotes
the set of all {F;; t > 0} stopping times, and where D now denotes the set of terminal
decision rules, 87, which are Fr-measurable random variables for every T € 7 .}

As in the discrete-time case, for positive constants cg, c1, and ¢, we wish to solve the
following problem:

eiTr}geD [ce(T, ) + cEx{T}] (4.92)
with
ce(T,8) =1 —m)coPo(br = 1) +mc1 P1 (87 = 0). (4.93)
We have the following result, analogous to Theorem 4.6.

THEOREM 4.13. There are constants wy, and my satisfying 0 < mp, < co/(co +c1) <
my < 1 such that the infimum in (4.92) is achieved by the s.d.r. (T, 8) consisting of the
stopping time

T =inf{t > 0|7 ¢ (7L, 7v)} (4.94)

and the terminal decision rule

1 ifnf = co/(co+c1)
S5t = r 4.95
! { 0 ifny <co/(co+cr), (559
where the random process {m['; t > 0} is given by
Al
= 7] =m, (4.96)
Ay + (1 —m)
with
Ag=exp{L2M’<z,—M>}, = (4.97)
o 2

REMARK 4.14. Equation (4.97) gives the likelihood ratio between the hypotheses of
(4.90) over the interval [0, ¢], a result known as the Cameron—Martin formula (see, for
example, Theorem 2.9 or [176]). From this result and the Radon—Nikodym theorem
(compare (2.116) and (2.19)) it follows that

dpPy

T

Fi } . (4.98)

From this it can be shown that, as in the discrete-time case, the random variable 7 is
the posterior probability that Hj is true, given {Z,; 0 < u < t}. A straightforward appli-
cation of It6’s rule (compare Theorem 2.6) shows that 7" evolves via the Itd stochastic
differential equation

M1 — 1o (1 — 1o)?

dn] = ———n[ (1 —n]")dZ; — -

P ()21 — x7)dr. (4.99)

3 Recall that 87 = Zkoio 8k 17—k is an Fr-measurable random variable in the discrete-time setting as well.
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Proof: Aside from technical details, the proof of this result is essentially the same as the
analogous discrete-time result given in Theorem 4.6 (i.e. Propositions 4.1 and 4.3) We
outline the proof.

First, analogously with Proposition 4.1, we can show that, for fixed § € D,

8i21f)ce(T, 8) = Ex {min {ci7], co(1 —n])}}. (4.100)
To see this, fix (T, 8) € 7 x D and write
Pi(ér =0)=1—E{5r}. (4.101)
Using the Radon—Nikodym theorem and (2.116), we can write
7E, {ST}=nEolAg<‘ST}=En {zFor), (4.102)
where {Af); > 0} is from (4.97). Similarly,
(1 —=m)Eo {87} = Ex {(1 —n})dr} . (4.103)
So, we see that
ce(T,8) =me1 + Ex {[(1 = nf)co — nfc1] 7}, (4.104)

and (4.100) follows.
Equation (4.100) reduces the problem (4.92) to a Markov optimal stopping problem:

sup Ex o {g(X7)}, (4.105)
TeT

where g is defined as in (4.27); {X;; t > 0} is a continuous-time homogeneous Markov

process having state space E = [0, 1] x R. Let Xy = (n>’ and consider the family of
u

measures {P(,,,u); (n) €E } such that
u

Py <X0 = (’; )) =1, (4.106)

and let E(; ,){-} denote expectation under P(; ,,. Let A be a Borel subset of [0, 1].
For any Borel subset of A of E, we have that A = A| x By, where B is a Borel subset
of R. We have that

al bid b4
P u (X, = <u—:-t) €A ) Xo = <u>> = P(zu) <7‘[th € A ‘ Xo = (u>> .

In other words, the first element of the vector X, will evolve in time ¢ according to
(4.96), and the second will deterministically increase by ¢ units.
To show that T of (4.94) is optimal is then essentially the same as for the discrete-

time case, where we use Theorem 3.14 along with Remark 3.15 in place of Theorem 3.7.
|
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The optimal s.d.r. specified by Theorem 4.13 is a continuous-time SPRT, stopping
when the inequalities

l—7n =
ZA<A <BZ2 v
T 1—m. T 1—nmy

1—m TTY,

(4.107)

are violated, and deciding H; if A7 > B and Hj otherwise. In this case, since Brown-
ian motion almost surely has continuous sample paths, the likelihood ratio A{ hits the
boundary exactly; i.e., with probability 1,

Al €{A, B). (4.108)

A result analogous to the Wald—Wolfowitz theorem (Theorem 4.7) can be proved here
in a very direct manner via a stronger version of Proposition 4.11. In particular, we have
the following.

THEOREM 4.15. Consider the hypothesis pair (4.90), and suppose (T,§) is a
sequential decision rule with error probabilities

Po(b7 =1) =« and P67 =0) =y, (4.109)
where o,y € (0, 1). Then

2 N
Eo{T} > —Lz [a log <l—y> +(1—a)log (Lﬂ (4.110)
(1 — o) o -«

and

202 1—vy %
Ef{T}z ——— |(I=p)log| —— ) +ylog| — | |, (4.111)
(11— o) o l—«
with equality if (T, §) is an SPRT.

The proof of this result is essentially the same as that of Proposition 4.11 with appro-
priate modification to account for the continuous-time case (as in the proof of Theorem
4.13). The fact that the SPRT achieves the bounds in (4.51) is due to the fact that Ag
is almost surely constant conditioned on 7. (See the discussion following Proposition
4.11.)

A Wald—Wolfowitz type result then follows as a simple corollary:

COROLLARY 4.16. Consider the hypotheses (4.90) and suppose (T,$) is the
SPRT(A,B) with) < A <1 < B < 00, and A < B. Let (T',8") denote any other
s.d.r. satisfying
Po(87 =1) < Po(87 = 1) and Pi(87 =0) < Pi(87 = 0), 4.112)
with
Py =1)+ Pi(6r =0) < 1.
Then
Eo{T'} > Eo{T} and E\{T'} > E{{T}. (4.113)
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Proof: Let

o = P8} = 0) (4.114)
and

y = Po(8 =1). (4.115)

From Theorem 4.15, it follows that

2 _ / /
EO{T’}E—L[a’log<l >+(1 oz)]og( Y )} (4.116)
a

(n1 — 10)?

E {T’}>L[(1— Yo (1_’/>+ o ( v )} 4.117)
Bl A W ARG Sy ) R

But since @ + y < 1 (which implies that &’ + y’ < 1), we have that
__ 202 ’ 1*1//) — o (V_/)]
2o latog (51) + (1 - log (1£57)] =

202 [alog<1 y)+(1_a)10g<1L>] 4.118)

T (w1—10)?
and
(ltl Mo)2 [(1 —v/)log (1_2/ ) +y'log (IZ_‘)‘/>] =
() ()] @
Combining the pair of inequalities (4.116) and (4.117) with (4.118) and with (4.119),
the result follows. |

We see from Theorem 4.15 that the bounds and approximations relating runlengths of
SPRT’s to their error probabilities made in the discrete-time case are exact in the case of
Brownian observations. The same is true for the relationship between error probabilities
and thresholds, as we see from the following result.

THEOREM 4.17. Consider the hypotheses (4.90), and denote by (T,§) the
SPRT(A, B) with0 < A <1< B <0o0,and A < B. Then

1—A
Py(ér =1) = 4.120
007 = 1) 3 A ( )
and
Py —0)=al ! 4.121)
107 =0) =Az—. .
Proof: Wald’s identity for stopped Brownian motion (i.e. (2.98)) implies that
Eo {Ag] _— (4.122)

and

E {(Ag)*‘} - 1. (4.123)
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From (4.122), it follows that
B-Pyér=1)4+A-Py(6r =0) = 1, (4.124)
while from (4.123), it follows that
B l.Pisr=1)+A"" P67 =0 = 1. (4.125)

From (4.124), and (4.125) and the facts that Py(57 = 1) + Pp(6y = 0) = 1, and
P (67 = 1)+ P (67 = 0) = 1, the result follows. [ |

REMARK 4.18. In examining sequential tests between two Brownian motion models,
we have considered the case in which the two models differ only in their drift param-
eters. If we also allow the two models to differ in their variance parameters, then it is
straightforward to see that the two models are mutually singular over any time inter-
val. In particular, the quadratic variation over an interval of length ¢, of the sample
paths of a Brownian motion with variance parameter o2, is almost surely equal to o 2z.
(See for example, [118], p. 141.) Thus, Brownian motion models with distinct variance
parameters can be perfectly discriminated on any arbitrarily small observation interval.

REMARK 4.19. The similarity between Wald’s approximations and the exact per-
formance expressions given in Theorem 4.15 and Theorem 4.17 is not accidental. In
particular, the general approximations of (4.82), (4.84), and (4.85) (of which Wald’s
approximations are special cases), can be obtained through the alternate route of first
approximating the random walk {W;} with a Brownian motion (as discussed in Section
4.3), and then using these exact results for Brownian motion to approximate the exit
statistics of the random walk. Such approximations, which essentially are the same as
(4.82), (4.84) and (4.85) are sometimes called diffusion approximations, since Brown-
ian motion is the protypical diffusion. Better approximations can be obtained by more
careful consideration of the asymptotics involved in diffusion approximation. (See for
example Chapter X of [198].) In general, these types of approximations are accurate
when the distributions arising under the two hypotheses are sufficiently close together
in a sense that will be described in Section 7.4.

The Brownian case — an alternative proof

Theorem 4.13 was proved using the traditional optimal stopping theory. However, this
result can be proved alternatively without resorting to this theory. In this section, we
provide such a proof, which will serve as a model for several proofs in the subsequent
chapters.

We restrict attention to the case of (4.92) in which ¢g = ¢; = 1. Moreover, without
loss of generality, we set u; = u, o = 0, and o = 1. Also, for stopping times 7', we
define

Ry(T) = inflce(T.8) + cEx{T}] = Eq {min{my, 1 =) + T}, (4.126)

We begin with the following result.
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PROPOSITION 4.20. Define the function f : (0,1) — R by

87

- vee (755) ()]
fx)= 2x —1)log —2r —Dlog|{ —— ||, x €(0,1).
—X 1—m

Then, for all bounded stopping times T we have

EZ{T} = Ex | f (77)}.

where nt[" is defined as in Theorem 4.13.

Proof: Under the measure P, the observations can be written as

Z;=u9t~|—W,, tZOa

where 6 is a random variable indicating which hypothesis is true; i.e. 6 =

probability 7 and 6 = 0 with probability 1 — 7. Since
n = Ez {0|F:},

it follows that r* obeys the It6 stochastic differential equation (as in (4.99))

dr/ = pn/ (1 = nHdl, 5 =m,
where {/;; t > 0} denotes the innovation process

Z; —uw], t>0.

(4.127)

(4.128)

1 with

(4.129)

(4.130)

(4.131)

Note that {;} is a standard Brownian motion with respect to {F;; ¢t > 0} under Py . (See,

Theorem 2.8.)

Now, we note that f is twice continuously differentiable in (0, 1), so that we can

apply It6’s rule (compare Theorem 2.6) to yield

2
df () = %f’/ (77) [27 (1 = 2O de + pf (2]) 77 (1 = =27)d,,
with initial condition f (JTO ) f(@) =0, and

1

P = —or

so that we can write
f(n)—z+M/f n(]—n”)dls,t>0

Moreover, since

2x — 1
f(x) = |:210gx—210g( x)+—i|,
(I —=x)

the product f/(x)x(1 — x) is bounded on (0, 1). From this it follows that

E, {/l [f, (nrsﬂ)n’;r(l — nsn)]st} - oo,
0

t >0,

(4.132)

(4.133)

(4.134)

(4.135)
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and thus the expectation of the stochastic integral in (4.133) under P is 0, (compare
Theorem 2.5). The continuous-time optional sampling theorem (2.88) given at the end
of Section 2.3.3, yields

T
Ex {/ f(=F) =T —nf)dls} =0, (4.136)
0

for all bounded stopping times 7'.
The proposition thus follows from (4.133). |

We see that for bounded stopping times we can write
R:(T)=E{g(7])}, (4.137)
where
g(x) =min{x, 1 —x} +cf(x), x € (0, 1). (4.138)

Straightforward analysis of the function g shows that it has exactly two global minima
on (0, 1), at the points xo € (0, 1/2) and x| = 1 — xq satisfying

cf'(x0) = —1 and cf'(x;) = 1. (4.139)
This behavior is illustrated in Figures 4.5 and 4.6. It follows that
R (T) = g(xo0) (4.140)

for all bounded times 7.
The inequality (4.140) extends to all stopping times 7. To see this, we first note that it
trivially holds whenever E;{T} = oo. Now, if E;{T} < oo, we consider the sequence

f(x)

0 X,

Fig. 4.5. An illustration of f(x).
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a(x)

o
o
x
-

0 X

Fig. 4.6. An illustration of g(x).
of stopping times 7’ An, n =1,2,...Since T An 1 T asn 1 oo almost surely under
P, the monotone convergence theorem implies
E AT Ann} 4 EZ{T}. (4.141)
Also, the path continuity of Brownian motion implies that
min {7ty prn, | — wpAn} — min{my, 1 — wp} as. Py, (4.142)

and so the bounded convergence theorem implies

R, (T) = lim R;(T An) > g(xp). (4.143)
n—o0
Now suppose 7 € [xg, x1], and consider the stopping time
T* =inf{r > 0|7 ¢ (x0,x1)}. (4.144)
We have
R (T*) = lim R (T* An)=E{g(n].)} = g(xo), (4.145)
n— o0

where the first equality is from (4.143), the second equality follows from the bounded
convergence theorem (note that g is continuous, and hence bounded, on [xg, x1]), and
the third equality follows since 7. € {xo, x1}. In view of the inequality (4.143), we see
that 7* is optimal.

Now consider the case 7 € (0, xo). Let 7* denote the set of bounded stopping times
with respect to {F;}. Note that

inf R,(T)= inf Ry(T A Tp) (4.146)
TeT* TeT*
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where Ty is the first time 7 = x¢. This follows since it is clearly optimal to stop if 7]
touches xg. Fort < T A Ty, 7] € [0, xo] and min{n]", 1 — n} = =], so that

Ro(T ATo) > Ey {n%%} =, (4.147)

where the equality on the right-hand side follows from the boundedness of T A T, and
the representation (4.130):

t
al =n+ ,u/ al (1 —xl)dls. (4.148)
0
So, we conclude that, in this case,

R (T)>nm (4.149)

for bounded T'. Similarly to the inequality (4.143), this inequality extends to all stopping
times 7. The stopping time 7™ is identically zero in this case, and achieves the lower
bound (4.149). Thus, it is optimal.

A similar argument shows that 7* is also optimal for 7 > x1, and thus the optimality
of T* is established for all priors = € (0, 1). Since 7* is the same as the stopping time
(4.94) with 7, = x¢ and wy = x1, Theorem 4.13 is thus proven in this (co = cy)
case. Note that this proof shows how the thresholds can be computed via (4.139) and
the minimal Bayes cost is determined by

g(xo) if r € (xo, x1)

min{w, 1 — 7} otherwise. (4.150)

min R, (T) =
TEI’T 7 (T) {

An interesting extension of Wald—Wolfowitz

In this section we give an extension of the continuous-time Wald—Wolfowitz result of
Corollary 4.16. Let (2, F) be a measurable space, = {0, 1,2,...} or K = [0, c0)
the time set, and {F;; ¢ € K} an increasing sequence of sub-o-algebras of F. Let Py
and P; be probability measures on (€2, F.) A sequential decision rule of Py versus Py,
(T, 6) is given by a stopping time

T:Q— K

and a terminal decision function § that is F7-measurable. Let

dpP;
A= | .
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where for each f, % - is the Radon-Nikodym derivative of the measure P; with
t

respect to Py restricted to the o-algebra F;.* To assert that A; is a process with
well-behaved paths in the continuous-time case we make the assumption that the
filtration {F;} is right-continuous and complete with respect to (Py+ P;)/2, and
according to [112], we may assume that A; has cadlag paths. Furthermore A, exists,
Py(sup, A; = 00) = 0 and

dpP;

T — 7T+ )
dPOfT

for all stopping times 7.

DEFINITION 4.21. For0 < a < b, define G(a, b) to be the set of all convex functions
g : [0, 00) = R, with limy_, o g(x)/x = 00, such that g'(a) < g'(b).

Naturally, we define the SPRT(A, B) = inf{tr > 0|A; & (A, B)}. In this context we
have the following theorem:

THEOREM 4.22. Let (T, 8) be an SPRT with stopping boundaries 0 < A <1 < B,
and error probabilities y = P1 (57 = 0), and o« = Py(§7 = 1), such that At €
{A, B} a.s. Pyand a.s. Py. Then for any sequential test (T', §') with error probabilities
o <aandy’ <y, the following hold:

(1) Py(T' < o0) = 1 implies
Eo{g(A7)} = Eo{g(AT)} Vg € G(A, B); and
(2) Pi(T' < o0) = 1 implies

Ei{g(Ar)} = Er{g(Ar)} Vg € G(A, B).

Thus, the Wald—Wolfowitz property of the SPRT extends to all convex functions
of the stopped likelihood ratio. For a proof of this result including relaxation of the
requirements on g, please see [109].

The case of Ito processes

As we have noted, Brownian motion is the prototypical diffusion process. In this section
we discuss the continuous-time sequential detection problem for more general diffu-
sions, namely for It6 processes. On the same measurable space as in the Brownian case,

4 That is, % - for a fixed ¢ is a random variable that satisfies
t

dry
dpP
P1<A>=/ —L
A

dP,
ar, 0

Fi

forall A € F;. (See (2.19).)
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consider the situation in which we observe {Z;; t > 0} with either one of the following
dynamics:

H():dZt:th, ZOZO, tZO,
Versus
Hl :le = 91dt+th, Z() :O, > 0,

where {W;; t > 0} is a standard Brownian motion and {6;; ¢ > 0} is a stochastic process
independent of {W;; r > 0}. Here the process {6;; ¢ > 0} can be interpreted as a signal
and the Brownian motion process as noise, and so the problem involves testing two
hypotheses concerning the presence (hypothesis Hj) or the absence (hypothesis Hp)
of the signal {6;; ¢t > 0}. As before, the information available at each time instant 7 is
summarized in F; = o{Z; s < t}. We assume that {6;; r > 0} is F;-adapted.

Let us first make the following technical assumptions:

(1) E1{l6:]} <00, V=0,

(2) Eoflo:l} <00, YVt >0,

3) Py (fy7 [E1{6: | Fi}1?dt = 00) = 1, and
@) Po(fy° [Eof6: | F1}1*dt = o0) = 1.

Note that conditions (3) and (4) have the physical interpretation that the signal has
sufficient energy for detection.

As before we define an s.d.r. as the pair (7, §), with T a stopping time with respect
to the filtration {F;; r > 0}, and the terminal decision rule §7 that is an Fr-measurable
r.v. taking values in the set {0, 1}. We also assume that

(5) Eolfy [Eot6, | F}1>dr} < oo, and
6) Eilfy [E1{6, | F)1*dr} < oo.
Naturally, we define the SPRT(A, B) = inf{t > O|A; &€ (A, B)}, where

A, = oJo Eolbs | F)dZs—3 [y Eolfs | Fo)*ds
We then have the following result for this model.

THEOREM 4.23. Let (T, §) be an SPRT with stopping boundaries 0 < A < 1 < B,
and error probabilities y = P1(6r = 0), and o = Py(6r = 1), witha + y < 1, sat-
isfying conditions (1)—(6). Then for any sequential test (T', §') with error probabilities
o <aandy’ <y, the following hold:

Eo o UEoter | AP dr| = Eo | LEoter | AP ar]
and
el e FIPa) = B e FIP .

Moreover 57 = 1 when A1 = B, and 67 = 0 when A = A.
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Aside from technical details, which can be found in Section 17.6 of [135], the proof
is based on the use of Jensen’s inequality, and the following lemma.

LEMMA 4.24. In the above model, we have

T
Ey {f Eof{6; | F,}zdt} =2w(a, y), (4.151)
0
and
T
Eq {/ E {6, |f,}2dt} =2w(y, o), (4.152)
0
where
1—x

w(x,y)=(1—x)log +x10g1x

REMARK 4.25. Note that Theorems 4.7, 4.15 and 4.23 follow from the more general
Theorem 4.22 with g(x) = 2x log(x).

The Poisson case

Another continuous-time observation model of considerable interest is the homoge-
neous Poisson counting process (HPCP) described in Section 2.4.2. In particular, we
may assume that our observation process {Z;; ¢ > 0} is an HPCP with rate A > 0, and
we wish to test the hypotheses

Versus
Hi: x=M, (4.153)

with A9 #£ Ap.

In the Bayesian formulation of the problem, we observe the point process {Z;; t > 0},
with compensator Az, such that the random intensity X is a random variable taking two
values Ao and A; with probabilities 7 and 1 — 7 respectively.

Consider the following probability space:

(1) €2 is the space of cadlag functions (right-continuous left limits),

2) F = U;ooF;, where F; = o{Zs; s <t},and

(3) {Pr;m € [0, 1]}: the family of probability measures describing the above Poisson
model indexed by 7, where Py = P + (1 — ) Pp.

We assume that the random variable X is Fy-measurable. That is to say, nature selects
the value of the intensity at time = O when we begin observing the process {Z;; t > 0}.
And we have P,(A = Ag) =m,and P;(A=Xx;) =1 —m.

As before, we consider sequential decision rules (7', §) € 7 x D where 7 denotes the
set of all {F;; t > 0} stopping times, and where D is the set of terminal decision rules.

As in the previous cases for positive constants cg, ¢1, and ¢, we wish to solve the
following problem:

inf  [co(T,8) + cE-{T}] (4.154)
TeT, 5D
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with
ce(T,8) = coPo(br = 1) +c1P1(67 = 0). (4.155)
We have the following result, analogous to Theorem 4.6.

THEOREM 4.26. There are constants 7wy, and 7wy satisfying 0 < wp, < co/(co+c1) <
my < 1 such that the infimum in (4.92) is achieved by the s.d.r. (T, 8) consisting of the
stopping time

T =inf{r > 0z ¢ (mp, 7u)} (4.156)

and the terminal decision rule

1 l:f?TﬂZCO/(CO'i‘C])
ot = r 4.157
! { 0 iff < eoftco+er). 157
where the random process {n['; t > 0} is given by
al = Pr(h = M| Fp). (4.158)

REMARK 4.27. It follows from the Cameron—Martin formula and the Radon-
Nikodym theorem ([47] pp. 165-167 and 2.19) that

Al Z
A, = (-) S ) (4.159)
A0
Moreover, we have
dpP
A =m—t| . (4.160)
dPy |7,

Combining (4.159) and (4.160), we have

A
at o= 0 (4.161)
l—m4+mA,;

Notice the similarity of (4.161) to (4.13).

In what follows we will briefly outline the proof of Theorem 4.26.

Outline of proof: First, analogously with Proposition 4.1, we can show that, for fixed
s €D,

Sinlf)ce(T, 8) = E, {min {C]n}[, co(1 — n’Tr)}} . (4.162)
(S

This follows by arguments similar to those in the proof of Theorem 4.13.
The problem is therefore reduced to solving

V(r) = il;fEn [T+ g(])], (4.163)

where g(mr) = min{co(l — ), cy7}. The solution of this problem involves the solution
of a Stefan problem that appears in [168].
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The determination of 1, and wry in Theorem 4.26 is given in terms of the solution of
a system of equations that involve the function V in (4.163). However, in what follows
we will give an alternative derivation of 1, and my.

Let us first restate the Wald—Wolfowitz Theorem 4.7, which remains valid in this
case.

THEOREM 4.28. Suppose (T, ) is the SPRT(A, B) with0 < A <1 < B < o0, and
let (T', 8') denote any other s.d.r. with max {EO{T’}, Eq {T’}} < 00, and satisfying

Po(8y = 1) < Po(87 = 1) and Py (8 = 0) < P{(57 = 0), (4.164)
with
Po(d7 = 1)+ Pi (67 =0) < 1.
Then
Eo{T'} = Eo{T} and E\({T'} = E\{T}. (4.165)

Let (T, §) be the SPRT(A, B). The SPRT(A, B) for the hypotheses (4.153) stops at
the first exit from (A, B) of the likelihood ratio

M Z
A= (_> =Ml > 0, (4.166)
Ao
It is important to point out the difference in the character of A; in the each of the
following two cases:

(1) A1 > Ag, and
2) Ao > Aq.

We notice that in the former case, {A;; ¢ > 0} increases only through jumps of the
Poisson process {Z;; t > 0}, while continuously decreasing otherwise (see Figure 4.7).
In the latter case, however, {A;; ¢ > 0} decreases through the jumps of the Poisson
process {Z;; t > 0}, while continuously increasing otherwise (see Figure 4.8).

As aresult of the discussion in Section 4.3, it follows that in the former case, when A;
exits through B there will be overshooting of the barrier B (i.e. A7 > B), whereas when
it exits through A, we have that A7 = A. The contrary is true in the latter case. For an
illustration of this phenomenon please refer to Figures 4.7 and 4.8. In what follows we
will consider the former case, as the latter can be treated similarly. Thus, henceforth, let
us suppose that A1 > Ag. Moreover, let b = log B and a = log A and

o= Py(67 =1) and y = P;(67 =0).
In view of the above discussion and Proposition 4.10, we have that

1—
Y and a = log Y
l —«

b <log
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At
L]
b \
\ \ . \ |
Tsprr
a
Fig. 4.7. An illustration of 1; = log A;, when 1| > Ag.
At
b
/ L J v /
a '/
L]
Fig. 4.8. An illustration of 1; = log A;, when 1| < Ag.

The problem now becomes to determine b, through the oc(SPRT(A, B)) and to
calculate asn(SPRT(A, B)), where

(1) 0c(SPRT(A, B)) = P,(log A7 > B), and
(2) asn(SPRT(A, B)) = E;(T),

in which P, is the same as P; when A = A;,i =1, 2.

REMARK 4.29. Notice that

A 1 -
bz—logk—1+log ay.
0

This comes as a result of the fact that when log A; increases it does so in increments of
log(X1/X1p). (Recall that A1 > XA¢.)
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Before proceeding to the calculation of oc(SPRT(A, B)) and asn(SPRT(A, B)), let

us define a few useful quantities. In particular, define

K — L’
log(A1/%0)
7= b
~ log(r1/20)’
Al — Ao
c= ——F—,
log(A1/20)
A
d="12,
C
and
od
X = —.
d

PROPOSITION 4.30. Suppose (T, ) is the SPRT(A, B). We have

0c(SPRT(A, B)) = P,(log A7 > b)

Proof: Let us first consider the process

A
X' = (Z +r)10gk—1 — (A = Ao)t, £ >0,
0

(4.167)

(4.168)

(4.169)

(4.170)

(4.171)

(4.172)

The idea is that for every path that leads to overshooting the barrier b, if we were to start
the process at a specific r # 0, the upper boundary b would have been hit exactly. As

an illustration of this, please refer to Figure 4.9.

The path of A; = log A; of Figure 4.7 started at r.
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Define V,(r) = P, (X} = b). It follows that the oc of (4.172) is V;(0). Using the
analysis that appears in [81], itis seen that V; (r) satisfies the following delay differential
equation (DDE):

d
cd—V;L(r) +AVi(r) =V r+ 1), K<r<J, r#J -1, (4.173)
r
with boundary conditions
Vi(K)=0 and V3 (r)=1, Vr>J.

By making the transformation
t=J—r

(4.173) is simplified. More specifically, we can now write

Us(J —r)
V. =l———, K<r</, 4.174
(1) o K=rs (4.174)
where Uy satisfies
d
—Uq(t) —dU;(t) +dUst —1) = 0, t>1, (4.175)

dr
subject to the initial condition

Us(t) =e?, 0<t<1.

Following the steps outlined in [73], we obtain the series representation

el 1\ . l
Ud(t):ed’Z( D) [(t 1)} Lo, (4.176)

! X
1=0

with x defined in (4.171). Substituting (4.176) into (4.174), we obtain

[J—r] (=1 ((Jfrfl))l
1=0 1 x

Vir) =1—¢?. - K<r<l. (4.177)
[J—K] (=1)! ((Jfol))
1=0 n x
The result follows by substituting » = 0 in (4.177). |

Let us now proceed to the calculation of asn for the SPRT(A, B).
PROPOSITION 4.31. Suppose (T, 5) is the SPRT(A, B). We have
asn(SPRT (A, B)) = E, (T)
= % [1 —dYy(J — K)]-0oc(SPRT(A, B)),
+d[Ya(J = K) = Ya(J)] (4.178)

where oc(SP RT) appears in Proposition 4.30 and

[t—1] [

Y, (t) = %ed(t_l) Z e Z (_]_1')1 dit—1=0) =[], t > 1. (4.179)
=0 Jj=0 :
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Proof: Consider the process X} as in the proof of Proposition 4.30 and denote by
T the first time that X exits the interval (a, b). Let Z,(r) = E){T}. Notice that
asn(SPRT(A, B)) = Z;(0). It can be seen (see [81]) that Z, (r) satisfies the following
DDE:

c(;irZA(r) +AZ,(r)=1+AZ)(r+ 1), K<r<J, r#J—1, (4.180)
with boundary conditions
Z,(K)=0and Z;(r)=0, Yr>J.
Again the transformation t = J — r, allows us to reduce the problem to

AZy(r) =[1-dYq(J = K Vo(r) +d[Ya(J = K) = Yag(J —1)], K =r =/,

(4.181)
where Y,; solves the DDE
d
EYd(t) —dYy(t) +dYyt -1 =1, t>1, (4.182)
and
Yy(t) =0, 0<t<1.
The solution to the above DDE is given by (4.179). See [73].
The result then follows by substituting » = 0 in (4.181). |

REMARK 4.32. Using Proposition 4.30, we can determine the exact value of b =
log B. We have that J = m and J is to be chosen so that

Ul (= ((f—n)l
=0 [! x

=K1 (1) ((J—K—l))l
X

=a, (4.183)

=0 A

where x is given by (4.171) and a = (Agp/c), with ¢ as in (4.169). Notice that
equivalently J can be chosen to satisfy

1
71 (=D (=D
i S (S2)

W-K1 (=1 (U=Kk-D)!
=0 T ¥

—1—y, (4.184)

with x as in (4.171) and a = (X1 /c). Notice that K is given explicitly by
a

K=—"6&4——
log(A1/%0)

and

14
a:logl_a.
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REMARK 4.33. The limits 7r;, and 7ty in (4.156) are given by the following equations:

] —
T A=, (4.185)
T 1—m
and
1_
T _p=¢ (4.186)
T 1—my

The compound Poisson case

We now generalize the results of the previous section to the compound Poisson case. To
do so let {N;; t > 0} be a standard homogeneous Poisson counting process with arrival
rate A on some probability space (2, F, P) as described in the previous subsection.
Independent of the process {N;; t > 0}, let Y1, Ya, ..., be i.i.d. R-valued random vari-
ables with marginal distribution v. The pair (A, v) is the unknown characteristic of the
compound Poisson process Z; = ZlNz’l Yi, t > 0. We wish to test the hypotheses

Hy: (A, v) = (X0, v0)
versus
Hy: (A, v) = (A1,v1), (4.187)

where it is assumed that both v; and vy are known and that v; = vg. At time ¢t = 0, we
know only that the hypotheses Hy and H; are correct with prior probabilities 1 — 7 and
7, respectively. As in all previous cases, for positive constants co, ¢; and ¢, we wish to
solve the following problem:

inf T,S E T 4.188
TelTI}aeD[CE( )+ cE{T}] ( )

with
ce(T,8) = coPy(67 = 1) + c1 P1 (67 = 0). (4.189)

The likelihood ratio process, in this case, takes the form

Ni

A
A, = e~ 1o 1_[ [)\_]f(yl)] . t>0, (4.190)
0

i=1

where f is the likelihood ratio of the distribution of v; with respect vy.

THEOREM 4.34. There are constants A and B such that 0 < A < % < B < o0,

for which the s.d.r. that optimally solves (4.188) is given by the stopping time
T = inf{t > 0|A; ¢ (A, B)} (4.191)
and the terminal decision rule

1 ifAr > @U=m
Sy = 0 Ay < CO(ﬁlfn). (4.192)

|
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Proof: A proof of this result as well as a method for computing the upper and lower lim-
its A and B can be found in [72]. The crux of the result however is based on expressing
[ce(T, 8) + cE-{T}] as a function of the process {A;}. [ |

The problem of extending two alternatives into many in this setting has been studied
in [70].

Discussion

A great deal has been written about sequential testing, and here we have treated only the
most fundamental of results as needed in the sequel. More comprehensive treatments of
this problem, including practical issues of tuning, etc., can be found, for example, in
[94] and [198].
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Bayesian quickest detection

Introduction

In Chapter 4, we considered the problem of optimally deciding, with a cost on sampling,
between two statistical models for a set of sequentially observed data. Within each of
these two models the data are homogeneous; that is, the data obey only one of the
two alternative statistical models during the entire period of observation. In most of the
remainder of this book, we turn to a generalization of this problem in which it is possible
for the statistical behavior of observed data to change from one model to another at some
unknown time during the period of observation. The objective of the observer is to detect
such a change, if one occurs, as quickly as possible. This objective must be balanced
with a desire to minimize false alarms. Such problems are known as quickest detection
problems. In this and subsequent chapters, we analyze several useful formulations of
this type of problem. Again, our focus is on the development of optimal procedures,
although the issue of performance analysis will also be considered to a degree.

A useful framework for quickest detection problems is to consider a sequence

Z1, Z3, ... of random observations, and to suppose that there is a change point r > 1
(possibly t = 00) such that, given ¢, Z1, Z3, ..., Z;—1 are drawn from one distribution
and Z;, Z;+1, . . ., are drawn from another distribution. The set of detection strategies of

interest corresponds to the set of (extended) stopping times with respect to the observed
sequence, with the interpretation that the stopping time 7" decides that the change point
t has occurred at or before time k when T = k. We will be more specific about this
model in subsequent sections.

The design of quickest detection procedures typically involves the optimization of a
trade-off between two types of performance indices, one being a measure of the delay
between the time a change occurs and it is detected (i.e., (T — ¢ + 1), where x+ =
max{0, x}), and the other being a measure of the frequency of false alarms (i.e. events
of the type {T < ¢}). In this chapter, we will adopt a Bayesian viewpoint of this problem,
in which the unknown change point is assumed to be a random variable with a known
prior distribution.

We will consider several versions of this problem, in discrete time and in continuous
time with Brownian and Poisson observations.
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Shiryaev’s problem

To examine this problem we begin with the discrete-time case, considering a random
sequence {Zy; k = 1,2, ...} with arandom change point . We further assume that con-
ditioned on ¢, {Zy; k = 1, 2, ...} is an independent sequence with Zy, ..., Z;_1, being
i.i.d. with marginal distribution Qg, and with Z;, Z;;1, ... being i.i.d. with marginal
distribution Q1. For simplicity of exposition we assume Qg = Q1. Thus we consider a
probability distribution P that describes both the (prior) distribution of ¢ and the distri-
bution of {Z;; k = 1, 2, ...} induced by this prior and the above conditional behavior.
The observations {Z;; k = 1,2, ...} generate the filtration {Fy; k = 1,2, ...}, with

Fo=0Z1, ... Zi, lt =01, k=1,2,...

and Fy contains not only €2 but also the set {r = 0}.
In this situation, for a stopping time 7', as a measure of delay (see Section 5.1) we
can adopt the expected delay:

E{(T -1+ D%}, (5.1)

where E{-} denotes expectation under the probability measure P. Similarly, as a
measure of false alarm rate we can adopt the false alarm probability:

P(T <1). (5.2)

We would like to determine stopping times 7" that effect optimal trade-offs between the
two objectives of small detection delay and small false-alarm rate.

A convenient way of implementing such a trade-off is to seek T € 7 to solve the
optimization problem

in

i fT[P(T <)+ cE{(T —t+ D"}, (5.3)

where ¢ > 0 is a constant controlling the relative importance of the two performance
indices. This problem was first posed by Kolmogorov and Shiryaev. (See [194].)' Notice
that it suffices to consider stopping times 7" such that E {T'} < oo. This readily follows
from the fact that E {(T —t + )"} = E{T}—E {(T A (t — 1))}, so thatif E {T} = oo
we have

[P(T <)+ cE{(T —t+1)"}] = 0.

We follow Shiryaev [191].
We begin by transforming (5.3) into an optimal stopping problem of the type treated
in Chapter 3. This is accomplished via the following result.

PROPOSITION 5.1. Suppose E{t} < oo, E{T} < 0o and define the sequence {my} by

me= Pt <klF), k=0,1,... (5.4)

U [194] uses (T — 1)* in place of (T — ¢ 4 1)* in this formulation. With an appropriate modification of the
constant ¢, these two problems are equivalent.
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Then, for each T € T, we can write
T
P(T<r)+cE{(T—r+1)+}=E{1—nT+can}. (5.5)
m=0

REMARK 5.2. Notice that
E{mp1|Fn} = E{P(t < n+ 1Fur )| Fn}
= P(t < n|Fy) + P(t =n|Fy)
> P(t < nlFy) = m,. (5.6)

Therefore, {m,} is an Fi-submartingale. Since |r,| < 1 V n, by the bounded
convergence theorem we have

1 = lim E{m,) = E{ lim ). (5.7)
n—0o0o n—0o0

Proof of Proposition 5.1: For every stopping time 7', we have that
P(T <t)=E{lir<y} = E{l —nr}. (5.8)

Since T can take only countably many values, the above equality holds for every T,
even if it can take the value oo, since then, in view of Remark 5.2 the right-hand side
would equal 0, and trivially, so would the left-hand side. Now, it remains to show that

T
E{(T—t+1)+}=E{an}. (5.9)

m=0

‘We can write

E{(T —t+ D'} = E{Dr}, (5.10)
where
Dr=E{(k—t+ D" F}. (5.11)
We have
k
Dy = Y (k—m+DP(t=m|F)
m=0
k
= Y P(t=mlF)
m=0
k
= > Tm+ M, (5.12)
m=0
where
k—1
My= Y [P(t<m|F)—mml. k=0.1,... (5.13)

m=0
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Consider the sequence {M}}. Since Fj.—1 C F, the iteration property of conditional
expectation (2.31) implies that

E{P (1t <m|F)l Ficr} = E{E {1y <my| Fi}| Fir}
= E {1y < m| Fi1}

=Pt <m|Fr-1). (5.14)
Similarly, since F,, C Fr—1, m =1,...,k — 1, we have
E{P(t <m|F)|Fn} =mm,Vm <k. (5.15)
Thus,
E{ M| Fi—1} = M1, (5.16)
and so { My} is an Fj-martingale.
Now consider the quantity
o0
M=) "(1—m) —t. (5.17)
m=0
Since,
k k
E{Z(l—nm)} =Y P(t>m) 1 E{t} <o, (5.18)
m=0 m=0

it follows from Fatou’s lemma that E{|M|} <2E{t} <oo, and thus that M is an
integrable random variable. On writing,

(0.¢]
t= lism), (5.19)
m=0

we have

(0.¢]

M = Z [1 —TTm — 1{t>m}] s (520)
m=0

which by dominated convergence has conditional expectation

oo
E{M|F} =Y [E{P(t>m|Fn) Fi} = P (t > m| Fy)]
m=0
k—1
=Y [P (t>m|Fp) = P(t>m|Fi)] = M. (5.21)
m=0
where the second equality follows from the fact that 7, C F,,,, m > k, and the iteration
property of expectation. Thus, {M;} is also regular, and so optional sampling (2.78)
implies
E{M7} = E{My} = 0. (5.22)

Since Dy = anzo T + My, the proposition follows. |
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In order to find optimal stopping times for (5.3), it is necessary to assume a specific
prior distribution for the change point 7. A useful prior model arises from the assumption
that the r.v. ¢ is distributed according to the following rules:

P(t=0)=m and P(t = k|t = k) = p, (5.23)

where 7 and p are two constants lying in the interval (0, 1). That is, there is a probability
7 that a change has already occurred when we start observing the sequence; and there
is a conditional probability p that the sequence will transition to the post-change state at
any time, given that it has not done so prior to that time. This behavior is a good model
for the description of many phenomena, such as failure times. This model gives rise to
a geometric prior distribution

b4 ifk=0

(1—mp(—p! ifk=1,2,... (5.24)

Pt =k = {
which we henceforth assume.
The solution to problem (5.3) with the geometric prior (5.24) is summarized in the
following result.

THEOREM 5.3. For appropriately chosen threshold w* € [0, 1], the stopping time
Ts = inf{k > 0|7y > 7™} (5.25)

is Bayes optimal (i.e., it solves (5.3) with the geometric prior (5.24)). Moreover, if ¢ > 1,
then t* = 0.

REMARK 5.4. Under the geometric prior (5.24), the sequence {m;} evolves via the
recursion
L(Zy) [rk—1 4+ p(1 — m—1)]

T = L k=1,2,.... (526)
L(Z) [m—1 + p(0 — D]+ (1 = p)(1 — m—1)

where L = dg‘ and Ty = 7.

Proof of Theorem 5.3: Here E{t} < oo, and so Proposition 5.1 can be applied to write
(5.3) as

me{1—nT+can} (5.27)

In view of Remark 5.4, we see that the sequence {7r;} is a homogeneous Markov process.
Moreover, in view of Remark 5.2, 2% 1, and in turn

Z T, — 00 a.s. (5.28)

We thus see that (5.27) is in the form mentioned in Remark 3.12, and so the optimal
stopping time is

Topt = inf{k > 0 14 (¢ — Dmx = s(mp)) (5.29)
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with
T
= inf E; {1— 5.30
s(m) = inf. n{ 7TT+Cn§)7Tm} (5.30)

where E; denotes expectation assuming the prior (5.24).
For fixed T € 7, we have (via Proposition 5.1 and (5.24)) that

T
Eﬂil—n7+c2nm}=(l—n)[Po(T<t)+ch{(T—t+l)+}]

m=0

+rcE {(T + DY, (5.31)

where subscripts refer to values of 7 under which the corresponding quantities are com-
puted. Since the objective is thus linear in , the infimum s must be concave in 7. It
further follows from (5.31) that

ct <s(m)<14+(—Dn, 0<m <1, (5.32)

with equality in both inequalities when 7 = 1, where the upper bound is the cost
incurred by the stopping time 7 = 0.
We conclude from these properties (see Figure 5.1) that

Topt = inf{k > 0 | > 7%}, (5.33)
where
7" =inf{w € [0, 1]|s(x) =1+ (c — D=} (5.34)
To examine the case ¢ > 1, let us rewrite the objective of (5.27) as

r-1 T—-1
E 1+(c—1)nr+2n'm =1+(c—1)P(th)+cE{an}. (5.35)

m=0 m=0

T+(c-1N~w

s(m)

An illustration of s (7).
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0 1 2 3 45 6 7 8 9 1011 12

An illustration of 73 and T of Theorem 5.3.

For ¢ > 1, this quantity is clearly minimized by the stopping time 77 = 0, or,
equivalently, by (5.33) with 7* = 0.
This completes the proof of the theorem. |

REMARK 5.5. The payoff s is the pointwise monotone limit from above of the
sequence of functions {Q"g ;n=0, 1, ...}, (compare Corollary 3.3), where g is the
line

gm)y=14(c— Dm, 7 €0, 1], (5.36)
and where Q is the operator
1 . x[r+p(1—m)]
Qi) =min{em). [ ] S T s Jeeio
w € [0, 1]. (5.37)

Since {Q"g ;n = 0,1,...} is a monotone non-increasing sequence of continuous
functions, the sequence {r,'} defined by

7, =inf{w € [0, 1]|Q"g(n) = g(m)}, n=0,1,... (5.38)

converges upward to the decision threshold 77 *. Thus, computation of the threshold and
optimal cost can be performed iteratively.

The optimal stopping time of Theorem 5.3 is illustrated in Figure 5.2. A specific
example is the following:

Example 5.1: Suppose the observations {Z;} are Bernoulli (O-1 valued) random vari-
ables with P(Zy = 1) = po € (0,1),k =0,1,...,t —1,and P(Zy = 1) = py €
0, 1),k =t,....From (5.26) it follows that
(p0% (1—p))'~% [ —
S (po)k (1= po) =%k [”k*1 + p( ”kfl)] k=1

Zr (1—pi)1—2Z, ’
o o [ + (1 = men] + (= ) (0 = i)
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with g = m. The optimal stopping time is then 7 = inf{k > 0; 7y > 7 *}, where
7" = lim,_, o 775, with 77* defined in (5.38), and Q'g = min{g (), g(r)}, with

P _

o L+ p(1 —m)]

Blm+p(=ml+ 1 - p)(—n)

=2 [+ p(1 = )]

+
PR+ (=) + (1= p)(1 —7)

P1

(L= p).

Thus, the above results completely characterize the solution to (5.3) for the geometric
prior (5.24). And, in particular, we see that the optimal stopping time is the first upcross-
ing of a suitable threshold by the sequence {my} of posterior probabilities of a change.

The continuous-time case

In this section, we treat Shiryaev’s problem in continuous-time. In particular, as in the
problem of classical sequential detection, we consider the cases in which the observa-
tions form a Brownian motion and that in which they form a homogeneous Poisson
counting process.

Brownian observations

Here we consider the observation model
Zy =0 Wy + pou + (i — po)u — 0%, u>0, (5.39)

where {W,; u > 0} is a standard Brownian motion; o, g, and @ are real constants
with o # 0 and 1 # we; and ¢ is a random change point, independent of {W,,; u > 0}.
Thus, (5.39) represents a Brownian motion whose rate of drift changes from g to 1 at
the change point . Without loss of generality, we can by simple shifting and re-scaling,
replace (5.39) with the simpler model

Zy=Wy+npu—0"%, u=0, (5.40)

where u > 0.

To analyze this problem, we consider the measurable space (2, F) = (C [0, 00) x
[0, 00), B(C[0, 00)) x B([0, oo))), where B([0, 00)) denotes the restriction of the real
Borel sets BB to [0, 00), and we consider the filtrations:

(1) Fs =o0{Zy,u < s}, and
(2) Gy =0{t, Zy,u <s}.

Recall that both of the above filtrations are right-continuous (see for example [118] and
Section 2.3.3). Notice that o = 0{Up<;F;} C B(C[0, 00)). Moreover, ; C G; V1t €
[0, 00), and G = 0{Up<;G;} C F.
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We equip the above measurable space, with the probability measure Py = uw x ¢,
where pw is Wiener measure and ¢ denotes the prior distribution on the change point
t. We further construct a new probability measure P characterized by the process

u MZ u
= exp /.L/ l{,ss}dzs — 7/ 1{[§S}ds . (541)
G 0 0

Under this measure P, the process {Z,; u > 0} is a Brownian motion with drift zero
in the interval [0, ) and with known drift © > 0 in the interval [z, c0). Notice that
under P

dpP
dpPy

Wy=2,—n(u— t)+
is a standard Brownian motion adapted to the filtration {G, }.

REMARK 5.6. The existence of the probability measure P under which {W,; u > 0}
is a standard Brownian motion is guaranteed by the Novikov condition

2
Ey {exp {%(u —t)+}} < Q.

(see for comparison (2.114) in Theorem 2.9.)

REMARK 5.7. The random variable ¢ is Gg-measurable and independent of the G-
Brownian motion W; under P. Moreover, ¢t has the same distribution under both P
and Py:

dpP
P(t <u)= E()<—

1 = Py(t .
a7 g, {t<u}> o(t < u)

Consider now the family 7 of stopping times with respect to the filtration {Fs}. Anal-
ogously with the discrete-time problem of the preceding section, we wish to choose a
stopping time 7' € 7 to solve the problem

jnf. [P(T <t)+cE{(T —1"}], (5.42)
with ¢ > 0.
Notice that
E{(T —t)*}) = E{T} — E{T A1}).

Therefore to solve (5.42) it suffices to consider T with E{T} < oo.
We have the following result, analogous to Proposition 5.1.

PROPOSITION 5.8. Suppose E{t} and E{TY} are finite. Then

T

P(T<t)+cE{(T—t)+}=E{1—nT+c/ nsds}, (5.43)
0

where

wy = P (t <s|Fy),s >0. (5.44)
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Proof: For any stopping time 7 we can write
P(T <t)y=E{l —7r}. (5.45)

To see this let us first suppose that 7 is any stopping time that can take only countably
many values in a set that also contains co. Then we have that

o oo
P(t>T)=Y lg= Pt >s)=E{1=Y L= Pt <s;|F;)
j=1 j=1

— E{l — 77} (5.46)

Notice that an equivalent to Remark 5.2 holds here so that E {lim;_, o 7;} =
lim; o E {mr;} = 1.

Now, an arbitrary stopping time 7 is the a.s limit of a decreasing sequence of 7, that
can take only finitely many values. This is summarized in the following remark.

REMARK 5.9. Any stopping time 7 is the limit of a decreasing sequence of stopping
times {7} which take countably many values. To see this consider the sequence of
functions

0, x =0,
hy(x) =4 &Ebn dn o < GdDn g —o, @ — 1),
00, X > n.

Notice that lim, . h,(x) = x and that the sequence of functions converges down-

wards to x. Now, let 7, = h,(T). To see that 7, is a stopping time, notice
that
{T:’ﬂ}z{—("_l)”<r<lﬂ}eﬂ (5.47)
n on on — on TZL :

Also, for any m > n, we have that
{Tn Sm}z{Tn S”}an C Fn. (548)

Therefore, for each n, T, is a stopping time. Moreover, we have that lim,, . 7,, = T.

Using the monotone convergence theorem the result follows for the left-hand side of
equation (5.45).

For the right-hand side of (5.45) notice that it suffices to show that for a decreas-
ing sequence of stopping times {7},} taking finitely many values and converging a.s.
to T, we have that lim,_, o 777, = 7. Consider the sequence S, = E {l;<1}|%,}.
This sequence is a martingale with a last element Sy, to which it converges a.s. (since
E {1y<ry} < 00) by Example 2.6 of Section 2.3.1. Now,

E(S,) _ Ef{lu=n)}

P(S, >c) < = — 0,
c c

as ¢ — 00, while,

/ S,dP = f E{ly<ry|Fp}dP = / ly<rdP — 0,  (5.49)
{S,>c} (S, >c} {Sn>c}
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as ¢ — oo and the second equality follows from the fact that {S, > ¢} € F, and the
definition of conditional expectation in Section 2.2.5.

Equation (5.49) shows that the sequence S, is u.i. and therefore S;,, — So a.s. implies
that E {S,,} — E {S} by the comments made in Section 2.2.6.

Since this martingale has a last element, the optional sampling theorem applies
(compare (2.88) in Section 2.3.3) and we have that for m > n, T, < T, and
E{St,|F1,} = St,,. Moreover, Fr, | Fr.Let A € Fr. Then

/ SecdP = lim E{l{th}LFTn}dP
A A
= lim | E{E{ly<ry|Fr,}|Fr}dP
= lim [ E{ly<r)|Fr}dP
A

Thus So is a version of E{ly<plFr} and lim,_o E {1y<1)|Fz,} =
E{ly<r)|Fr} as.
Now let Yy, = sup,,-,, }]{thn} — 1{,§T}]. We have that |Y,,| < 1. Moreover,
|E{u<t)1Fr,} = E{Lu=r)\Fr}| < [E {lpzry|Fr,} — E{ly=r)| 77, }
+ |E {1{t5T}|~7:T,,} —F {l{th}|~7:TH
< E{YulFr,}
+ |E{ly=ry|Fr,} = E{ly=ry|Fr}|  (5.50)

Since |Y;,,| < 1, {Y;,} is another martingale with an integrable last element, and there-
fore the optional sampling theorem applies and as before, lim,_ o E {Ym|]—'Tn} =
E {Y,,|Fr}. Moreover lim,,_,~ Y, = 0 a.s. and since |Y,,| < 1, by the bounded
convergence theorem we have that

lim E{Y,|Fr} =0as. (5.51)
m—00

Taking the limit of both sides of (5.50) as n — oo and as m — 00, we have that
lim, o E{l — r7,} = E{1 — 77}. Note that this result holds even if T is unbounded.
Now, consider the remaining term in (5.43). From (5.40) we can write

u(u—t)+=uf

u u
wds +7Z, — / weds — W, u > 0. (5.52)
0 0

Since
u
Zu =M / I{I‘SS}dS + Wu, (553)
0
the innovation theorem (cf., Theorem 2.8) implies that
u
IL,=7Z,—n / meds (5.54)
0

is a Brownian motion with respect to {F,}.
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Since E{T} < oo, Wald’s identity for Brownian motion (2.98) implies that

T
E{ZT—M / mds} =E{Wr} =0, (5.55)
0

and the proposition follows. |

In order to solve (5.42), we can proceed rather straightforwardly from Proposition 5.8
to use optimal stopping theory to determine the optimal procedure for change detection.
This development parallels that of the preceding section, and can be found, for example,
in[191].

However, it is also possible to use the sample-path continuity of Brownian motion
(and hence of {m;; t+ > 0}), to solve the problem (5.42) in a more direct fashion. This
approach is analogous to that of Section 4.2.1, in which a direct proof of the optimality
of the SPRT for Brownian observations is given. Here we adopt this latter approach
(which was considered in [26] in this framework), for the purposes of illustration.

As in the classical sequential detection problem, the crux of this approach is to rewrite
(5.43) in the form

E{g(mr)} (5.56)

for bounded stopping times 7', where g is a continuous function with a unique min-
imum, which lies at a point 7* € [, 1]. In order to achieve this we will begin by
assuming a specific prior for the change point ¢. In particular, we assume that the prob-
ability measure ¢, which describes the prior distribution of the change point ¢ is of
the form

¢O)=m
P((s,00) = (1 —m)e™, a > 0; (5.57)
that is, analogously with the discrete-time case, the change point ¢ has an atom of proba-
bility 7 at 0 and is exponential otherwise. From (5.56) we will then be able to conclude
that the optimal strategy is to stop the first time 7, equals 7*, and that the value of

the stopping problem is thus g(;r*). The first step in this development is the following
result, analogous to Proposition 4.20.

PROPOSITION 5.10. Suppose t obeys the prior distribution (5.57), and define the
function f :(0,1) - R by

2 [ y 1
f) == / e AHK) / M@ ———dzdy (5.58)
ne Jr T z(1 —2)

where A = 2a/u? and

H(y) = log - —. (5.59)

I—=y 'y
Then, for all bounded stopping times T we have

T
E {/ m,du} — E{f ()} (5.60)
0
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Proof: We note first that, with the exponential prior (5.57) on t, {m,} satisfies the
stochastic differential equation

dry =a (1 —my)du + p 7, (1 — w,)dl,, mo =, (5.61)

where {I,} is the innovation process of (5.54). So, since f is twice continuously
differentiable, It6’s rule implies

df () = Df (mu)du + p f(m)7u (1 — m)dl,, u >0, (5.62)

with initial condition f (wg) = f(r), where
2

Df(x) =a(1-x) f'(x)+ % [x(1 =) £/ (x). (5.63)

Since f satisfies the differential equation
Df(x)=x, f(r)=0, (5.64)
the proposition follows analogously with the proof of Proposition 4.20. |

The result of Proposition 5.10, can be generalized to any arbitrary stopping time 7" by
considering the sequence 7, = T A n. Then, using the dominated convergence theorem
on the left-hand side of (5.60), and the bounded convergence theorem on the right-hand
side, which can be used because f is continuous and lim;_, o, 7; — 1 P a.s., we can
deduce that (5.60) holds for any arbitrary stopping time 7.

It follows from Proposition 5.10 that we can write the objective (5.43) in the form
(5.56) with g given by

gx)y=1—-x+cfx), 0<x <. (5.65)
The function g is convex [26] and has a unique minimum at the point x( satisfying
¢ fl(xo) =1. (5.60)
This allows us to prove the following result.
THEOREM 5.11. The problem (5.42) with prior (5.57) is solved by the stopping time
T* = inf{u > O|m, > xo}, (5.67)
where x is given by (5.60).
Proof: The proof is very similar to that of Theorem 4.13 given in Section 4.4.1. Thus,

we give an outline only. From (5.56) and the fact that g achieves its minimum at x¢o, we
can conclude that

P(T <t)+cE{(T -0} = g(xo) (5.68)

for all bounded stopping times 7. Similarly to the argument used in Section 4.4.2, this
inequality extends to all stopping times 7.

The process {m,} has continuous sample paths with w9 = 7 and unity asymptote,
almost surely P. (This result follows in exactly the same way as (5.7).) Moreover, since
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g is continuous and bounded on [0, xg], it follows similarly to the argument used in
(4.145) that

P(T* <t)+c E{(T*—1)"} = g(xo) (5.69)

if 7 € [0, xo]. Thus, the optimality of 7* is established when 7 € [0, x¢].
Now suppose 7 € (xp, 1). Since g is convex, Jensen’s inequality implies

E{g(mr)} = g (E{mr}) =g (P =T)), (5.70)

for all stopping times 7. Now, since P(t < T) > & for any T and since g is increasing
on (xg, 1), we see that in this 7 > x case

Elg(np)} =z g(n) =1—m. (5.71)
We thus have the inequality,
PT<t)+cE{(T-0"}=1-x (5.72)

for all bounded stopping times 7', which extends to all stopping times. Since 7* = 0 in
this case, we see that

P(T* <)+ cE{(T*—n%} =1-m, (5.73)

and so the optimality of 7* extends to 7 € (xg, 1).
The case w = 1 is trivial, and so the theorem follows. [ ]

Thus, as in the discrete-time case, optimal (Bayesian) quickest detection of a change
in drift of a Brownian motion is achieved by announcing a change at the first upcrossing
of a threshold by the posterior probability of a change.

Poisson observations

We now turn to quickest detection in the case of point-process observations. In particu-
lar, we assume the observation process {Z;; s > 0} is a homogeneous Poisson counting
process with rate 1y > 0, for s < ¢ and rate A # Ao for s > ¢. The change-point ¢ is
assumed to be a random variable independent of the observation process. This problem
was initially treated in [92]. In this section, however, we will follow [22] and [169].

In the Bayesian formulation of this problem, we begin by observing the point process
{Zs; s = 0}, with its compensator As, and the random intensity A is a random variable
taking two values, Ao for s < 7 (¢ is also a random variable) and X for s > ¢.

To examine this problem, we consider the following measurable space:

(1) Q: DJ[0,00) x [0, 00), and
(2) F = B(D[0, 0)) x B([0, 00)).

We also consider the filtrations:

(1) Fy =0{Zy,u < s}, and
(2) Gy =o0o{t, Zy,u < s}
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We point out here that both of the above filtrations are right-continuous. (See for com-
parison page 91 of [118]). Notice that Foo = o {Up<,F;} C B(DI0, 00)). Moreover,
Fs C Gy Vs € [0,00), and Goo = 0{Up<;Gs} C F. The process {Z;; s > 0} and
the r.v. t are defined by the projections on the first and second component of (€2, F),
respectively.

We equip the above measurable space with the initial probability measure

Py = P° x ¢, (5.74)

where P is the probability measure generated on the space of cadlag functions,
DI[0, c0) by a Poisson process with parameter Ao, and ¢ is the probability measure
describing the prior distribution of the change point . Moreover, consider the intensity
process which also lies in 2, 2(s) = Aolis<s) + A115>s, s = 0. We now construct a
new probability measure P characterized by the process

:exp{/u log —dZ —/ (h(s) — Ao)ds} (5.75)
gu O

This process is a martingale (see [47]) and under this measure P, the process {Z;; s > 0}
is a homogeneous Poisson counting process with intensity Ag in the interval [0, #) and
A1 in the interval [#, co). In other words, under the measure P the process {Z; — h(s);
s > 0} is a Gy-martingale.

Moreover, for reasons that will become apparent later, we also equip (€2, F) with
the family of probability measures {P,} indexed by m = ¢({0}). We notice that P,
for any 7 € [0, 1) is the same as the probability measure P above and that Py ;=)
is the probability measure generated on 2 by a homogeneous Poisson process with
intensity A1. We remark here that the reference measure Py of (5.74) is not the same as
the probability measure Py ;=)

Notice that we can rewrite (5.75) in the form

dp

Ay = —
! dPy

dpP

b i b
1P, {t>u} {t<u} [ u

t

where

A Zu
L= (_> &G0y = 0,
A0

Consider now the family 7 of stopping times with respect to the filtration {F}.
Analogously with the previous sections, we wish to choose a stopping time 7" € 7
to solve the problem

TinfT [P(T <t)+cE{(T -0"}], (5.76)

with ¢ > 0.
We have the following result, analogous to Proposition 5.1. Recall again that

E{(T ="} = E{T} = E{T n1},
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and thus to solve (5.76) it suffices to consider 7" with E{T} < ooc.
We will first give an equivalent to Propositions 5.1 and 5.8.

PROPOSITION 5.12. Suppose that E{t} and E{T} are finite, and define the cadlag
process

g = P(t <s|Fy), s >0. (5.77)

Then, for each T € T, we can write
T
[P(T <t)+cE{(T—n"}] =E{1 —nT+c/ nsds}.
0

Proof: The proof of this result follows in a way similar to the proofs of Propositions 5.1
and 5.8. More specifically, let T be a stopping time that takes on only countably many
values. Then we have that

o0 oo
P(t>T)=) 1= P(t >s)) =E{1=Y lr—,P(t < s;|F))
j=I j=1

= E{l —nr) (5.78)

Now, in view of Remark 5.9 an arbitrary stopping time 7 is the a.s. limit of a decreas-
ing sequence of 7}, that can take only finitely many values. Hence using an argument
similar to the one used in Proposition 5.8 along with the right-continuity of the filtration
{Fs} the result follows. Note that the result holds even if 7" is unbounded.

Moreover,

u

u
xl(u—z)+=/ E{h(s)l{tfs}l}'s}ds—i-)q/o ly<5)dZs
0

u u u
—/(; E {h(s)l{,sy}u:&} ds — </0 Lii<s1dZg — Ay /(; 1{,§S}ds> .

The intensity of the Poisson counting process {Z} is A1 for # > 5. Let

u u
M, = (/ lij<s1dZs — Ay / l{tgs}ds> .
0 0

We notice that 1{;<} is a Go-measurable random variable and hence {M,; u > 0} is a
G, -martingale.

Thus, M, A7 is also a G,-martingale and E {Z, .7} = A E {u A T}. Letting u — oo
and using the monotone convergence theorem on both sides of the above equation we
get E{Z7}=ME{T} <oo,or E{Mr}=0.

Hence it follows, using E {T'} < oo, that

T T
E {/ l{tfs}dZS - )\,] / 1{[§S}ds} =0.
0 0
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Also,
u u
M, = Alf Lt <sydZs _/ E {h(s)l{tis”}—s} ds
0 0
is an J,-martingale, since
E {Mu|-7:r} = Mr,

for all r < u can be easily be verified. Therefore, using an argument similar to that for
E{T} < o0, it follows that

T T
A / ly<sydZs — / E {h(s)ly<g|Fs}ds =0.
0 0

Substituting for 4 (s), obtain

T
ME{T -0t} =E {/ Alnsds}.
0

Hence the result follows. |

We now give an alternative representation of P(T <t)+c E {(T — t)*} that involves
the odds ratio process {®;}, with &3 = 7/(1 — ), s > 0. In order to give this
representation we will make a specific choice for ¢, the prior distribution of 7. Namely,
we assume (as in the Brownian case) that

¢{0} =m
o{(s,00)} =1 —m)e ™, s >0, a>0. (5.79)

Through this choice of prior, it becomes easier to derive the form of the optimal stopping
time 7.

PROPOSITION 5.13. We have

r o
P(T <t)+cE{T -0t} =(1-m) +c( —n)Eo{/ e_‘“{cbs——}ds},
0

c
(5.80)
where
T[SZP(tfs"?:S)’SzOv (5.81)
and
O, = s>0. (5.82)
1 — g

Before proving Proposition 5.13 we derive the dynamics of the process ®;. Using
Bayes’ formula we have that (see [135])

_ Ey {Asl{tss} |fv}

= Eo {As|fs} 689
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from which it follows that

_ Eo {1{t>s} |]:€}

1l —7m, =
P Eo A5}
_d-me™ (5.84)
O Eo{Ag|F} '
Hence
os
D = . nEO {Aly<gl F} (5.85)
os S L
= \|rL,+a —rr)/ Sty dy | (5.86)
1— 4 0 Lu

The process {Ls} is the solution of the stochastic differential equation (compare
Theorem 2.7)

s
dL, = [;Tl - 1] L, (dZ; rodr), Lo = 1. (5.87)
0

From the chain rule it follows that
Al
d®;, = (@ + (@ — A1 + Ag)D;)dr + |:/\— — l] ®,-dz,, (5.88)
0

with @9 =7/(1 — ).
Also,
(A1 — o)~ (1 — -)

dr; = [ — (A1 — Xo)7re] (1 — 7rp)dr + dz;, 5.89
t [ — (A 0)7:] ( 1) ol — 71,-) + Ay, t ( )

with g = .
From (5.89) and (5.88) it is evident that both processes are strongly Markovian.
We now prove Proposition 5.13.

Proof of Proposition 5.13: We have that
T
E{(T-n"}=E {1{T>t}/ dt}
0

o0
=F {/ 1{T>u}1{t§u}} du
0

00
= / Ey {Azl{T>u}1{tSM}}du
0

oo
=/0 Eo {1r=uyEo {Arly=uy | Fu}} du

T
=(1-n)E {/ e"”‘(Dudu} .
0
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Moreover, for any T that takes countably many values in {s,, n € N'U {oo}} we have

o o
P(T <t)=Y P(sp<t.T=s)=Y Eof{Asls<nlir=s,}

n=1

1
nOO
Z Vs 1 T=5,) }—(1—n)Ze “nEo {1{r=g,)}

n=1

= (1 —m)Ey {Z {1 - /Sn “e_wds} 1{T=sn}}
0

n=1
T
=(-7n)—(—-makEy {/ e‘”ds} )
0

An arbitrary stopping time 7 can be constructed as the a.s. limit of a sequence {7}
of stopping times that take countably many values. Now, both the function 1y, and
the function f(;‘ e~ **ds are bounded, so by the bounded convergence theorem, we can
extend to all stopping times 7. |

In what follows we will use the representations given in Propositions 5.12 and 5.13
to deduce that the optimal stopping time to (5.76) is of the threshold type. The represen-
tation in Proposition 5.13 will prove more useful in characterizing the exact threshold
in special cases of parameter values.

We provide the first solution according to the representation given in Proposition
5.12. Using the fact that {ms;s > 0} is strongly Markovian, we can use an equiva-
lent to Remark 3.12 for the continuous-time Markov optimal stopping problem (see for
comparison Chapter 3 of [191]), to deduce that the optimal stopping time is

Topt = inf{s > O|s(ws) = 1 — 75}, (5.90)
where
s(m) = Ting[P(T <t +cE{T -n'}].
Moreover, for fixed T we have that
P(T <t)+cE{(T -0} =0 —-m)[Po(T <1t)+ cE(T —0)*}] + e E({T},

where Py and Py above are used to denote Pr|;;—qy and Pr|;—1), respectively. From
the above equation it follows that s(;r) is a concave function satisfying

0<s(m)=<1-—m.
Therefore (5.90) can be written as
Topt = inf{s > O|my > 7}, (5.91)

where 7* = inf{rr|s(r) = 1 — 7}. That is to say, the form of the optimal solution is a
threshold stopping time. The determination of the threshold is a complex problem, and
we will discuss it in what follows by using the representation of the cost function in
terms of the process {®,} that appears in Proposition 5.13.



Fig. 5.3.

5.3 The continuous-time case 121

We now proceed to the solution of the problem (5.76) by using the representation of
Proposition 5.13. To this effect we define the following constants:

(1) a =0 — A1+ 2o,

(2) b=a+ i,

(5) r = A1/ho,

(6) ¢4 = —a/a, and

7N k=afc.

We also distinguish the following cases in each of which the solution takes a different
form.

(1) r > 1, and either ¢y < O or 0 < k < ¢,4. In this case ¢p; < 0 so the paths of

@)

3

(a)

(b)

(c)

{®,} always increase between jumps, and since r > 1, the jumps are also positive.
This means that once the process {®;} leaves the interval [0, k] it will never return
there (see Figure 5.3). This is also the case when ¢4 > k > 0. To see this, one can
inspect the dynamics of {®,} by closely examining (5.88). It is easily seen that if
¢q4 > 0 then the process {®;} mean-reverts to the level ¢4. Now since » > 1 it also
follows that the process {®s} has increases between jumps (see Figure 5.3). Thus,
it can readily be seen that if ¢; > k, then the process {®} will not return to the
interval [0, k] once it leaves it. Therefore, from Proposition 5.13 it follows that the
optimal stopping time in this case is

T* = inf{s > 0|d, > k). (5.92)

r > 1,and k > ¢4. In this case the process {®;} can return to the interval [0, k]
with positive probability even after it leaves it. The optimal stopping time is

T* = inf{s > 0|, > ¢*}, (5.93)

where ¢* > k. The threshold ¢* is characterized further in [22].
r < 1. In this case the process {®;} can return to the interval [0, k] even after it
leaves it with positive probability (see Figure 5.3). The optimal stopping time is

An illustration of a path of the process {®} in the cases: (a) r > 1,97 > 0; (b)r > 1, g < O;
and (c)r < 1.
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T* = inf{s > 0|®; > ¢*}, (5.94)
where ¢* > k. Again, please see [22] for discussion of the threshold ¢*.

Note that the optimal threshold ¢* in both cases (2) and (3) can be determined
numerically using a method described in [22].

REMARK 5.14. The stopping time of the type in (5.92), (5.93), and (5.94) can equiv-
alently be expressed in terms of {m;}. However, working with the process {®;} proves
to be easier since the dynamics of the process {7} involve a non-linear stochastic
differential equation. For the solution involving {m,} please refer to [169].

For a more detailed description of the solution as well as the minimal cost achieved
by the optimal stopping time 7* in each of the above three cases please refer to [22].
For other approaches, please refer to [67,92,93,105].

A probability maximizing approach

In this section we examine a different approach to detecting the change point # within
the Bayesian framework. This approach is based on maximizing the probability of hav-
ing selected the right estimator for ¢ based, of course, only on the observations. This
problem was first examined by Bojdecki in its simplest form in [40].

Let us return to the discrete-time setting of Section 5.2 and consider the following
problem:

Find T* € 7 such that

P(T* < 00, X7+ € B) = sup P(T < o0, X1 € B), (5.95)
TeT

where B is an appropriately measurable set and X7 is a random variable whose value
depends on the observations Zi, Z, .... The dependence of the above expression on
the change point ¢ in the problem that we will consider in this section enters through the
set B, as we will see by example below. Such a T*, if it exists, will be called optimal.

In this section we are interested in a special case of (5.95) in which X, = n and
B = [t — m,t + m]. ?> Notice that if X,, = n, X7 = T is a random variable whose
value is determined by the observations because 7 is a stopping time with respect to
the filtration {Fy; k = 1,2, ...} generated by the observations Zj, Z», .... This case
corresponds to the situation in which we wish to maximize the probability of stop-
ping within m units of the change point 7. In other words, the objective is to find T
such that

P(t —T*| <m) =sup P(It — T| < m). (5.96)
T

For the sake of simplicity we will provide the solution for m = 0. Also, we will denote

by L, the likelihood ratio L(Z,) = g—gé(zn). Thatis, A, = [T{—, L(Z) = [1}—, Lx.

2 Another interesting case is B = {sup,, Z,}, which is considered in [40].
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THEOREM 5.15. Suppose that the prior distribution of t is given by (5.24). A solution

to (5.96) with m = 0 exists and is given by
T* =inf{n|L, > r*},

where r* = 1im, oo rn, with r, = [ [max{x, r,—1}]dQ1(x) and ro = 1.

Proof: It follows from Bayes’ formula that

Pt =k)L, Ly Vk=

P(t = k|Fy) = : _ <
N Pt =D)Ly Li+ Y0, Pt =1)

and
P(t = KI ) Pe=F) Vi
= = , > n.
NN P =D)Ly Li+ 30 P =1)

Using the definition of 7, from (5.4) in Section 5.1, it follows that
0

Pt =n|Fy) = —— (1 —my)Ly.
l—p
Therefore,
Yn = h(?‘[n, Ln)y
where h(x, y) = ﬁ(l — X)y.
Moreover,
ol —my,)
=y = >
Lyt1(I—(A—=p)d—=m) +p(d —mp)

and

Pt>n+11F)=1—Pt <n|F,) — PO =n+1|F,)
=1l—m,— PO =n+1|0 >n)P@O > n|F,)
=1 —=m)(1 - p).

We can write

(5.97)

(5.98)

(5.99)

(5.100)

(5.101)

Efg(LnyD)|Fn} = Er{g(Lny )} P(t = n+ 11Fy) + Eo {g(Lnt1)} P(t > n+ 1|Fy)

= [ [e()[x( = = p)A = 7)) + 1 =7, ]1d Q1 (x).

Therefore we obtain,

E{g(Lnt)( = mpy DI Fn} = (1 = p)(A — 70) / g(x)dQ1(x).

(5.102)

We now readily notice that (7,41, L,+1) is a function of (w,, L), and L,4, and

that the conditional distribution of L, given J, depends only on ;. Therefore the

Markovian character of Y, with respect to the filtration JF,, is revealed.
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From Chapter 3, we now know that the optimal stopping time is
To = inf{n|h(w,, Ly) = h*(m,, L)}, (5.103)
where h* = limy_, o T*h, with the operator 7' defined as
Tf =max{f, Pf},
and
Pf(x,y) = E{f(ns1, Lnt1)|mn = x, Ly = y} .

Using (5.102), we have that

Ph(x,y) =

0
1_ )
a—pt

and

0

TN =05

(1 — x) max{y, 1}.

Hence by induction we have that

R, y) = —2— (1 —x) lim r,
(1-p) n—00
where r,, is defined in the statement of the theorem.
Therefore, using (5.103), the optimal stopping time is Top = inf{n|L,, > r*}, as long

as it is finite. To examine this issue of finiteness, consider the quantity
a = inf{a'| Py (L) <d') = 1}.

If a = oo then T* < oo trivially. Alternatively, if a < oo, then Pj is concentrated
on [0, al,

0= Pi(L1 >a)>aPy(L1 > a).

This means that the distribution of the L,’s is concentrated on [0, a]. By induction on
the r;’s, it follows that r* < a. However, there exist an n for which L, will be arbitrarily
close to a, and therefore T* will be finite.

This concludes the proof of the theorem. |

Other penalty functions

A number of penalty functions other than the ones considered in the preceding sections
have also been treated in the literature. A list of many of these is found in [193]. Most
of these, however, are similar to those we have considered in that they seek to penalize
some combination of false alarms and detection delay. An example is a delay penalty of
the polynomial type (T — )P for fixed p > 0. This gives rise to the problem [167]:

Tirelg_[P(T <t +cE{(T —nP}].
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Another is the exponential penalty, leading to the criterion [179]:
inf [P(T <1)+cE {a"“T*’)+ - 1”
TeT

which has also been modified by replacing P(T < t) with P(T < t — €), for fixed
€ > 0. (See [21].) And a further alternative delay penalty is

E{IT —1},

which can be shown to be equivalent to the Shiryaev criterion [117].
Yet another penalty function of interest is

cfP(T <)+ E{(t =T} +cE{(T —t+ DT}, (5.104)

which allows for a linear-time penalty on false detection in addition to (or in lieu of) the
penalty on the probability of false detection. The result of Proposition 5.1 can easily be
generalized to treat this case. In particular, using the methods of Proposition 5.1, it is
easily seen that (5.104) is equal to

T-1
cr+E{t)+EX(ca—cpmr+ Y lcamtm — (1 = mm)] ¢ . (5.105)

m=0

which is minimized by a stopping time of the form (5.25) with appropriately chosen
threshold, 7z *. The threshold 7 * will be identically zero (i.e., Tp = 0) if

Cqa—Cf > Cp. (5.106)

An interesting but completely different approach to the detection problem was first
introduced and solved in [183] using the following penalty function

16, T) = c1lg <) — camin{T, 1 — 1} +c3(T — 1 + D). (5.107)

In the following section we examine this approach in detail.

A game theoretic formulation

An interesting alternative approach to the quickest detection problem arises from a game
theoretic formulation as follows. Consider the observation model of Section 5.1, and
a game consisting of two players in which one of the players (“the statistician™) is
attempting to quickly detect a random change point as in the preceding sections, while
the other player (“nature”) is attempting to choose the distribution of the change point
(based on observations) in a way so as to foil the first player. Suppose, in particular, that
the transition probability of the change point, i.e., pr = P(t = k|t > k), is allowed
to be a (measurable) function of the past observations, Z1, Z,, ..., Zx—1, and that this
function can be chosen by the second player. This second player, knowing that the first
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player will attempt to minimize the cost function (5.107), would like to choose the
change point 7 so as to achieve the supremum

sup inf I(z, T). (5.108)
t TeT

On the other hand, the first player, knowing of the second player’s objective, would like
to select a stopping time 7" so as to achieve the infimum

inf I(t,T). 5.109
TIQTSllJP (,T) ( )
As before, let
dQ;
L, =—(Z,, 5.110
n on( n) ( )
and define

S, = L, max{l, S,_1}, So=0. (5.111)

A strategy for nature is to specify P (¢ = n|t > n, F,_1). Suppose that nature chooses
Pt=nlt>n F_1)=p(l—S-D7", (5.112)

for some 0 < p < 1. Define

Pn L S,.

l—ps 1l—p

It is fairly easy to see that
P(t < n|Fy) = pa- (5.113)

To see this notice first that the claim is true for n = 1; i.e.

P =<11F) = Pt=1) L o S
I —Pe<1F) 1-Pat=1 "'~ 1-p""
Now suppose that the claim is true for n — 1, that is, that P(r < n — 1|F,—1) = pp—1.
Then,

Pt <n|Fy—1) = Pt <n—1|Fn-1)
=0—-P@t =n—1|F-1)P( =n|Fp-1,t 2 n)
=pn—1 + 1 = pu_)P@t =n|Fy_1,t = n).

Hence
P(t < n|Fn-1) _ P 1 p(1 =S
1-Pt=nFi-1) l—=—ppal—=—pd—=58_-DF 1-pd-=S_7F
P |:Sn1 + (1 -p)(1 - Snl)+:|
l—p I—p(1—=S,-DF

2 max{1, S,_1}
I—p
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Therefore,
P(t <n|F, Pt < n|Fn-
(t <n|Fy) _ (t <n|F,-1) L, = 1Y max{1, S,_1}L,
1— Pt <n|F) 1— Pt <n|Fu-1) I—p
_ 1% _ Pn
1—p " 1—py’

and (5.113) is established by induction.
As it happens, both players can achieve their objective, as is seen from the following
result, which is due to Ritov [183].

THEOREM 5.16. Define
T, = inf{n|S, > v}. (5.114)
Suppose that c; — ¢y > ¢3, and denote by v* the unique solution of
¢l — 2Eoo {T1+} = c3Eo {T+}, (5.115)

where the first expectation is taken with respect to the measure P, and the second is
taken with respect to Py corresponding to the probability measures generated by the
observations conditional on the events {t = oo} and {t = 0}, respectively. Then for
some p € [0, 1] (zp, f") is a saddle-point solution to the problems (5.108) and (5.109).
That is,

supl(t, T) = 1(t,, T) = inf I(1,, T), (5.116)
t TeT
where T = Ty=.

Proof: Suppose that nature chooses p of (5.112). The best the statistician can now do is
choose a strategy based on P(t < n|F,). From (5.113), it follows that P(t < n|F,) =
pn- We will now argue that the optimal stopping time is a threshold stopping time of the
type inf{n|S, > v} or equivalently of the type inf{n|p, > v}. We call the interval [k, /]
a cycle if the sequence p, = p, and / = inf{n > k|p, = p}. In other words, a cycle
is completed the first time the sequence {p,} restarts. An arbitrary stopping time 7 is
characterized by the following quantities:

(1) to(T): the expected run length of the cycle under the assumption the change point
occurs after the end of the cycle;

(2) t1(T): the expected run length of the cycle under the assumption the change point
occurs before the beginning of the cycle;

(3) qo(T): the probability that the change will be declared during the cycle under the
assumption the change point occurs after the end of the cycle; and

(4) q1(T): the probability that the change will be declared during the cycle under the
assumption the change point occurs before the beginning of the cycle.

The cost incurred by a stopping time is the expected value of the loss during the cycle
multiplied by the expected number of cycles. That is

(I = p)(c190(T) — c21o(T)) + pe3ti(T)

(5.117)
(I = p)qo(T) + pqi(T)
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To solve the problem of (5.117) we need to minimize the numerator subject to a fixed
value of the denominator. We can use the method of Lagrange multipliers, and consider

(I = p)(c190(T) — c210(T)) + pc3ti(T) + A [(1 — p)qo(T) + pq1(T)].

This loss function is linear in p, and therefore
iITlf(l — p)(c1q0(T) — c2to(T)) + pc3ti (T) + A [(1 = p)qo(T) + pq1(T)]

is concave in p. If p = 1 we should obviously stop at once, and the optimal procedure
should have threshold one.

But how can we guarantee the existence of a suitable v* more generally? Notice that
both Eo {7,} and E {7} are increasing functions of v, and

(1) limy—0 Exo {1} = lim,, 0 Eo {T\,} = 0, and
(2) limy 00 Eo {10} = limy o0 Eg {T)} = 0.

Moreover, as p varies from 1 to 0, E« {7, } ranges continuously from 0 to oo, and hence
nature can choose a value of v* for which (5.115) holds.

Suppose that the statistician chooses v* as above. The best strategy for nature is then
to choose 7, with v(p) = v*, as follows.

Nature can choose either t = 00 or ¢ < oo. If the former is chosen then the loss
will be ¢; — ¢ Ex {T)+}. Otherwise, nature can choose any t = n < T,«. If §,,_1 < 1,
then the expected future loss is c¢3 Eg {T)+}. This is larger than the expected loss when
Sn—1 > 1, since the expected time from n to 7,+ is monotone in S,_j. (This is easily
seen since S, is stochastically increasing in Sy for all n > k.) Nature should therefore
choose + = oo in this case, and can randomize between any n and oo if + > n and
Sp—1 < 1. Hence c3Ep {T} is the maximum that nature can achieve, and the suggested
procedure guarantees it. |

REMARK 5.17. The test T = T, is known as the cumulative sum (CUSUM) test, or
Page’s test, and plays an important role in a non-Bayesian form of the quickest detection
problem to be treated in the next chapter. The connection between this game-theoretic
problem and the non-Bayesian quickest detection problem will be discussed further in
Chapter 6.

Ritov’s result has been extended to the case of Brownian observations in [25] and in
[192]. For further details please refer to Chapter 6.

Discussion

In this chapter we have examined the problem of detecting a random change point in
several fundamental models. In particular, we have shown the optimality of stopping
times based on the first up-crossing of a threshold by the posterior probability of a
change in the case of general independent discrete-time observations, in the case of
continuous Brownian observations when the drift changes to a known value, and in the
case of Poisson processes, when the intensity changes to a known value. These problems
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have been generalized to cases in which the post-change parameter value is not known
exactly, but rather obeys a given distribution. Here, the optimal solution often becomes
much more complex than the single threshold stopping times derived in this chapter.
Such extensions are found in [23] and [68] and in further generality in [93]. The disorder
problem has also recently been studied in the context of compound Poisson models and
threshold stopping times of the type appearing in Section 5.3 are optimal in this case
as well (see [71] and [69]). Finally, the probability maximizing approach of Section 5.4
has also been studied in a model of continuous Markov processes. For a full treatment
of this case, as well as a description of the optimal stopping time, please refer to [231].
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6.2

Non-Bayesian quickest detection

Introduction

In Chapter 5, we considered the quickest detection problem within the framework pro-
posed by Kolmogorov and Shiryaev, in which the unknown change point is assumed to
be a random variable with a given, geometric, prior distribution. This formulation led to
a very natural detection procedure; namely, announce a change at the first upcrossing of
a suitable threshold by the posterior probability of a change. Although the assumption
of a prior on the change point is rather natural in applications such as condition moni-
toring, there are other applications in which this assumption is unrealistic. For example,
in surveillance or inspection systems, there is often no pre-existing statistical model for
the occurence of intruders or flaws.

In such situations, an alternative to the formulations of Chapter 5 must be found,
since the absence of a prior precludes the specification of expected delays and similar
quantities that involve averaging over the change-point distribution. There are several
very useful such formulations, and these will be discussed in this chapter.

We will primarily consider a notable formulation due to Lorden, in which the average
delay is replaced with a worst-case value of delay. However, other formulations will be
considered as well.

As in the Bayesian formulation of this problem, optimal stopping theory plays a
major role in specifying the optimal procedure, although (as we shall see) more work
is required here to place the problems of interest within the standard optimal stopping
formulation of Chapter 3.

Lorden’s problem

We turn, then, to the situation in which the change point ¢ is a fixed, non-random quan-
tity that can be either co or any value in the positive integers. To model this situation,
we consider a measurable space (€2, F), consisting of a sample space €2 and a o-field
F of events. We further consider a family {#|t € [1, 2, ..., oc]} of probability mea-
sures on (€2, F), such that, under P, Z1, Z», ..., Z;— are independent and identically
distributed (i.i.d.) with a fixed marginal distribution Qq, and Z;, Z;+1, . .. are i.i.d. with
another marginal distribution Q1 and are independent of Z1, Z», ..., Z;_1. For simplic-
ity, we assume that Q1 and Q¢ are mutually absolutely continuous, that the likelihood
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ratio L(Zy) = dQ1/dQo(Zi) has no atoms under Qq, and that2 < D(Q || Qo) < oo,
where D(Q1 || Qo) denotes the Kullback-Leibler divergence of Q1 from Qy:

D(Q1 |l Qo) = —/10gL(X) dQi(x). (6.1)

For technical reasons, we also assume the existence of a random variable Z that is
uniformly distributed in [0, 1] and that is independent of Z1, Z,, ... under each P;.

As before, we would like to consider procedures that can detect the change point,
if it occurs (i.e., if t < 00), as quickly as possible after it occurs. As a set of detection
strategies, it is natural to consider the set 7 of all (extended) stopping times with respect
to the filtration {Fi; k > 0} where Fj denotes the smallest o-field with respect to which
Zo, Z1, ..., Zi are measurable. Thus, when the stopping time 7 takes on the value k,
the interpretation is that 7 has detected the existence of a change point ¢ at or prior to
time k.

Following [139], it is of interest to penalize exponential detection delay via its worst-
case value

d(T) =supd(T) (6.2)

t>1
with
di(T) =esssup E; {(T —t + D" | F_i}, (6.3)

where E,{-} denotes expectation under the distribution P;.' Note that d; (T) is the worst-
case average delay under P;, where the worst case is taken over all realizations of
Zo,Z1,...,2Z;_1. The desire to make d(7T) small must be balanced with a constraint
on the rate of false alarms. In Chapter 5, this constraint was enforced by penalizing the
probability of false alarms. Although such a constraint can be imposed here as well, it
turns out to be a rather severe constraint. (See Section 6.6 below.) In this non-Bayesian
case, it is more practical to adopt the philosophy that false alarms will occur, but to
impose some limit on the rate at which they occur. One can envision an inspection or
surveillance scheme which is ongoing. On occasion, false alarms will be announced,
which must be investigated and are thus undesirable. However, it is very difficult to
avoid any such alarms in a sufficiently long observation interval without sacrificing a
significant degree of sensitivity in detecting actual alarm conditions.
The rate of false alarms can be quantified by the mean time between false alarms:

S(T) = Eco{T}; (6.4)
and a useful design criterion is then given by

inf d(T) subjectto f(T) >y, (6.5)
TeT

! In defining the worst case delay in (6.3), we have used the essential supremum of the random variable
E, { (T —t+ l)*{ Fi 1 } . In Chapter 3, we defined the essential supremum of a family of random vari-
ables. The essential supremum of a single random variable is the least upper bound of the set of constants
that bound the random variable with probability 1.
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where y is a positive, finite constant. That is, we seek a stopping time that minimizes
the worst-case delay within a lower-bound constraint on the mean time between false
alarms.

To examine the solution to (6.5), we consider Page’s CUSUM test, introduced in
Chapter 5 as the solution to Ritov’s game-theoretic quickest detection problem. In
particular, for 7 > 0 we define the CUSUM stopping time

T¢ = inf{k > 0| S > h}, (6.6)
where, asin (5.111),
k
Sr = max HL(Z@) = max{Sy_1, 1}L(Zy), k > 1, 6.7)

1<j=<k =)
and Sy = 0. Although this test was proposed as a continuous inspection scheme by
Page in the 1950s, it was not until 1971 that its optimality as such was established. In
particular, Lorden [139] proved that this stopping time was optimal in the sense of (6.5),
asymptotically as y — co. Some discussion of Lorden’s result is found in Section 6.5.1
below. More than a decade later, Moustakides [150] proved that this test (or a slightly
modified version of it) is optimal for all finite y. More recently, Ritov [183] used his
game-theoretic version of the Bayesian quickest detection problem (compare Section
5.6) to provide an alternate proof of this optimality.

Here, we will examine both Moustakides’ and Ritov’s methods of proof of the
optimality of Page’s test in the sense of (6.5).

To follow Moustakides’ method of proof, it is convenient to rework the worst-case
delay d(T) into a form that can be optimized using the techniques of Markov optimal
stopping theory. To do so, we state the following result.

PROPOSITION 6.1. Suppose 0 < Exo{T} < o0o. Then

Eoo [Z;;})max{sm, 1}} L
d(T) = =d(T), (6.8)

Eo {Z;;})(l _ Sm)+}

with equality if T = T, for any h > 0.
Proof: For integers m > 1, define the quantity
bu(T) = Ey { (T = m + 1| Fui ). (69)

Since Zi, ..., Z,—1 have identical distributions under P,, and P, it follows that
d(T) > d,(T) > b,,(T) a.s. Px. Thus, we can write

d(T) Y Eco {1ir=m(1 = Su-0)"} = >~ Eao {bu(T) 172y (1 = Su_)*} . (6.10)
m=1

m=1
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The sum on the left-hand side of this inequality is given by

oo o
D Eco{lgem (= Su-1)"} = Eoo { D lgzm(1 — Sm_o*}
m=1 m=1

T
=Eco |y (1 Sm1)+}
m=1

T—1
= Es Z(l—Sm)+}, 6.11)
m=0

where the interchange of sum and expectation is permitted by the monotone conver-
gence theorem.
We have

bu(T) =Yk —m+ D) Pu(T = k| Fp1)
k=m

o

Pm(T > k|-7:m71)

»
I
3

o

En { Yir=ry| Fn-1}

»
1
3

}—ml}

fm_l} . (6.12)

k—1
Eo { []L@zota=n
m l=m

o

k

T k-1
= Eo { oI Lo

k=m {=m

Using (6.12) and the facts that 1{7>,, and S,,,_1 are F,,_j-measurable, the right-hand
side of (6.10) becomes

00 o0 T k—1
Y Eoo {bun(M)lgzm = Su-Dt} =D Ex :mzm}(l =S Y T] L(Ze)}
m=1

m=1 k=m {=m

00 T k-1
=Eoo Y 1= =Su-D" > ] L(Ze)}
m=1
T

k=m {=m

T k-1
=Ex{> (=SuD" Y T] L(Zo]

m=1 k=m t=m

T k k—1
=Ex{Y > (=S D" [] L(Zz)}
{=m

k=1 m=1

T—-1
= Es Zmax{Sk, 1}} , (6.13)
k=0
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where we have used the representation

k+1 k
max({S. 1} =Y (1= S,-D" [] L(Zo). (6.14)
m=1 j=m

which can easily be verified via induction. The inequality (6.8) thus follows from (6.10),
(6.11) and (6.13). |

To show that
d(Tf) = d(Tf) (6.15)
we consider more carefully the sequence
U = max{8., 1}, k=0,1, ... (6.16)

It is straightforward to prove that this sequence has the property that, for any n >
m > 1 and for fixed {Z,,+1, ..., Z,}, Sy is a non-decreasing function of U,,. (See
for comparison Lemma 1 of [150].) It follows that, on the event {Thc > m}, Thc is
non-increasing as a function of U,,_;. Thus, since U,,_1 > 1, we have

dm(T}) = esssup Ey, {(Thc —m+ 1)+| .7-",,,_1}
=esssup Ep, { (Tf —m + DV | Up—y = 1}
=esssup Ey {(Tf —m+ D] S, < 1}. (6.17)

From the homogeneous Markovity of {Uy}, it follows in turn that
dp(T) =di(T))Vm > 1; (6.18)

i.e., that the stopping time T} is an equalizer rule (see for comparison [179]). Now,
consider the summand in (6.10). Since d,,(T};)) = d(T}), and since esssup by, (T}) is
achieved on {Thc > m}N{S,—1 < 1}, we can conclude that

AT Eoo {1 rgzm (1 = Su-0)* | = Eoe [T 7z (1 = S0} 6.19)

forallm > 1. Thus, for T = T}, the inequality (6.10) is an equality, and (6.15) follows.

Proposition 6.1 provides the means to convert the quickest detection problem (6.5)
into a more traditional optimal stopping problem. This allows the proof of the following
main result.

THEOREM 6.2. Choose h > 0. Then, the stopping time T, solves (6.5) with y =
f(T). That is,

F(T) = f(Ty) = d(T) = d(T}). (6.20)

Proof: In seeking optimal stopping times for the problem (6.5), it is sufficient to consider
stopping times that satisfy the constraint f(7) > y with equality. To see this, we first
note that we can ignore any 7 for which f(T') is not finite. In particular, if f(7T) = oo,
then we can choose a sufficiently large integer n such that y < f(min{T, n}) < co.
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Since d(min{T,n}) < d(T), we do not need to consider such 7. Now suppose
y < f(T) < oo. Then, for p = y/f(T), the randomized stopping time

T { T  with probability p 621)

0  with probability 1 — p,

satisfies f(T’) =y and d(T’) < d(T). So, there is no need to consider T when 7" also
satisfies the constraint and has no larger worst-case delay. |

It follows from the above comments and from Proposition 6.1 that, if we could show
that T, solves the problem

min d(T) subject to f(T) =y, (6.22)
TeT

then the minimax optimality of 7, in the sense of Lorden would be established. That
this is, in fact, the case is established by the following result.

PROPOSITION 6.3. T, solves the following maximization problem for all continuous
non-increasing functions g : [0, 00) — R :

T—1
sup Eoo {Z g(Sk)} subjectto f(T) = y. (6.23)
TeT k=0

Proof: We first note that 7} solves (6.23) if, and only if, it solves the same problem with
g replaced by the function

g(x) = max{g(x), g(h)}. (6.24)

This follows since g > g and

T -1 T -1
Exo{ > 8¢ =Ex{ > 3(SH)
k=0 k=0

So, without loss of generality, we may replace g with g in the following proof.
To show that T solves (6.23) it is sufficient to show that there is a real A such that
T}, solves the unconstrained maximization problem

T—1
sup Eoo { Y [8(S0) — Al . (6.25)
TeT k=0
So, let us examine the solution to this problem as a function of A.

In order to take advantage of the Markov property of {Si}, we generalize the problem
slightly. In particular, for fixed A and for all s > 0, define the sequence

n—1

Y = Zg(sg) —nx, n=0,1,..., (6.26)
k=0

where

S; =max{S]_,, 3L(Z), k=1,2,..., S} =s. 6.27)
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Note that (6.23) can be rewritten as
sup Exo {Y;} , (6.28)
TeT
with s = 0.
We wish to consider the quantity (6.28) and the stopping time achieving it (if such
exists), as functions of s > 0 and A € R. To examine this problem, let us consider a
sequence of stopping times, vy, V1, V2, ... defined recursively by

ve=inf{n > v 1S5 <1}, k=1,2,..., vo=0. (6.29)

So, v is the time of the kth entry of S,ﬁ into the interval [0, 1]. For future reference, we
note that vy is a random variable (i.e. it is almost surely finite) and that its distribution
satisfies a bound of the form

Poo(vi = k) < Kp*, k=1,2,... (6.30)

These properties follow from the fact that v; is the first return to zero of the simple
random walk

k
> log L(Zy) (6.31)

(=1
which has negative mean under P,. A consequence of (6.31) is that all moments of v
are finite.
Define, further, the sequences

Vn

E= Y 8BS n=12..., (6.32)
k=v,_1+1
M =Vp— V1, n=12,..., (6.33)
and
wn = &y — Ay, (6.34)

It is easily seen from the definition of {S}} that {£,}, {n,}, and {w,} are i.i.d. sequences.

Define Ag = Eco{&1}/Ecc{v1}, and consider the case . > X¢. (Note that the finiteness
of 1o follows from the bound || < Dvj, where D = |g(0)] < oo .) Here, since
Eoo {w1} < 0, we can choose § > 0 such that Eo {wr + 6} < 0, Vk. Choose such a §
and note that, for each n, we can choose a positive integer r such that

- +
Nt < (Z ok + nrD’>
k=1
- +
< (Z(wk + 6)) + (D' —5r)"
k=1
- +
< (Z(wk + 5)) + D'nelyy, =500} (6.35)

k=1
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where D’ = D + A. From this inequality, we have that

r + 00
Eoo {SUP(Y2)+} < Ex {SUP (Z(a)k+5)> } +D/ZE°°{’7rl{an5r/D’}}'
n r

k=1 r=0
(6.36)

The first term on the right-hand side of (6.36) is the mean maximal positive excursion
of a simple random walk with negative mean. A sufficient condition for the finiteness of
this term is that the variance of w; be finite (see for comparison page 92 of [57]). That
this variance is, in fact, finite follows from the finiteness of the second moment of v;
and the bound |&{| < Dv;. Since

lysa) < x%/a?, a > 0, (6.37)

and since {n,} is an i.i.d. sequence with ; = vy, the second term on the right-hand side
of (6.36) can be bounded as

o0 / o
1
D’ Z E {nrl{n,zér/D’}} < 02—2} Z r_z < 0. (6.38)
r=0
Thus, we conclude that, for all A > Ao and all s > 0, we have
Eso {sup(Y,‘f)Jr} < 00. (6.39)
n

Continuing to restrict attention to the case A > Ag, it follows from (6.39) and
Theorem 3.7 that (6.28) is solved by the stopping time

s
Topt

= inf{k > 0|Y} = 7}} (6.40)
where {7} is the Snell envelope of {¥}'} :
vy =esssuprer Eo { V3| Pk}, k=0,1,..., (6.41)

and where 7; denotes the subset of 7 satisfying Poo (T > k) = 1.
The homogeneous Markovity of {S;} allows us to represent ;. as

Vi =Y +u(Sp), (6.42)
where
v(s) = sup Ex {Y;}, s > 0. (6.43)
TeT

Since §; is non-decreasing in s, and g is non-increasing, it follows that v is a non-
increasing function. Moreover, since the Snell envelope satisfies the equation (see for
comparison [57])

vy =max {Y{, Eso {V} 1| Fk}} as. P, Yk >0, (6.44)
v satisfies the integral equation (see for comparison Theorem II.16 of [190])

v(s) = max {0, g(s) — A + Vu(s)}, s > 0, (6.45)
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with
Vu(s) = /v (max{s, 1}L(x)) Q1(dx), s > 0. (6.46)

Thus, v is continuous.
We can conclude from the above that the optimal stopping time for (6.23) is

Tope = inf{k > O[v(Sk) < 0} = inf{k > 0[S} > Ay}, (6.47)

where
hj = sup{s > Olv(s) > 0}. (6.48)

With A > X, it follows from the fact that Eo{w} < 0, and the strong law of large
numbers, that Y3 — —oo almost surely under Py,. This implies, via Theorem 3.7, that
Poo(Topt < 00) = 1, and thus that i) < oo.

We have established that, for every A > A there is an &, such that 7}, solves (6.23).
To finish the proof, it is sufficient to show that we can choose A > Aq so that 4, = h. To
see that this is the case, let us denote the dependence of v on A via the notation v, (s). We
know from the preceding analysis that vy (s) is finite for all A > A¢. It is straightforward
to show from its definition that v; (s) is a continuous, convex function of (X, s) in the
range s > 0, A > Ao, and moreover that it is non-increasing in each of s and A.

We now show that, for each s > 0, vy (s) 1 oo as A | Ag. We first note that, since
v, (s) is non-increasing in A, its limit as A |, A¢ is well defined. Let R denote the set of
stopping times with respect to the filtration {o (&1, &2, ..., &, n1, M2, ..., )57 = 0}
Then, for any R € R, we can write

R
S = Yl —am] — 2D, (6.49)
k=1
from which it follows that
R
vi.(s) > Eoo {Z (& — xnk]} —2D', VR eR. (6.50)
k=1
For an arbitrary R € R with Eqo{R} < 0o, we can write
R
li > FE —A —2D'. 6.51
lim v,(5) = Eeo LX:} & Oﬁk]} (6.51)

The right-hand side of (6.51) involves the mean stopped value of a simple random walk
with zero mean. It follows from [57], p. 27, that this quantity can be made arbitrarily
large by proper choice of R. Thus, lim; |, v;(s) must be oco.

Since it is obviously the case that v, (s) = 0, for all . > g(0), we can conclude from
the above properties that /;, is a continuous, non-increasing function of A with gy =0
and with A, 1 oo as A | Ag. (See Figure 6.1.) Thus, we can find A with h) = h, and
the proposition follows.

Particularizing the result of Proposition 6.3 to the two cases g(x) = (1 — x)™ and
g(x) = —max{x, 1}, we see that Thc simultaneously maximizes the denominator and
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h(\)

M 4(0) A
An illustration of 4 (1).
minimizes the numerator of the lower bound d(7) within the constraint f(T) = y.
Thus, since E(Thc ) = d(T}), the theorem follows immediately. [ |

Theorem 6.2 asserts the optimality of the stopping time based on the first exit of S
from the interval [0, /). This time is particularly interesting when 2 > 1, in which case
T, can be written equivalently as

T, = inf{k > O|my > logh} (6.52)
where
my = logmax{Sk, 1}, k=0,1,... (6.53)
It is easily seen that the sequence {m} can be computed recursively via
my = max{my_1 +logL(Zy), 0}, k=1,2,... (6.54)

with mg = 0. That is, the test based on ThC accumulates the log-likelihoods, log L(Zy),
resetting the accumulation to zero whenever it goes negative. The alarm is sounded
when this accumulation crosses the upper threshold log .

For illustrative purposes consider the following example.

Example 6.1: Consider the case in which Qg = AN(0, 1) and Q1 = N(u, 1). In this
case, we have

1
logL(Zy) = n (Zk - §u>, (6.55)
and (6.54) takes the form
1
mr = max {mkl + <Zk — EM) , 0}. (6.56)

An illustration of the CUSUM stopping time 7 of (6.52) in this case is given in
Figure 6.2.
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log h

my

12\34\§678---k

An illustration of the CUSUM in the case of Gaussian observations

The appearance of Page’s test as the optimal test both for Lorden’s formulation of
the quickest detection problem, and for Ritov’s formulation of Section 5.6 is not coinci-
dental. Analogously with the Wald—Wolfowitz proof of the non-Bayesian optimality of
the sequential probability ratio test (Theorem 4.7), the decision theoretic optimality of
Page’s test can be used to prove its optimality with respect to Lorden’s criterion. Such a
proof appears in [183] and is presented as follows.

THEOREM 6.4. A CUSUM stopping time (6.6) with h > 1 minimizes d(T) among all
T €T for which Exo {T} > Eoo {Tf}.

Proof: Suppose that for some T, Exo {T} > Eoo {T} and d(T) < E; {T)¢}. Consider
the following stopping time:

T T + 1 with probability €
T with probability 1 — €

for some 0 < € < 1. Then it follows that for 7’

d(T') > d(T), and 6.57)
f(I" > f(I). (6.58)

Therefore, there exists a stopping time 7’ such that

d(T") < E\ {Tf}, and (6.59)
f(I) > Ex {T}}. (6.60)

Let (¢, T,) be the saddle point (see (5.116) of Theorem 5.16) of the game with loss
function

1P(t,T) = lgr<py — S min{Ty, 1 — 1} + 5 [T — ¢ — DT (6.61)
From Theorem 5.16 of Section 5.6, it follows that

AENT} =1-SE T} (6.62)
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But
liI%E {min{ThC, t, — 1}} = FEx {Th‘} , and (6.63)
p—>
lin})E {min{T",1, — 1}} = E {T"}. (6.64)
p—>

Moreover,

4 +1 c 4 c
E{(Tf —t,+ D'} = P(Tf = t,)E{(T — 1, + DITS = 1,}
= P(Ty = 1))E1 {T}}, (6.65)
and

E{(T" =ty + D} = P(T' 2 ) E{(T' = 1, + DIT" > 1,}

< P(T'>1p) (6.66)
< P(T' > tp)d(T/) (6.67)
< Ei{T}}. (6.68)

Using (6.66) and (6.62), we have

1= E{lP(t,, T} > P(T' = 1) + S E{min{T", 1, — 1}} — S P(T" = 1,) E1 {T}¢}
A [P(T" = 1)) Exo {Tj } + E {min{T", 1, — 1}}] . (6.69)

Similarly, it follows that

1= E{l°(t,, TO)}) = & [P(T" > 1,) Eoo { T} + E {min{T", 1, — 1}}]. (6.70)
Using the fact that
lim P(T’ >t,) = lim P(Tf >1,) =0,
p—0 p—0
we obtain
1— E\{IP(t,, TS
lim { p('” i = Ex [T}, (6.71)
p—0 C2
and
1—-El°,, T
lim { p(" )} > Eoo {T'}. (6.72)
p—0 C2

But (6.60) holds, and according to (6.71) and (6.72), there exists p small enough so that
E{lI°(t,. T} < E{I(t,, T))} . (6.73)

This is clearly a contradiction, since 7} achieves the smallest possible loss according to
Theorem 5.16 of Section 5.6. This completes the proof. |
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Performance of Page’s test

In the preceding section, we showed that the stopping time 7} is optimal in the sense
of Lorden. In this section, we consider the performance of this stopping time by
determining the quantities d(7}’) and f(T}).

These quantities can be computed via the following result.

THEOREM 6.5. Suppose h > 1. Then

Ex{N}
TH)= ———— < 6.74
1T = 1= (6.74)
and
. E{{N}
d(Tf) = ——— < o0 6.75
)= TP Ry (©7)
where N is the stopping time
n
N = min {n > 1| > log L(Zy) ¢ (0,logh) } , (6.76)
=1
and where Fy denotes the event
N
{Zlog L(Zy) < o} . 6.77)
=1

Proof: We first examine the quantity f (T};). Under the distribution Py, the observations
Z1,Zs, ... are i.i.d. with marginal distribution Qg. It is clear that Th“ arises from a
renewal process [187], with renewals occurring whenever the accumulated sum my of
(6.54) is reset to zero, and with a termination when my exits from [0, log i). It follows
that we can write

J
T¢ = Z N; as. Pxo, (6.78)
j=1

where Ny, Na, ... are i.i.d. repetitions (under Py,) of the random variable N of (6.76)
and where J denotes the number of repetitions of N that occur before the sum exits at
the upper boundary log /2. Let M ; denote the indicator of the event that the j th repetition
of N results in an exit at the upper boundary. Then J is a stopping time with respect to
the sequence (N1, M1), (N2, M>), ..., which is i.i.d. under Py Since E{T}’} clearly
exists, the Wald identity (2.83) thus allows us to write

Eoo{Ty} = Eco{J}Exo{N}. (6.79)
It is easy to see that, under P, J is a geometric random variable with
Poo(J = j) = [1 = Poo(F))l [P (F)V !, j=1,2,..., (6.80)

and the equality in (6.74) thus follows. To prove the inequality in (6.74), we note that
the property Poo(L(Z1) > 1) > 0, implies P (Fo) < 1, from which it follows that



6.3 Performance of Page’s test 143

Es{J} < oo. Furthermore, a lemma of Stein’s (see for example [198], Proposition
2.19) implies that E{N} < oo, and so the inequality in (6.74) follows as well.

To analyze d(T}) it is useful to recall two facts from the proof of Theorem 6.2.
Namely,

esssup E¢ { (T —t + D | Fimi} = E{(Tf =t + D [my =0}, 1 =1,2,...
(6.81)
and

d(T)) =do(T) =+ (6.82)

That is, the worst-case pre-change sample paths are those that lead to a resetting of m
just before the change point; and, as a consequence, the stopping time 7}, is an equalizer
rule.
From these two facts, it follows that the worst-case exponential delay to detection for
Ty is given by
d(Tf) = di(T}) = Ey {T{}. (6.83)

Since, under the measure Py, Z1, Z3, .. .1is ani.i.d. sequence drawn from Qg, the analy-
sis of this quantity proceeds in essentially the same fashion as that of f(7}’), and (6.75)
follows. u

Since N of (6.76) is the first exit time of a random walk from an interval, its statistical
behavior can be analyzed via the methods discussed in Section 4.3.

We can also consider the identity of Kennedy (see Section 4 of [121]) for certain
cases. This will work later for Brownian motion, although in the case of Brownian
motion we can use a differential equation approach to calculate the first moment of the
CUSUM stopping time.

Another approach to the examination of f (7)) and d(7T})) is to estimate them directly
by approximating the behavior of 7, with that of the stopping time

0<s<u

fhzinf{uzo‘zu— min Zszlogh}, (6.84)

where {Z,; u > 0} is a Brownian motion approximating the random walk

n
> logL(Zy). n=1,2,... (6.85)
=1

To be more specific, under P, we may use the model
Zy=~2DW, — Du, u>0, (6.86)
and under P; we may use the model
Zy =~2DW, + Du, u>0, (6.87)

where {W,; u > 0} is a standard Brownian motion, and where D = D(Q; || Qo),
with D(Q1 || Qo) given by (6.1). Such an approximation will be accurate under either
Py, or Py if the two distributions Qg and Q; are sufficiently “close” to one another
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in the usual sense required by invariance theory (see for example, Section 4 of [121].)
Approximation of this type for linear delay penalty and the classical Page test has been
considered in [181]. Analogous results can be obtained for the exponential-penalty case.

In particular, the statistics of stopping times of the form (6.84) have been analyzed in
several works, including [121], [123], [133] and [210].

The continuous-time case

As in Chapters 4 and 5, the results described in the preceding sections can be examined
in the case of continuous-time observations as well. Some basic results along these lines
are described in this section. As before, we treat the cases of Brownian and Poisson
observations.

Brownian observations

In this section we will demonstrate the optimality of the CUSUM procedure in the
sense of Lorden in the case of Brownian observations. This was done independently by
Beibel [25] and Shiryaev [192]; however, we will follow a method similar to the one
used in Section 6.2, whereby we establish a lower bound to the performance of a generic
stopping time T that satisfies the false alarm constraint with equality. This lower bound
is seen to be achieved by the CUSUM stopping time. This methodology was developed
by Moustakides in [152].

To begin, we continuously observe the process {Zg;s > 0} with the following
dynamics

dWg s <t

wds +dW s > t, (6.38)

az. - |

where {W;; s > 0} is a standard Brownian motion.

We assume that the drift parameter w is known and (without loss of generality)
positive. No prior distribution on the change point ¢ is assumed.

The probabilistic setting of the problem can be summarized as follows:

(1) = CJ[0, <]

2) F = Foo = Uy=oFu, with F,, = o{Zs; s < u}; and

(3) The family of probability measures P;, ¢t € [0, 00), with P; describing the model
(6.88) and Py, denoting the Wiener measure.

As a set of detection strategies, it is natural to consider the set 7 of all stopping times
with respect to the filtration {F,;u > 0}. As a delay penalty of a stopping time, we
consider Lorden’s criterion. That is, for every T € 7 we consider the delay penalty

J(T) = sup esssup E; {(T — t)+|]-",} . (6.89)
t

This gives rise to the following stochastic optimization problem:

inf J(T), subjectto
Jnf_ (T) ]

(6.90)
Ex{T}>y.
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‘We first notice that in view of Theorem 6.2, in seeking optimal solutions to the above
problem, we can confine ourselves to the stopping times that satisfy the false alarm
constraint with equality. Otherwise, consider a stopping time 7', with E {T} > y and
let 7’ be a randomized stopping time that randomizes between T and the stopping time
0 (according to which we announce an alarm immediately), so that E {T’ } = y.Then

sup esssup E; {(T — 1)"|F;} > sup esssup E; {(T’ - t)+|.7-}} ,
t t

and we have achieved a smaller detection delay, while still remaining within the class
of permissible stopping times, as the constraint is satisfied.
In this continuous-time setting, the CUSUM process is defined as

dp,
sup

(6.91)
0<t<s dPoo

Fy
Notice that this reduces to the form that appears in (5.111) in the discrete-time case.
Therefore, the log of the CUSUM process can be written in this case as

sup (Uy — Uy), (6.92)
0<t<s
where
1 2
Ug = nzs — EM s. (6.93)

Therefore, by defining M; = info<,<s U, we can rewrite (6.91) as

Y, = U, — M,. (6.94)

REMARK 6.6. From Girsanov’s theorem (see Theorem 2.9)

dp,
dPy

eV (6.95)

Fy

is the likelihood ratio process, since
L2
Ew[ez“‘] <00, Vs < oo.

That is, the Novikov condition holds (see Theorem 2.9), and the process (6.95) is a
martingale under P.,. Notice that each member of the family of measures {P;, ¢ €
[0, oo]} is absolutely continuous with respect to Puo.

In the rest of this section we will demonstrate that the CUSUM stopping time

T = inf{s > 0|Y, > h}, (6.96)

with /2 selected so that E {T)¢} = v, is optimal in the sense of (6.90).

To demonstrate this optimality we will begin by demonstrating a number of key
intermediate results. The first one shows that the worst detection delay for a CUSUM
stopping time occurs when the change occurs at time 0. The implication of this is that if
T is a CUSUM stopping time then sup, esssup E; {(T — t)+|}}} = Eo{T}. This result
is demonstrated by showing that the CUSUM process that arises if the change is to
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occur at time 0 stochastically dominates the CUSUM process that arises if the change
is at time ¢ > O unless Y; = 0. This result is summarized in the following proposition.

PROPOSITION 6.7. Fixt € [0, 00). Consider the process
YS,[ = UA‘ — Ul — lnf (U}’ — U[), S 2 .
1<r<s

(Note that this is the CUSUM process when starting at time t.) Then Yy > Y, with
equality if Y; = 0.

Proof: The proof is a matter of noticing that we can write
+
Vo =Yo+ (inf U, -UD+Y) =Yy (6.97)
1<r=<s

and that inf; <, <, (U, — U;) < 0. |

It is clear that Y, ; depends only on information received after time ¢. Relation (6.97),
therefore, suggests that the worst detection delay before t occurs whenever ¥; = 0. In
other words,

esssup E; (T — )| F} = E (T —0)F 1Y, =0} = Eo {T};}. (6.98)

Equation (6.98) states that the CUSUM stopping time is an equalizer rule over the
change point ¢, in the sense that its performance does not depend on the value of this
unknown constant.

We now proceed to two propositions, the first of which provides a closed-form for-
mula for the expected delay of a CUSUM stopping time under each of the measures Py
and P, while asserting its a.s. finiteness under the whole family of measures { P;}. The
second proposition provides us with a representation of the expected value of a general
almost surely finite stopping time of the form 7, = T A T}

PROPOSITION 6.8. We have

P (Ty =o00lF) = 0 as. P, forallt >0, (6.99)
and
Poo(Tf = 00lF;) = 0 a.s. Pu. (6.100)
Moreover,
Eo{Ti} = @/nhsgh) (6.101)
and
Ex (T} = @/uhe(=h), (6.102)

where g(h) = e +h — 1 and g(—h) =" —h — 1.
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Proof: Consider the function g, which is twice continuously differentiable and satisfies
g’ +g"(y) =1, with g'(0) = g(0) = 0.

Using It6’s rule on the process g(Y;) (see Theorem 2.6), we obtain

N

s 1 s
g¥s) —g0) = f Mg,(Yu)dZu - / §M2g/(yu)du - / g/(Yu)dMu
0 0 0

°1 2 n
+ E/L g (Y,)du. (6.103)
0
Since g’(0) = 0, it follows that fos g (Y, )dM, = 0, by the definition of M,. Now

consider the sequence of stopping times 7;' = T,” A n, each of which is bounded. It
follows that

1 T)l
Eo{g(TH} = -M2E0{Th"}+qu{/0 deu}. (6.104)

2
N
/du<oo
0

and E {T]'} < n < oo, using Theorem 2.5 and (2.98), it follows that the last term in
(6.104) is 0.
Furthermore, since g is a strictly increasing function, it follows that

Now, since

g = Eo{s(vrp} = Eo {77}

By the bounded convergence theorem, taking the limit of both sides as n — oo we
obtain that Eg {Thc } < 00. The same argument, but with conditional P; expectations
conditioned on F;, leads to the conclusion that (6.99) holds. Evaluating (6.103) at T,
taking expectations, and using arguments similar to the above, we have that

1
g = Eo{s(T} = Su?Eo{T;}.
Hence (6.101) follows. Similarly, we can show (6.102) and (6.100). |

COROLLARY 6.9. Let T € T and consider T, = T A T;. Then
EA{m —n*\ R} = E{e(Yn) —eYDIF} Lz (6.105)
and

Ex {(Th =" F) = Eoc{g(=Yn)—g=YDIF}Ln=n.  (6.106)

Proof: The proof follows from an application of Itd’s rule and noticing that E {T),} <
E {Thc} < 00. Another application of Theorem 2.5 and (2.98) assures that the stochastic
integral vanishes. |
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PROPOSITION 6.10. Let T € T and T, = T A T,. Then for any function f
continuous and bounded on 0 <y < h, we have

EfUIFEN tn = Eoo [/ fO)IF | L) @5, Poc.
(6.107)

Proof: We cannot readily apply Girsanov’s theorem (see Theorem 2.9) because T}, is
not bounded. But, for M > 0, we can write

ENfOYtIFY = E g <my fF Yo\ F} + Ec {Lg=my f (Y1) | Fe }
= Eoo {570 £ (V)1 | = Eoo {1 anen =Y £ (v, 7 |
+ E Lz f Y| Fe )
We now notice that on {7, > t}, we have Uy, — U; < U, — M1, = Y7, < h, and thus

B i S (Wp)IF} | < max |f OB (Th > MIF)

IA

C
Jmax, lfODIP (T > MIF),
and

Eoo {=anen =Y £ (v7,)1 7

IA

" max |f()IP (T > M|Fy)
O0<y=<h

IA

h c
e Or;lya;(hlf(y)le (T > M| F).

Applying Proposition 6.5, we see that as M — oo both of the above bounds tend to 0.
|

We are now in a position to establish a lower bound on the performance of any general
stopping time 7. The optimality of the CUSUM stopping time (6.96) will then be a
matter of showing that this lower bound is achieved only by it.

PROPOSITION 6.11. Choose T € T and define T, = T A T, . Then, we have

Exo{e"g(rr,)]

J(T) = (6.108)
Ex {eYTh }
Proof: Since T > T}, we can write
J(T) = J(Ty) = E, {(T —0)"| R}, (6.109)
and
J(T) = J(Tp) = Eo{T}. (6.110)

Applying Corollary 6.9 and Proposition 6.10 on both sides of (6.109) we obtain

(1) B [V V| 7| = B [0 [g0rr) - g(00] |7
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which is equivalent to

.

T T
J(T)Eoo{ / heUThU‘v(—dMs)} ono{ / " Un U [g(vy,) — g(Yy)] <—dMs>}.
0 0

T T
J(T)Eoo{ f U —Us (—dMy) f,} ono{ / eUn—Us [g(Y7,) — g(¥s)] (—dMy)
0 0

Taking expectations with respect to P, we obtain

Since g(0) = 0, and the process {M,; s > 0} is constant in time on the complement of
the set {s > 0]Y; = 0} = {s > 0|Uy; = M,}, we can rewrite the above equation as

J(T)Ex { /0 ! eUTh‘MS(—dMs)} > Ex { /0 " evn [8(Yz,) — g (o) (—dMs)} :
Carrying out the integration we obtain
J(T)Es {eYTh—UTh} > Eu {eYTh_UThg(YTh)} . 6.111)
Moreover, using Proposition 6.8 and Corollary 6.9 we can also obtain
J(T)Es ieUTh} > Eo {eUThg(YTh)}. (6.112)
Adding (6.111) and (6.112) we then have

J(T)Eoo {7} 2 Eoo {007,
and the result follows. |

In order to finally establish the optimality of the CUSUM stopping time (6.96) we will
need to compare its detection delay to the detection delay of a general 7 but for the same
frequency of false alarms. To this effect, fix y and choose h* so that Eo {T¢} = y. The
objective now is to show that for any T € T with Eog {T} = Eo {T} = v, we have
J(T) > l%g(h*). Since for all T, we can define 7j, = T A TS, and J(T) > J(Ty,), we
need only to focus on stopping times of the form 7},. Note that the function g(—h) =
E~ {Ty} is a continuous function of the threshold 4. This is a result of a technical
lemma, which can be found in [152]. As a result of this, there exists an € > 0 and a
threshold 4, such that for any ¥ > 0 we have

Y= Exc{Th.} = v —e, (6.113)

where Tj, = T A Sp, . In order to establish the optimality of (6.96), we will have to show
that for every such €, J(T},.) > % g(h™). This is established in the following theorem.

THEOREM 6.12. Forany T €7 that satisfies Ex, {T} = y, we have J(T) > %g(h*).
Proof: In view of Proposition 6.11, it suffices to show that for every € > 0, we have

Eoo {eyThe g(YThE )}

Eoo ieYThs }

> g(h*) —e. (6.114)
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Consider the function U(x) = ¢* [g(x) — g(h*)] — [g(—x) — g(—h*)] for x = 0.
Simple inspection shows that U (x) > 0 for all x > 0, with equality only at the point
x = h*. Therefore by letting x = Y7, we see that

e'lie [g(Yy, ) — g(h*)] — [g(=Y1,) — 8(~h")] = 0 Py a.s. (6.115)

Taking expectations with respect to Py, on both sides of (6.115) and rearranging terms,
we obtain

Eco " (¢(Y, )} = 8" Enc [/} + B {g(=¥7,)} = g(=h")
> ¢(h")En |eYThe } .
> [g(h*) — €] Exs {eyThé } .

where the last inequality follows from the fact that e* > 1 for all x > 0. Hence
inequality (6.114) holds and the theorem follows. |

Theorem 6.12 establishes the optimality of the CUSUM stopping time (6.96) since it
demonstrates that for any stopping time with the same frequency of false alarms as the
CUSUM stopping time, the detection delay is at least as high as that achieved by the
CUSUM stopping time. That is, the CUSUM stopping time is the stopping time that
achieves the smallest possible detection delay for any given level of the mean time
between false alarms.

It6 processes

In this section, we generalize the problem of the preceding section to the case of
continuous-time [t6 processes. In particular, suppose we observe the process {Z; s > 0}
with the following dynamics:

dZs = agli>nds +dWs, s >0,

where, as usual, {W,; s > 0} denotes standard Brownian motion, and where {c; s > 0}
is a known measurable function of the past observations. As before, the change-point ¢
is assumed to be an unknown constant. The probabilistic setting of the problem is the
same as the one described in the above section.

The objective here, as before, is to detect the unknown change point ¢ as soon as
possible, by means of a stopping time 7 € 7 within a lower bound constraint on the
mean time between false alarms.

It is possible to show that the CUSUM stopping time is optimal in this case as well,
in the sense that it minimizes an alternative to Lorden’s criterion subject to the usual
bound in the mean time between false alarms. In particular, consider the following delay

)

penalty

T
J(T) = sup esssup E; {1{T>t}f O‘szds
/ '
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which gives rise to the following optimization problem:
inf J(T), subjectto
Jnf_ (1) ]
Eoo {fOT aszds} >y,

The above criterion can be motivated by considering the Kullback-Leibler divergence

(6.116)

dPl N 1 N 2 1 s )
E; { log 1P - Fiy =E; t o, dW, + 3 t ardr‘}} = E; 3 z ocrdr‘]-', ,
(6.117)
for s > ¢, where the last equality follows as long as
N
E; {/ afdr’]—}} < 0 a.s. (6.118)
t

Thus (6.116) uses the Kullback—Leibler divergence as a weighting of time penalties.
In what follows we will impose conditions on {«,} that guarantee the existence of the
Radon—Nikodym derivative of P; with respect to Po,. We will also impose conditions
that will in turn guarantee the finiteness of the CUSUM stopping time and will present
the form that the CUSUM stopping time takes in this case.

Let us first suppose that

Eoo [e2 0554} < 00, u e [0, 00). (6.119)
Of course this condition guarantees that

P | = agds <oo ) =1,
2 Jo

and further that the Radon—-Nikodym derivative exists:

dpP
Ll =l U g<t <5 < o0, (6.120)
dPeo |,
where
S l s
U, :/ o dZ, — 5/ a?dr. (6.121)
0 0

Now since for all s > 0, (6.120) is positive, we have that P; is absolutely continuous
with respect to Py,. Therefore,

S
P, </ o?dr < oo) =1, (6.122)
0

for all s < oo and t € [0, 00). (For the interested reader, we note that the event
{fos afdr < oo} € Fi, where Fy = 0{Z,;0 < u < s}.) The probability measure
P, is unique and condition (6.119), which guarantees that the process (6.120) is a mar-
tingale, also implies that P; and P, are equivalent measures for all 0 < ¢ < oo. Notice
that (6.122) also implies (6.118).
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Using (6.91), (6.120) and (6.121), it follows that the log of the CUSUM process in
this case can be written as

Yy = Us — M, (6123)

with Uy defined as in (6.121) and My = info<,<,; U,. The CUSUM stopping time is
then
T, = inf{s > 0|Ys > h}. (6.124)

To ensure the a.s. finiteness of the CUSUM stopping time we need to impose an addi-
tional condition (see [135]), whose physical interpretation is that the signal received
after the change point has sufficient energy (see Section 4.5):

P, </Ooasds=oo) = Py (/Ooasds=oo) =1. (6.125)
0 0

Using the exact same steps as in the proof of the optimality of the CUSUM in the
Brownian model with constant drift, it is possible to show that in this case too, the
CUSUM stopping time (6.96), with & uniquely determined by the equality

Exc {T5} = g(=h) =y,
is optimal.
For further details on this case, please refer to [152].

REMARK 6.13. Notice that the criterion (6.117) reduces to the Lorden criterion in
the case oy = i, and the problem then becomes exactly the one treated in the previous
section.

Brownian motion with an unknown drift parameter

In this section, we consider the situation in which a continuous-time observation process
{Zs; s = 0} obeys the following model:

dW s <t

dz, =
s {Mds—i—dWs s >t,

where {W;;s > 0} is a standard Brownian motion, 7, as before, is assumed to be an
unknown constant, and u is known only to lie in the interval [m, co) for some m > 0.
(By symmetry this problem can be treated in the same way if w lies in (—oo, m] with
m < 0.)

The space €2, the o algebra F and the filtration {¥;} are defined in the same way as in
Section 6.4.1. The family of probability measures is now indexed not only by the change
point but also by the drift parameter p. In other words we have the family of measures
{Pt“ |t € [0,00), u € [m, 0)}, with Py, the Wiener measure. We again consider the
family of stopping times 7, as before, and the objective is again to detect the change
point as soon as possible while controlling the mean time between false alarms. In order
to incorporate the different possible changes in the drift, we consider the following
extension of Lorden’s criterion as a delay penalty for a stopping time 7' € 7

J(T) = sup sup esssup E} {(T - t)+|.7-"t} , (6.126)
Wt
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which results in the corresponding optimization problem of the form:

inf J;(T) subject to
nf_ L(T) subj
Eco {T} > y.

(6.127)

We will show that the one-sided CUSUM stopping time that detects the smallest drift
in absolute value is the solution of the problem in (6.127). We follow [101]. To this
effect define the following quantities:

(1) Us(p) = pZs — 5pds,
(2) My(p) = infOSrSs U (p), and
(3) Ys(p) = Us(p) — Ms(p).

The process {Y;(p); s > 0} is the log of the CUSUM statistic process for the case in
which the drift parameter assumed after the change is p.

PROPOSITION 6.14. For every path of the Brownian motion {Wy; s > 0}, the pro-
cess {Ys(p); s = 0} is an increasing (decreasing) function of the drift of the observation
process {Zg; s > 0} when p > 0 (p < 0).

Proof: Consider two possible drift values w1, uy € [m, 0co) with u; < . We define
two observation processes, Zy(i;) = ui(s — )T + Wy, i = 1,2, and consider the
following processes

2

1 1
Us(p, 11i) = pZs (i) — Epzs = pIWs + (s ="} = 5%,

MS(Iov u*l) = lnf Ur(pv l’l/i)a
0<r<s
and

YS(IO’ /J/l) = US(IOa Ml) - MS(pﬂ /J'l)

Consider the difference Y (p, u2) — Ys(p, 1) = 8(s — )" — M(p, pn2) + My(p, i11)
where 6 = p(ua — w1). Notice now that p > 0 implies § > 0 and so we can write

Us(p, n2) = Us(p, 1) +8(s = )" < Us(p, 1) +8(s =)

Taking the infimum over 0 < r < s, we obtain M(p, u2) < Ms(p, 1) +8(s — )™
from which, by rearranging terms, it follows that Ys(p, n2) > Ys(p, p1). The case
p < 0 can be shown similarly. |

Now, suppose that p = 1. The CUSUM stopping time for the case in which u is
the change is T} (1) = inf{s > 0|Ys (1) > h}. From Proposition 6.14 it follows that
0 < w1 < o implies E{{TF (n1)} = EG*{Tf (w1)}. As a direct consequence of this
fact comes our first optimality result concerning drifts with the same sign.

THEOREM 6.15. Suppose 0 < 1 <us or uo < 1 <0. Then the one-sided CUSUM
stopping time T, (1) with hy satisfying Eoo{T) (1)} =y solves the optimization
problem defined in (6.127).
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Proof: For all T that satisfy the false alarm constraint with equality, we have

Jr(T) = sup sup essup E# {(T — t)+|ft}
nwoot

> sup essup E/'"! {(T — )| F}
t

IV

Eg' (T (1)} = sup EG{T (1)}
"

The last inequality follows from the optimality of the one-sided CUSUM stopping time,
and the last three equalities are due to Proposition 6.14 and the definition of the delay
penalty Jz (T) in (6.126). |

Thus the problem of a (one-sided) unknown post-change drift has a rather straight-
forward solution.
For another approach to this problem see [27,28].

Poisson observations

In this section we consider the problem of change-point detection in the case of Poisson
observations. That is, we will now consider the situation in which the observation pro-
cess {Zs; s > 0} is a Poisson process with rate Ao before the unknown change point ¢
and it is a homogeneous Poisson process with rate 1| after the change. More specifically,
Q = DJ0, 00) is the space of cadlag functions and F = B(D[0, c0)). The filtration of
the observations is {Fy; s > 0} with F; = 0{Z,, u < s}. Our model is described by the
probability measures {P;; ¢ € [0, oo]} with Py and P, corresponding to the measure
generated on 2 by a homogeneous Poisson process with parameters A; and ¢, respec-
tively. The measure P; with € (0, oo) describes the model when the change takes
place at time .

Using (6.91) we see that the log of the CUSUM process reduces in this case to the
form

Yy =Us — My,
where

Us =as +bZ,,
and

M = ogrlis Ur.

where a = — (A1 — Ag) and b = log(Ar1/Ap), and the CUSUM stopping time is
T¢ = inf{t|y, > h}. (6.128)
We distinguish two cases:

(1) a > 0, b < 0 corresponding to the case in which A; < Ag; and
(2) a <0, b > 0 corresponding to the opposite case.
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In what follows we will go through the basic results that assert the optimality of the
CUSUM stopping time of (6.128) in the sense of Lorden. That is, in the sense of (6.90).
We follow [154].

In doing so we will first begin by evaluating £ {7} under each of the measures Py,
and Py. Note that both in the discrete-time case (6.18) and in the continuous-time case
(6.98), we have that the CUSUM stopping time is an equalizer rule with respect to the
unknown change point ¢ and therefore it is only necessary to calculate £ {7} under the
two measures mentioned above.

After we arrive at a closed form expression for E {7} we will provide a global lower
bound on J(T'). We will then outline the steps that lead to the fact that this lower bound
is achievable exactly by the CUSUM stopping time of (6.128) for any given mean time
between false alarms y, thus asserting its optimality.

The method for evaluating E {T°} is common to both of the above cases. It involves
expressing E{T°|Yy = y} as a function g(y) that satisfies a given DDE from which
E {T°} can be easily extracted by evaluating g(y) at y = 0.

In the case A1 < Ag, the above function g satisfies the forward DDE

ag' () +r[g(y+b)—g(»]=—1, y€[0,h)
g(y)=g(), y <0, and g(h) =0. (6.129)

It is possible to arrive to (6.129) by applying the generalized It6 rule (see Theorem 2.7)
to {g(Ys); s > 0}, evaluating the resulting stochastic differential equation at 7°¢, taking
expectations and using the martingale property of the Poisson process (see the next-to-
last bullet point of Section 2.6). In doing so, we also need to pay close attention to two
properties of the paths of {¥;; s > 0} in the case in which A1 < X¢ (see Figure 6.3).
They are:

(1) the paths of {Mj; s > 0} are constant except on a subset of the jump times {V,,};

2) Yy, =Xy, + b)™ which leads to the boundary condition g(y) = g(0), y < 0;
and

(3) the CUSUM process {Yy; s > 0} hits the threshold / exactly. That is, there is no
overshoot of the boundary.

The solution to (6.129) evaluated at O is given by

(4] n (ﬁ(hfn\bn)"

. 1 A(h=n|b]) a
E|T} = - e @ ZT —1}, (6.130)

n=0 k=0

The case a > 0 and b < 0.
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where A equals A1 and A¢ under the measures Py and P, respectively.
In the case A1 > Ag, the function g above satisfies the backward DDE

ag' (M +rlgly+b)—gl=-1, ye[0,h)
g (0)=0, and g(h) =0, for y > h. (6.131)

The key properties of the paths of {Y;; s > 0} can be summarized in the following (see

Figure 6.4):

(1) the paths of {M; s > 0} are no longer constant even off the set of jump times {U,}
which leads to the boundary condition g’(0) = 0;

(2) Yy, = (Yy,_ +b); and

(3) the CUSUM process {Y;; s > 0} does not necessarily hit the threshold /. exactly.
That is, there may be an overshoot of the boundary. This leads to the boundary
condition g(y) =0, y > h.

The solution of (6.131) evaluated at 0 is given by

1 [%] ah—nb) | & <—_Mh_nh)>k
E{Te)=2 ) f1-c'® Z‘Z—" +§ e
n=0 k=0 =0

—(h—nb) \"
J(h—nb) [al
lal = 7

n!

(6.132)
where p = A/(A — B) with

rm
s>

] (—A(h—nb) )”
L(h—nb) |a‘

A=) e @ —

and

Using arguments similar to those used in Proposition 6.11 it is possible to show that
forall T € T

Es {fOT eYSds}

J(T) = Ealelr]

(6.133)

I\/Is TC S

The case a < 0 and b > 0.
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The proof of the optimality of (6.128) is then a matter of showing that for all T € 7
such that Ex{T'} > Exo{T} we have J(T) > J(T¢) = Eo{T}.

Denote Eo{T¢} and E{T¢} by g,(0) and g,,(0), respectively. (Note that the
functions g;, (0) and g;,,(0) are different under cases 1 and 2 above.)

The objective is to demonstrate that

Ex {eYT }
for all T for which Exo{T} = g,(0). Or equivalently, that

> 81, (0), (6.134)

T
Eoo { / (" — ds — g5, (0)e'” + gAO(O)} > 0. (6.135)
0

The above inequality can be shown by considering a function similar to the
one used in the proof of Theorem 6.12, namely U(y) = e’ [g1,(0) — &, ()] —
[£3(0) — g2,(»)]- It is then possible to obtain the representation

T
Enol /0 (" — Dy, <nyds) = Eo(U (YD) (6.136)

Using (6.136), we can rewrite (6.135) as

T
Ex {/o (" — 1)1{Yszh}ds} + Exo{gy(Y7) — €' g3, (Y1)} > 0. (6.137)

Inequality (6.137) clearly holds since the function g,,(y) — e’ gy, (y) > 0 for all 0 <
y < h, and is equal to O for all y > &, while (e’ — 1)1{y,>4) > 0 pathwise. Therefore
(6.137) holds generally and it holds with equality when T = T°¢, as can be easily
verified.

For more details on the above derivation please refer to [154].

Asymptotic results

In this section, we consider some asymptotic results concerning the CUSUM and related
tests. The asymptotic regime of interest here is that in which the mean time between
false alarms increases without bound.

We begin with a result on the asymptotic optimality of the one-sided CUSUM stop-
ping time. This result was shown by Lorden in his pioneering paper [139], in which
he proposed Lorden’s criterion as a delay penalty on stopping times 7. Although,
in Section 6.1 and 6.2 the strictly optimal character of the CUSUM stopping time is
demonstrated with respect to this (non-asymptotic) criterion, the reader may also find
Lorden’s asymptotic approach interesting, as it explores the connections between the
SPRT and the CUSUM.

We also refer to the special case of a parametric exponential family and discuss the
procedure suggested by Lorden for dealing with problems of many alternatives on oppo-
site sides of the null hypothesis. Finally we turn our attention to the case of two-sided
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alternatives in the Brownian motion model and mention some asymptotic results for this
situation.

Lorden’s approach

Let us return to the discrete-time case; i.e. consider the probabilistic setting of Section
6.2. We begin with a preliminary result that will help illuminate the relationship between
the CUSUM and the SPRT.

THEOREM 6.16. Suppose T is a stopping time with respect to c{Zy, Za, ..., Zi},
k=1,2,..., such that

Poo(T <o) <a, 0<a<l. (6.138)

For each k = 1,2,..., let Ty denote the stopping time obtained by applying T to
Zikys Zk41, - - ., and define

TF = inf{Tpy +k—1k=1,2,...}. (6.139)
Then T* is also a stopping time, and it satisfies
Ex{T*} = é (6.140)
and for any alternative distribution Q1,
d(T*) < E (T}, (6.141)
where d(T) is as defined in (6.2).

Proof: To show that T* is a stopping time it suffices to notice that

(T <n}={T <n}U{Th <n—-1}U...U{T, <1}eolZ,..., 2Z,}.
(6.142)
Form =1, 2, ... we have
En{(T* —(m—=)"Z1, ... Znoi} < En ATl Z1s .. Zn—1)
=Em {Tm}=E1 {T}v

where the next-to-last equality follows from the fact that 7, is independent of
Z1, ..., Zy—1 and the last equality from the fact that 7}, has the same distribution under
P,, as T1 does under P;. Therefore, this inequality holds for every path Zy, ..., Z,,_
and every m. Hence

supesssupEy, {(T* — (m — W)Y Zy, ..., Zu_1} < E({T}. (6.143)
m

Thus the validity of (6.141) is established. To prove (6.140), consider

£ = 1 ifTp < o0
Tl 0 ifT = 0.
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The strong law of large numbers implies

n
lim —Zk:l S = Ex{&1} a.5s.Px.
n—00 n
But Exo{&1} = Poo(T1 < 00) < a. Therefore,
n
lim k=18 a.5.Pas. (6.144)
n—00 n

If Eoo {T*} = oo then (6.140) holds trivially. We need only consider the case in which
E~ {T*} < oo. Define the increasing sequence of stopping times {7} as follows:

If 7! = p, then foreachr = 1,2, ..., apply T to Z,+4r, Zu4r+1, - - -, and let T™
be the first time stopping occurs for some r.

Then 7! = T* and T!, T? — Tl, T3 — T2, are i.i.d. due to the fact that they each
depend on a different sequence of the Z;’s which under Py, are i.i.d.

From the definition of the T’s, it follows that

Ermpr+ -+ & > 1, (6.145)
since &7m, = 1 for some r causing the stop at 7!, Hence,
&4+ +E&m>=m, m=0,1,..., (6.1406)

and therefore,
§1 + -+ &rm _m
™ -
Taking the limit as m — oo of both sides of this equation, it follows from the strong
law of large numbers and (6.144) that

(6.147)

1
a>—-——-, (6.148)
Eo {T*}
which establishes (6.141). [ |
Suppose the stopping time 7 is a one-sided SPRT, that is an SPRT with A = 0. Then
using Proposition 4.10 from Chapter 4, it follows that y = 0 and

1
a = Px(L(Z7) > B) = Poo(T < o0) < 5
Therefore if B = 1/a, we have that

Poo(T < o0) < a. (6.149)

Moreover, using Wald’s identity (2.83), we have

T

Ei{T}E;{logL(Z))} = E| {ZlogL(Z,,)}. (6.150)
n=1

Since the left log boundary is 0, and Proposition 4.10 implies that y = 0, it follows that,

asa — 0,

1
E (T} ~ | "Igl"', 6.151)
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where
Iy = Ey{log L(Z))}.

Using the above theorem it follows further that the CUSUM stopping time 7* can be
considered to be the result of applying repeated SPRT’s with left boundary 0, and hence
satisfies

Eoo {T*} = 1 and (6.152)
a

d(r = — A asa—o0. (6.153)
1

The next theorem establishes that (6.152) and (6.153) are asymptotically the best one
can do.

THEOREM 6.17. Suppose n(y) = infr d(T), where the infinum is taken over all
stopping times T satisfying Eco {T} > y. If I} < oo, thenn(y) ~logy /I asy — oo.

Proof: From the previous theorem it suffices to show that n(y) is asymptotically no
smaller than log y/I;. That is, it suffices to show that for every € € (0, 1), there is a
C(€) < oo, independent of 7', such that for all stopping times 7',

Ld(T) > (1 —e€)log Ecoc {T} — C(e). (6.154)

Fix € and define an increasing sequence {T”} of stopping times, with T?*! equal to
the smallest n such that n > T' and

[Teerivy a1(Zi) -,

[Tieriy 90(Zi) —
Using arguments similar to the ones used in the proof of Proposition 4.10, we obtain
PI(T! < o0) < e. Hence, provided that P; (T"™"! = k < T) > 0, we have that
P (T" < 0o|T"~! = k) < €. Notice that {T"~! =k} € 0{Z1, ..., Zt}.

Consider all subsets {T"~! = k} that have positive P, probability. Since, under Py |
and Py, the marginal distribution of Z1, ..., Z; is Qp, the above subsets will also have
positive Py probability.

Given {T”~! =k}, T and T" determine the outcome of the following sequential test
based on Zj41, ...: Stop at min{7', 7"}, and
(1) decide in favor of Py if T < T";or
(2) decide in favor of Py if T > T".

The number of observations taken is min{7’, 7"} — k, and
Eisi {min{T, T} — k‘T’_l = k} < d(T).

We can now apply Proposition 4.11 with

(1) @ = Poo(T < T"|T""" = k); and
Q) y=Py(T=T" T =),
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to obtain
hd(T) = Py (T < T'|T" 7! = k)|log Poo (T < T"|T" ™" = k)| — log?2
> (1 —€)|log Poo(T < T"|T" "' = k)| — log2, (6.155)
where we have used the fact that
Pert(T < T' T = k) > Pt (T" = 00| T = k).
Let
R =inf{r|T" > T}.
We have that
Pa (T <7777 < T) — Po(R <r+1|R >r). (6.156)
Therefore, Poo(R > r) > 0 and (6.155) imply
Lid(T) > (1 —e€)|log Pso(R <r|R =r)| —log2.
Hence
Po(R<r+1|R>r)>H & Px(R>r+1)<(1—-H)
& Exo{R} < %
from which (6.155) becomes
Lid(T) > (1 —e€)log Ex, {R} —log2. (6.157)
Applying Wald’s identity (2.83), we obtain
Exo (T8} = Ewc (R} s { T} (6.158)
Therefore
10g Eno (T} < log Eag [TR} — log Eeo (R} + l0g Eno {Tl} . (6.159)

Combining (6.158) with (6.159), and letting C(¢) = logE {Tl}, the theorem
follows. |

The above proof of asymptotic optimality of the CUSUM stopping time, which is due
to Lorden [139], provides the basis of many asymptotic results that followed it including
ones that treated the case of an unknown post-change parameter. The most commonly
used of these is the generalized CUSUM stopping time that will be discussed in Section
7.3. Its asymptotic optimality is also shown in [139]. Another asymptotically optimal
approach that is also based on the CUSUM and is less computationally intensive was
further introduced and analyzed in [204]. This approach is based on the assumption
that there are countably many alternatives that describe the post-change distribution of
the observations. The sequential decision rule suggested in [204] consists of a stopping
time of the CUSUM type and a random variable that takes one of a countable number
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of values, once the stopping time declares an alarm, each corresponding to one of the
possible post-change alternatives.

It is also worth mentioning a connection between the Shiryaev—Bayes optimal solu-
tion of Chapter 5 and a min—max asymptotic result of Pollak [173], in which a min—max
solution is constructed as a limit of Bayesian stopping times solving the Shiryaev
problem.

More specifically, denote by B(m, p, c) the (Bayesian) solution to the Shiryaev
problem of Section 5.2. Define

(1) Rust = L(Zyy1)( + Ry). Ro = 0; (6.160)
1 n n
(2) R° = E;HL(Z,); and (6.161)

3) A =inf{x|Po(L(Z;) <x) >0} < 1.

REMARK 6.18. The threshold stopping time defined in terms of (6.160) is known
as the Shiryaev—Roberts stopping time. That is, the Shiryaev—Roberts stopping time is
defined as

TR = inf{n|R, > h}. (6.162)

A very interesting stopping time known as the Shiryaev—Roberts—Pollak stopping time
is an extension of (6.160) in that it is the same as the stopping time (6.160) but with
randomization involved in the choice of Ry.

We have the following preliminary result due to Pollak [173].

THEOREM 6.19. Suppose that the P, distribution of L(Z1) is atomless. Then all of
the following statements are true.

(1) For any A < h < o0 there exists a constant 0 < ¢* < 0o, and a sequence of
constants {p;, ¢;} with lim; _, o p; = 0 and lim; _, oo ¢; = ¢*, such that the stopping
time

T, = inf{n > 1|R, > h}
is a limit as i — oo of Bayesian stopping times B(0, p = p;i, ¢ = ¢;).
(2) For any set of Bayesian solutions B(w, p, ¢), withm =0, p — 0, ¢ — ¢¥,

1 — {Cost using the Bayes stopping time for problem B(0, p, c)} 1

limsu e
Pp—0, c—c 1 — {Cost using Ty, for problem B(0, p, c)}

(3) Forany 1 <y < oo, there exists a unique A < A < oo such that y = Ex {Tp} .

Consider the following alternative min—max criterion as a delay penalty for the
stopping time 7' € 7, suggested by Shiryaev—Roberts—Pollak:

Jsrp(T) = sup E T —1|T =1}, (6.163)

1<t<oo
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which gives rise to the min-max optimization problem

inf Jsrp(T') subject to
T

6.164
Exo{T} >y ( )

It turns out that the stopping time 7}, with Ry having a specific distribution v, (rather
than being equal to 0 as previously defined), is asymptotically optimal as y — o0 in
the sense described by the following theorem from [173].

THEOREM 6.20. Denote by Tj, y, the above-described stopping time, and assume that
ﬁ < h < oo as well as the existence of a distribution Y, such that E {Th,w} =
y > 1. Then forall T € T satisfying Exc {T} > y, we have

sup E; {Th,l/fh — Ty, = t} — sup E{T —t|T >t} <o(l) as y — oo,

1<t <o 1<t <o

(6.165)
where Yy, satisfies a functional equation given on page 216 of [173].

For a proof of this result please refer to [173].

An interesting connection between the Shiryaev—Roberts—Pollak stopping time, the
CUSUM stopping time and the Shiryaev posterior density stopping time is well-
explained in [16].

To elaborate on this connection, let s and u be two times and suppose P, and P,

denote the restrictions of the probability measure P of Section 5.2 to the o-algebra F;

dp;
dPs

Radon-Nikodym derivative between the two measures. We follow [16].

We begin with Shiryaev’s stopping time, which is equivalent to a stopping time
defined in terms of the odds ratio process (5.82), as seen in Section 5.3.2.

The odds ratio process can be written as

in the cases in which {f = oo} and {tr = u}, respectively, and let . denote the

B 1 * dp, B
o, = 1—P(t=s)uz:‘: are |, P(t = u)
1 sk
I ZHL(Zi)P(t =i), s=1,2,... (6.166)

k=1i=1

The Shiryaev—Roberts process of Remark 6.18 (6.160) is then seen to be equal to

= lim —, (6.167)

where p is the parameter in the distribution of the prior in (5.23) and (5.24) in the special
case in which the initial probability 7 of a change at time 0 equals 0. We can readily see
that {R;; s > 0} is an F; submartingale with
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N
dp,
Foe {Z dPoo

t=1

} — . (6.168)
7

Thus, we can apply inequality (2.58) of Chapter 2 to obtain

E TSR
Poo(ThSR <s) = Px <max R, > h) < M
0<u<s h
The CUSUM process is
dp,
Cy = max —=—| . (6.169)
O<t<s dPoo | £,

REMARK 6.21. The above analysis can also be carried out in the continuous-time case
in which all sums become integrals and the Shiryaev—Roberts process of (6.167) is seen
to be equal to

. D
lim —, (6.170)

a—0 o

where o is the exponential parameter in the distribution of the prior that appears in
equations (5.57) and (5.79), in the special case in which m = 0.

REMARK 6.22. The CUSUM stopping time of Section 6.4.1 is the first passage time
of the logarithm of (6.169). Since the logarithm is a strictly increasing function the first

passage time of (6.169) is exactly the same as that for its logarithm, with appropriately
modified thresholds.

Notice that the odds ratio process can be thought of as an average of the likelihood
ratio process over all possible values of the unknown change point # while the CUSUM
process is a maximum of the likelihood ratio process over all possible change points 7.
On the other hand, the odds ratio process is a weighted average of the likelihood ratio
process weighted by the probability density of the change point.

The threshold stopping time based on the odds ratio process (or, equivalently, the pos-
terior probability of a change) is the optimal solution to the Shiryaev problem presented
in Section 5.2. The Shiryaev—Roberts stopping time and the Shiryaev—Roberts—Pollak
stopping time are asymptotically optimal in the sense of Pollak (6.163), as summarized
in Theorems 6.19 and 6.20, as the mean time between false alarms increases without
bound. Finally, the CUSUM process is optimal in the sense of Lorden (6.89) subject to
a constraint on the mean time between false alarms.

Recently, an interesting strict optimality result of the Shiryaev—Roberts stopping
time was proven in [177]. In particular, the Shiryaev—Roberts stopping time of (6.167)
minimizes an average delay to detection criterion, namely

Y E(T -k,

k=1

under the usual lower bound constraint on the mean time between false alarm, namely
Ex{T} > y. The ratio of the average delay to detection to the mean time between
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false alarms y can be interpreted as the average delay to detection of a change that
occurs in the far horizon after repeated false alarms and applications of the Shiryaev—
Roberts stopping rule. Thus the optimality of the Shiryaev—Roberts rule in this sense
is interesting in the context of detecting a real change as quickly as possible after its
occurrence, even at the price of raising many false alarms. It is interesting that the
average delay to detection was first introduced in continuous time in [192] where it
was referred to as the stationary average delay time. The equivalent of this optimality
result in continuous time was proven in [82]. In what follows we will draw a connection
between the traditional criteria of Lorden, Pollak and Shiryaev. We follow [155].

An interesting connection between the Pollak criterion (6.164), Lorden’s criterion
(7.75) and Shiryaev’s Bayesian criterion of Chapter 5 (i.e. (5.3)) is developed in [155],
where the appropriateness of each of these criteria is discussed in detail.

Here we outline the connections among these criteria in the discussion that follows.
Let us begin with the Shiryaev criterion, which minimizes the sum of the probability
of false alarm and the expected delay. That is, it penalizes the performance of stopping
times 7 by P(T < t) + cE{(T — t)T}. The optimal stopping time thus minimizes
this quantity. This is equivalent to the minimization of the quantity E,{T — ¢|T > t},
where E,{-} denotes expectation under P;, the restriction of the probability measure P
of Section 5.2 to the filtration {F;; k = 1, 2, ...} when the change point is 7, subject to
a constraint on the probability of false alarms:

o0
P(T <t):ZP(t:k)P(T <k)<a, ac(0,1). (6.171)
k=0
Note that we have

Yeco Pt =k)P(T = ) E{T —k|T > k}
P(T > 1) '

EAT —t|T >t} = (6.172)

In Shiryaev’s problem it is assumed that the change point ¢ is a random vari-
able. Pollak’s criterion (6.164), on the other hand, assumes no random mechanism
behind the change point and can be seen as an equivalent to Shiryaev’s criterion
for the case in which ¢ is an unknown constant. This naturally suggests the quan-
tity sup, E{T — t|T > t}, where the worst conditional expected delay is considered
over all possible values of ¢. Lorden’s criterion penalizes stopping times 7" according
to J(T) = sup, esssupE{(T — t)T|F:}. The above discussion already suggests that
J(T) > Jsgp(T) > Js(T), where J(T) is Lorden’s delay penalty as it appears in
(6.89), Jsrp(T) is the Pollak delay penalty, which appears in (6.163), and Js(T) is the
Shiryaev delay penalty, which appears in (5.42) (see for comparison [155]). Although
Lorden’s criterion seems overly pessimistic at first glance, it is the natural choice in
the general case in which the change point mechanism depends on the history of the
observations.

To give a motivation of such a change point mechanism consider a simple example
of a linear state-space model with independent noise.
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Example 6.2: Let the observations process {Z;} be generated as follows
Zi = X + W,
and
X =aXp1+ Vg,

where {W;}, {Vi} are independent i.i.d. sequences of mean O random variables and
|| < 1. The process {X} is a state process underlying the observations. A natural
disorder in such systems arises the first time that the state variable enters an undesirable
set A (see [154]). Thatis, t = inf{k| Xy € A}.

This naive example illustrates that in most practical applications (see for example
[208]) in which the observation processes involve general dependencies, it may be use-
ful to think of the change point as a dynamic entity. This suggests the idea that nature
at each instant of time k consults the information F; and decides whether to intro-
duce a disorder or not based on some type of randomization. That is, this suggests the
notion of a randomization probability for the disorder time which can be summarized
by sy = P(t = k|F).

REMARK 6.23. Although in the usual setting (e.g. Section 5.2), the change point ¢ is
considered to be the first point in time at which an observation under the alternative
regime appears, in the current setting 7 is the last point in time at which an observation
under the initial regime is produced. This interpretation is appropriate here as there is a
decision by nature on whether to change the distribution of the observations, and should
that decision be taken at a time instant &, it will affect the distribution of the subsequent
observation.

In [155] it is seen that the process {sx} defined above can be decomposed into the
product

Sy =wupu, u=0,1,..., (6.173)

where the process {wy} is an Fo-measurable process representing the aggregate prob-
ability of the event {r = k}; i.e. {w¢} is independent of the observation process
{Zk; k = 1,2,...}. Moreover, py is defined on the event {w; > 0} and describes how
the probability of the event {t = k} is distributed amongst the events of F.

In [155] it is shown that

wr = Eoolsi), (6.174)

from which it follows that
oo
Zwk = Pk < o0) = 1. (6.175)
k=0

Notice that (6.174) implies that
Eco{pi} = 1. (6.176)
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In many models that arise in practice (see Example 6.2) the notion of a change-point
mechanism devised by nature and depending on the filtration {F%} is natural. In turn, if
the mechanism of the change point summarized in {wy} and {pi} is not known exactly,
the quantity by which the statistician should penalize the performance of a stopping
time 7" should include supy,,; (,,; E{T — ¢|T > t}. That is, from the point of view
of the statistician, if there is uncertainty as to nature’s choice of {wx} and {pi}, then
the statistician should assume the worst choice of a change point on the part of nature,
which suggests the use of supy,, ., (,,; E«{T — 7|T > t} as a delay penalty for T'.

Shiryaev’s delay penalty for a stopping time corresponds to the case in which wy is
given by (5.24) and py = 1 forall k =0, 1 ... Pollak’s delay penalty on the other hand
corresponds to the case pr = 1 forall k =0, 1, ... and {wy} is arbitrary. That is,

sup EA{T —t|T >t} = sup E (T —¢|T > t}.

{wr} 0<t<o0
(The details of this analysis can be found in [154] and [155].) Finally, Lorden’s delay
penalty correspond to the case in which {w;} and {px} are both unknown to the
statistician, in which context we also have ([154,155])

sup E AT —t|T > t} = supesssupE, {(T — )| F},
{or} {pk} !

the right-hand side of which is immediately recognized as Lorden’s delay penalty.

Brownian motion with two-sided alternatives

We now turn to the problem of detecting a change in the drift of Brownian motion but
for the two-sided case in which the drift can either increase or decrease after the change.

This problem is considerably more difficult than the problem of one-sided alterna-
tives. This is reminiscent of the fact that even in the case of fixed-sample testing between
two hypotheses, a uniformly most powerful test usually exists only in the case of one-
sided alternatives [ 178]. This, of course, does not exclude the possibility of the existence
of an optimal solution in this case, but does indicate that this problem, while easy to
state, is nevertheless considerably more difficult to solve. In what follows we will pro-
vide only an asymptotically optimal solution to this problem in the limit as the mean
time between false alarms increases without a bound.

We begin by considering the observation process {Zs; s > 0} with the following
dynamics:

dW ,s <t
dZs = s
pnids + dWy
or , s>t
—ods + dWy

where {W;; s > 0} is a standard Brownian motion, and the ; are assumed to be known
and positive. The probabilistic setting of this problem is identical to the one in Sec-
tion 6.4.3, with P/ corresponding to the probability measure generated on the space of
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continuous functions €2, when the change occurs at time ¢ and the drift changes to 1|
(i = 1) or —up (i = 2). In order to incorporate the different possibilities for u; we
extend Lorden’s delay penalty to the following:

Jom(T) = max sup esssup E. {(T —1)*|F}, (6.177)
l t

which results in a corresponding optimization problem of the form:

ir;f Jpm(T) subject to

(6.178)
Exo (T} >y.
Notice that Jp,, (T') can be re-expressed as
me(T) = max{J1(T), Jo(T)}, (6.179)

where J;(T') = sup, esssup E,’ {(T — t)+|.7-'t}.

An interesting special case, namely that in which we know the amplitude of the post-
change drift but not its sign, falls within this setting. What has traditionally been done in
the literature, dating as far back as 1959 [15], is to stop at the minimum of the CUSUM
stopping times Sy, and Sy, each tuned to detect the respective changes (11 and — 5.

We begin our analysis of this problem with a simple argument that demonstrates that
the optimal stopping time for problem (6.127) must satisfy Ji(7T") = J>(T) and thus
must be an equalizer rule. This argument is summarized in the following two remarks.

REMARK 6.24. Consider a stopping time 7y such that J1(Ty) > J>(Ty) and let Ty be
anew stopping time that declares an alarm at exactly the same instant as 7y if and only if
at each instant u it receives the observations {—Z;, s < u}. Then Jo(Ty) > Ji(Ty) with
J1(Tu) = J(Ty) and Jo(Ty) = Ji(Ty). Now construct T = 1Ty + 1 Ty. It is clear that
for this stopping time Ji.(T) < J.(Ty) = JL(Ty) and Ex {T} = Ex {Tu} = Ex {1V},
while J1(T') = J»(T). That is, we have found another stopping time 7 that, for the same
mean time between false alarms, has achieved a lesser detection delay.

REMARK 6.25. Itis important to point out that 7 of Remark 6.24 is not technically a
stopping time with respect to {F}, since randomization is involved in its construction.
In other words, we flip a fair coin and if it comes up Heads, then we stop according to
the stopping time 7y, while if it comes up T ails, we stop according to the stopping time
Ty. Hence T is a stopping time with respect to the enlarged filtration {F,} that consists
of everything in {F,} plus the two possible outcomes of the random experiment of
tossing the fair coin, i.e. Fu=F,U {{Heads}, {Tails}} .

Although the optimal solution to problem (6.178) is unknown, it has been shown in
the literature (see [100,200]) that the so-called classical 2-CUSUM stopping time and
its modified drift counterpart are asymptotically optimal as y — oo. In what follows,
we will introduce the classical 2-CUSUM stopping time as well as the modified drift
2-CUSUM stopping time and discuss the problem of finding the best in the class of such
stopping times. We will also discuss their asymptotic optimality properties.
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We begin by introducing the normalized CUSUM stopping times. Define

= W Zs — 313s;

K

NS

1
() Uj = log gp

- dr}
(2) Uy = log 55~

= —p2Zs — %M%S;
. Uk’
(3) M = inf, < 22-; and
_ . U,
(4) Ms = lnfui_g E

The normalized CUSUM processes are defined respectively as follows:

U )

(1) X;F:H—M;F,and
_ U _
@ v =% —u;.

We now define the normalized classical 2-CUSUM stopping times. The 2-CUSUM
stopping time with threshold parameters 41 > 0 and &y > 0 is defined as follows:

TC(hy, ha) = T{ (h1) A Ty (ha),
where

(1) T{(hy) = inf{s > 0|Y;" > h;}; and
(2) TE(hy) = infls > 0¥, > hy).

The above definition suggests the following classification of 2-CUSUM stopping
times according to their threshold parameters.

(1) G ={T°(hy, hy); h1 = hy}, the harmonic mean 2-CUSUM stopping times; and
(2) C; = {T“(hj,hj) | hy > hj > 0, i # j}, the non-harmonic mean 2-CUSUM
stopping times.

Similarly, the modified drift 2-CUSUM stopping times are defined in term of the
stopping times T (o1, h1) and T3 (p2, h2), for p1 > 0 and po > 0, which are given
below:

(1) Ut (p) = Zs — Sp15;

) U7 (p2) = —& — 1 p2s;

(3) M (p1) = infu<s U (01);

@) M (p2) = infu<s Uy (02);

(5) Y (p1) = Ut (p1) — M (pr);

) Yy (p2) =Ug (p2) — Mg (p2);

(7) T{(p1, h1) = inf{s > 0; Y, (p1) = hy}; and
(8) TS (p2, ho) = inf{s > 0; ¥ (p2) > ha}.

The modified drift 2-CUSUM stopping times are then defined as follows for drift
parameters p; and py and threshold parameters /1 and h5:

TC(p1, p2, h1, h2) = T{ (p1, h1) A Ty (p2, h2).

Similarly we distinguish the classes
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(1) Gy =A{T(p1, p2, h1, h2); h1 = hy}, the modified drift harmonic mean 2-CUSUM
stopping times; and

2) CI.M ={Tp1, p2, hi, hj) | hi > hj > 0, i # j}, the modified drift non-harmonic
mean 2-CUSUM stopping times.

It is easy to see that for any 2-CUSUM stopping time 7°¢ (modified or not)
Jpm(T€) = max sup esssup E; {(T° —1)"|F;}
it

= max | £} {1}, E} {7} |. (6.180)

Therefore, the problem of finding the best 2-CUSUM stopping time reduces to that
of finding a 2-CUSUM stopping time that satisfies

ENTY = EYTC). (6.181)

Equation (6.181) suggests that in order to find the best 2-CUSUM stopping time we
need an expression for its first moment. This problem is treated in [102], where an
expression is derived for the mean of a general 2-CUSUM stopping time. This expres-
sion however, is quite complex in the case h; # hy and will not be repeated here.
However, the first moment of a 2-CUSUM harmonic mean stopping time takes the
following simple form:

pprey = EIED)
E{T{} + E{T;)
which holds both for modified drift 2-CUSUM stopping times and classical 2-CUSUM
stopping times.
Using It6’s rule much along the lines of Proposition 6.8, it is easy to derive the
following formulae for the expected delay of 7} and T, (see [101,198]):

(6.182)

Eco{Tf (hi)} = 2 fn, (i), i =1,2, (6.183)
ENTS (hi)}y =2 fn, (i), i =12, (6.184)

and
EQTS (hj)} =2 fn; uj +2mi), i # j, i,j € {1,2}. (6.185)

Moreover, according to [100], we also have

EcofT (pis W)} =2 fu(pi), (6.186)

ENT (pi, )} = 2 fu(pi — 2u0), (6.187)
and

ENT(pj, )} = 2 fn(pj + 218i), (6.188)

where f;,(y) = (e¥ — hy — 1)/y?. It is thus easily seen that in the case of a symmetric
change ©1 = 2, the classical harmonic mean 2-CUSUM stopping time is the best
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amongst all classical 2-CUSUM stopping times. Its unique optimality in the class of
classical 2-CUSUM stopping times is asserted in [102]. Of course, it is also easily seen
that any modified drift harmonic mean 2-CUSUM stopping time with p; = p» is the
best in the class of modified drift 2-CUSUM stopping times, which is a more general
result.

In the case of classical 2-CUSUM stopping times, we also have a strong asymptotic
result, the details of which can be found in [101].

THEOREM 6.26. The difference in the detection delay between the optimal classical
2-CUSUM stopping time T¢ € G and the globally optimal stopping time is bounded
above by a quantity that tends to the constant (210g2)/u?, as the false alarm constraint
y increases without bound.

In the case of a non-symmetric change it readily follows by the symmetry in distri-
bution of Brownian motion that we need only consider the case p; < up. In [102] it is
seen that the best in the class of classical 2-CUSUM stopping times, that is the classi-
cal 2-CUSUM stopping time for which (6.182) holds, is unique and satisfies v < vj.
Moreover, in [100], it is seen that the best 2-CUSUM stopping time in the class of
modified drift 2-CUSUM harmonic mean rules is given for the choice of parameters
2 — p1 = 2(up — 1) as this is the choice for which (6.182) holds. In [101] it is
also shown that the best among all modified drift 2-CUSUM stopping times satisfies
p1 = 1, which implies pp = 2y — uq. It is for this choice of a 2-CUSUM stopping
time that a very strong asymptotic result holds. This is summarized in the next theorem,
a proof of which appears in [101].

THEOREM 6.27. The difference in the detection delay between the optimal modified
2-CUSUM equalizer stopping time with p1 = 1 and py = 22 — i1, and the globally
optimal stopping time is bounded above by a quantity that tends to 0, as the false alarm
constraint y increases without bound.

Comments on the false-alarm constraint

In this section we comment on the false-alarm penalty used in the min—-max formula-
tions discussed and solved in this chapter. In particular, these formulations involve a
minimization of a penalty for detection delay subject to a lower bound constraint on
the mean time between false alarms, as opposed to a constraint on the probability of
false alarms. In particular, the CUSUM stopping time is optimal in the sense of Lorden
as discussed in Sections 6.2 and 6.4, and the Shiryaev—Roberts—Pollak stopping time
enjoys asymptotic optimality as the mean time between false alarms tends to oco. It is
only the Shiryaev (Bayesian) solution that minimizes the detection delay (6.172) with
respect to a constraint in the probability of false alarms (6.171).

The equivalent of the constraint (6.171) in the min—max setting would be to require
that P(T < k) <a € (0,1), forall k = 1, .... This is further equivalent to requiring
that sup, Px(I" < k) < «, which can be seen as Poo (I’ < 00) < « (see for example
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[207]). Unfortunately, this constraint is very restrictive for both the CUSUM and the
Shiryaev—Roberts stopping times. To see this, let us denote by 7, the CUSUM stop-
ping time and by ThSR the Shiryaev—Roberts stopping time. Since Exo{7}} < oo and
Eoo{ThSR} < 00, we have that Poo (T, < 00) = Poo(ThSR < 00) = 1 (compare Sections
6.3 and 6.4 and equation (6.168)). So, a direct false-alarm constraint is meaningless in
these formulations.

However, there are ways in which we can treat the problem

1IT1f Jsrp(T') subject to (6.189)
Poo(T < 0) < «,
where Jsgrp is the Shiryaev—Roberts—Pollak delay penalty.

For example, to guarantee the condition Poo(7T < 00) < «, one can consider a
modification of the usual CUSUM and Shiryaev—Roberts stopping times with strictly
increasing curved boundaries as opposed to the usual fixed threshold. In [43] it is seen
that, although with such modifications the desired probability of false alarm constraint
is satisfied, the conditional average delay time Ex (T — k|T > k) increases as O (logk)
as k — o0. Therefore, under this constraint neither minimax nor uniform solutions
are feasible asymptotically as « — 0 [207]. An alternative solution to this problem
is to consider a constraint on the local conditional probability of false alarms. That is,
we require sup; Poo(k < T < k+d + 1|T > k) < o for some window d, which
may go to oo at a certain rate. Then the CUSUM and Shiryaev—Roberts stopping times
have uniformly asymptotic optimality properties. That is, they minimize Jsgrp (see for
example [128,129,206]). A further approach, based on dynamic sampling, has been
proposed by Assaf and others ([9-11,223]).

Discussion

In this chapter we have examined the problem of quickest detection in the case in which
the change point is modeled as an unknown constant, rather than as a random variable.
We have introduced various performance criteria for stopping times meant to detect
such a change in distribution. Particular attention has been focused on the performance
criterion of Lorden with respect to which we have proved optimality of the CUSUM
stopping time both in the case of a discrete-time model and in the case of a Brownian
motion model. We also have proved optimality of the CUSUM stopping time tuned
to detect the smallest (in absolute value) drift in the case of a one-sided change of
unknown magnitude in the drift with respect to an extended Lorden criterion. It is with
respect to the same criterion that we also presented two asymptotic optimality results
for two carefully chosen modified drift 2-CUSUM stopping times in the case of two-
sided alternatives. The CUSUM has also been seen to be optimal with respect to a
generalized Lorden criterion motivated by the Kullback—Leibler divergence in the case
of more general continuous processes, namely It0 processes.

In this chapter we have also described the celebrated result of Lorden on the asymp-
totic optimality of the one-sided CUSUM stopping time. Moreover, we have examined
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the connection between the Bayesian solution of Chapter 5 and a min—max solution
to the problem of quickest detection with respect to a delay penalty known as the
Shiryaev—Roberts—Pollak criterion. Finally we concluded by mentioning briefly sev-
eral non-Bayesian approaches based on a penalty on false-alarm probability, rather than
mean time between false alarms.
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Introduction

In Chapter 4, we considered the problem of optimally deciding between two hypothe-
ses on the state of the environment given a constant cost of sampling for each additional
observation. Within each of these two models the data are homogeneous; that is, the data
obey only one of the two alternative statistical models during the entire period of obser-
vation. In Chapters 5 and 6 on the other hand, we considered the problem of optimally
detecting an abrupt change in the mechanism generating the data from one regime to
another. In this chapter, we examine several generalizations and modifications of these
basic sequential decision-making problems, in which various of the assumptions are
relaxed so as to provide more practical solutions.

We will first address the problem of decentralized sequential detection. In this setting
information becomes available sequentially at distinct sensors, rather than at a common
location, as in the models considered in the preceding chapters. In general, these sensors
communicate a summary message to a central fusion center (which may or may not also
be receiving information on its own), which must ultimately decide about the state of the
environment. Various sensor configurations are possible for decentralized detection. See
for example [215]. One of the main advantages of the decentralized setting over its cen-
tralized counterpart is the reduced communication requirements of such a configuration.
This comes as a result of the fact that each sensor transmits only a quantized version
of its message to the fusion center, which requires transmission of only a few bits of
information, whereas transmission of the original observations in total require consider-
ably greater communications resources. Of course, the main disadvantage is that in the
decentralized setting the fusion center must base its decision on less information, which
may result in reduced performance.

We will then revisit the problem of quickest detection in the situation in which there is
uncertainty in the post-change distribution. However, unlike the cases treated in Chap-
ters 5 and 6, here we consider more general types of uncertainty, leading to procedures
for robust and adaptive quickest detection.

We finally examine the problems of sequential detection and change-point detection
in the case of discrete-time processes with dependent observations. We first identify the
special dependence structures for which we can extend the optimality for the CUSUM
stopping time in the change-point detection problem. We then introduce a special
class of discrete-time processes that exhibit local asymptotic normality and present
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techniques for the solution of the problems of sequential and quickest detection for
observation processes in this class.
Note that all of the results in this chapter are presented in a discrete-time setting.

Decentralized sequential and quickest detection

We begin by considering two possible configurations of a decentralized system.

(1) Each sensor sends a sequence of summary messages to a fusion center, where a
sequential test is carried out to determine the true hypothesis.

(2) Each sensor first performs a sequential test based on its observations and arrives at
a final local decision; these local decisions are then used for a common purpose at
a site remote to all sensors.

For simplicity of exposition, we consider the case of two sensors, which we will
denote by S; and S». At time k sensor S; makes an observation Z,E’) , and forms
a summary message Uk(i) of the information available for decision at time k at the
specific sensor. The message of each of the mappings U,fi) takes on one of a finite
set of values and, to simplify matters further, we consider the set {0, 1}. In general,
two-way communication is allowed between the fusion center and each of the sensors
(see Figure 7.1).

In the first of the above two cases, there are many possible structures for information
flow, but tractability becomes an issue with some of them. (See [218].) For this reason
we consider a particular structure for the flow of information that admits a dynamic
programming solution to the optimal sequential decision problem. In particular, let us
suppose that at each point in time &, the fusion center has access to quantized informa-
tion of the sensors. The sensors however, base their decisions about how to quantize the
new observation Z ,Ei) not only on this observation itself but also on information that the

{ZzM {2

feedback information

Uk(1) Uk(2)

fusion
center
(T,0)

Communication model.
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fusion center has sent to them at the previous time step kK — 1. This information, in par-
ticular, is the quantized decision of the other sensors. To formalize this model, consider
the o -algebra generated by the quantized information, i.e. let

Ti=o Ul Ui <k,

with its corresponding filtration {Zy; k = 1, ...}. Then the local decision function is a
mapping'

¢ 1R x ({0, 1} x {0, 1} — {0, 1), (7.1)
and the corresponding local decision is then of the form
U =6z T,

The fusion center makes its decision based on the filtration {Z;; k = 1, ...}.

In the second case, each sensor first performs a sequential test on its observations and
arrives at a final local decision. Subsequently the local decisions are used for a common
purpose at a site possibly remote to all the sensors. In this setting, since the decisions of
the individual sensors are used for a common goal, it is natural to assume that decision
errors are penalized through a common decision cost function. The choice of the time
penalty is, however, not as unambiguous. If we are concerned with processing cost at the
sensors, then we associate a positive cost with each observation taken by each sensor.
On the other hand, there may be situations in which we may wish to limit the time it
takes for both decisions to be available at the remote site. In this case it may be more
reasonable to associate a positive cost with each time step taken by the sensors as a
team.

We now turn to the development of optimal solutions in these two cases.

Decentralized sequential detection with a fusion center

Consider the measurable space (2, F) = (]R<>Q x R, B*® x BOO). Sensors S| and S
receive observations {Z,El); k=1,2,...} and {Z,Ez); k =1,2,...}, respectively. This

suggests the introduction of two filtrations, namely {]—',fl); k=1,2,...} and {.7-',((2); k =
1,2, ...}, where

(1 _ (1 €]
A =olz.... "), (7.2)
and
(2) _ (@) 2)
P =olz?... 7). (7.3)
! Please note a subtlety here: we are assuming that the sensors store only their past local decisions (and

those of the other sensors as received from the fusion center), but not their past observations. This models a
situation in which local memory at the sensors is limited.
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There are two hypotheses about the state of the environment, Hy and H;. The prior
probability that the latter is true is 77 while the prior probability that the former is true is
1 — . Conditioned on the true hypothesis being H;, the Z ,Ej )3 are assumed to be i.i.d.
with marginal probability density® g;. Moreover, under either hypothesis, the Z ,El) ’s and
Z; ) are independent. As noted above, each of the sensors §; at each time step k sends
a quantized version U,fj ) € {0, 1} of its observation Z,(Cj ).

The fusion center devises a sequential decision rule (7', §) (as in Chapter 4), compris-
ing a stopping time 7 adapted to the filtration {Z}; } and an Zr measurable §7. We denote
by 7 the class of all T described above. At each time step k the flow of information is
described in the following list.

(1) Attime k — 1, the fusion center sends updates to the sensors of all the quantized
information that it has gathered from the sensors.

(2) Each of the sensors S; receives a new observation X,(f) and uses this observa-
tion along with the information received from the fusion center (Zx_1) to make
a decision on whether to send a O or a 1 to the fusion center, through the function
¢y of (7.1).

(3) The fusion center then, based on the new information summarized in Z; makes the
decision on whether to stop sampling and declare that either H; or Hy is true, or to
continue sampling.

This flow of information is seen in Figure 7.1 and justifies the introduction of the
above-described augmentation {Z; j } of the filtrations, where I,f =o{Uy,.... U Z, G )}
contains the internal information available at sensor S; at time step k excluswe of
feedback from the fusion center. We also introduce the following probability measures.

(1) The measure P; = 7 P + (1 — ) Py, where P; denotes the probability measure
on (£2, F) describing the observations under H;, for j = 0 and 1.

(2) The conditional measures POI k and PII k restricted to the filtration {Z;}, under which

the conditional joint probability mass functions of the observations (U Ig_)l, U lgi)l)

k=1,2,... given Z; are denoted by ‘10 ¥ and ‘11 .

(3) The conditional measures {P] } on the augmented filtration {Z, /. 1k=1,2,...}for
j=172.

Similarly to the formalism of Chapter 4, decision errors are penalized through a cost
function C(§, H), for which C(0, Hy) = C(1, H;) = 0, while C(0, H;) = ¢ and
C(1, Hy) = co. Also each time-step taken for detection is penalized by a constant
amount c.

The system described above features full feedback but local memory is restricted
to past decisions. This structure facilitates the use of dynamic programming to find
optimal sequential solutions. More specifically, the fact that the information available

2 For simplicity of exposition, we assume that the two sensors are statistically identical; i.e., that the obser-
vations have the same distribution at both sensors. The more general case in which the sensors are not
statistically identical, is treated in [218].
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at all the sensors and the fusion center (one-step delayed) is the same, and the fact
that the final decision depends only on the sensor messages makes this possible. For
a discussion of other decentralized systems and the difficulties arising by considering
different information flows, please refer to [218].

The objective now becomes to minimize the total Bayes cost

Eq;{cT +C(, H)} (7.4)
over all (T, 6) and {¢,E'/ )}. Note that the dependence on ¢,Ej )
information structure Zy.

Similarly to Proposition 4.1 we have the following result.

is implicit through the

PROPOSITION 7.1. For any T in T and any set of local decision rules {qb,ij)}, we
have

irslfC((S, H) = Ez{min{c 77, co(1 — 7r)}},
where the sequence my = P, (H = H1|1y) is defined through the recursion

Lk oy (D) 2)
gy Uiy Uy

7'[k+1 = T 7 N (75)
e U UG + (1= m0ag" (UL U2
and the terminal decision rule
1 ifmr > co/(co+c1)
Sy = 7.6
! { 0 ifmr <co/(co+cr). (7.6)

Proof: Equation (7.5) follows by a simple application of Bayes’ formula. Note that in
this case,

k T 1 2

. {dPl Ik}_ Moiay WV U
P T = T ] 2 T 1 2.
apy T aa O U+ =m e G U

Using this fact and steps similar to those used in the proof of Proposition 4.1, the result
follows. |

From the above proposition one immediately realizes that the 7;’s do not necessarily
form a Markov process with respect to the filtration {Zj}, unless of course we can show
that the 741 s depend on Zy only through . The value of m;_1 depends on the choice
of the decision functions ¢i(1) fori = 1,...,k+ 1, and ¢i(2) fori =1,...,k+ 1.
This fact raises the question of what is the optimal choice of the local sensor decision
functions.

To find the structure of the optimal local sensor decision rules, we begin by fixing all
decision rules (including (7, §)) except ¢,§1) for some k < oo.

We can rewrite the expectation in (7.4) in the following way:

Er (e +C@: ) = EY* B (et + Co: 1)1 7L 7P|
= EME, (eT + C(5; H)|H)},
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where the second equality follows from the conditional independence of the observa-
tions at each sensor and across sensors given the true hypothesis. The outer expectation
is taken with respect to Z;_1, because the respective local decision functions are fixed.
The result of the inner expectation is a function that will depend on ¢,El)(Z (1); Ti—1),
Tk—1, and the true hypothesis H, say K(¢,£1)(Z(1); Ti—1),Ir—1, H).

On substituting the above into (7.4), we have the criterion

inf E3{ K@ (2" i) T 1) (7.7)
P

or equivalently,

. 1 1
inf EMK @ (Z"; Ti1), Ti—1, Ho) PY¥(H = Hp)
b

+K@" 2z Ti1), Taor, H)PYR(H = Hy)). (7.8)

Minimizing the above expectation is equivalent to minimizing the quantity inside the
expectation a.s.

Now, qb,ﬁl) can take only the value O or 1. Therefore, finding the minimum in (7.8) is
equivalent to comparing the following two quantities:

(1) K(1,Zy—1, H) PM*(H = Ho) + K(1, Tj—1, H)P}*(H = Hy); and
(2) K(0,Z4—1, Ho) P1*(H = Hp) + K(0, Zy—1, H)) P}*(H = Hy),

and choosing ¢,§1) = 1 if the former is smaller than the latter while choosing ¢,£1) =0
if the latter is smaller than the former.
This gives rise to the following person-by-person (see [215]) optimal local deci-
sion rule:
) | if PSH=H) _ K(LTe H) =K ©.Ty1.Hy)
¢k — P,i'k(H=Ho) K0, Zy_1,H))—K(1,Zy_1,Hy) . (7.9)
otherwise

From Bayes’ formula and the conditional independence of Z ,ii) from Z;_; given the
true hypothesis, it follows that’

a1 (Z)m

Pél,k)(H =H) = o) D , (7.10)
q1(Z; k-1 + qo(Z, (1 — 1)
and
(Z{)(1 = mey)
PUD(H = Hy) = — 40°Zk (1)"*‘ . (7.11)
qi(Z; )mk—1 + qo(Z; )1 — mi—1)
Substituting (7.10) and (7.11) into (7.9), we obtain
: (D 1—m K(1,Z_1,Ho)—K(0,Zy_1,Hp)
o) = U fL(Z) > 2 RO AD—K (LT i) (7.12)

0 otherwise

where L = q1/qo is the local likelihood ratio.

3 Note that each sensor knows 73— at time k, through the feedback from the fusion center.



180

Additional topics

In other words, the structure of the optimal local sensor decision functions is

. 1 1
g _ ] 1 Lz > 2" @) (.13)
k 0 otherwise

for a threshold that, for each k, depend on Zj_, through the function K.
Using (7.13), and the conditional independence of the observations across sensors,
we can rewrite

O] (2 1 6))
Pj(Uk+1 > Uk+1 |Ik)Pj(Uk+1 |Ik)Pj(Uk+1 1Zi)
2 i i
0) 0] Ui 0) 0) 1=Uh
=[1[PiaEiy =l @] 1= Py = A @]
i=1
(7.14)

for each j = 0, 1. Using (7.14), (7.5) becomes

(D 2 4@ (2)
et = 81U U Mg M)
B () 2 5@ (2) (1) 2 M 2y’
81 Wigrs U Mep Mip) + (=) go Uy Uy My M)
(7.15)
where

2 0
4 . U
1 2 1 2 k1
81(U1§+)1v U1§+)1’ )‘l(c—‘:l’ )\l(c-zl) = I I[Pl (L(Z]((l_")_l) > ’\l(cl}rl(zk))] '
i=1
@) (i) 1-sz21
<[Py =il @n]

k+1 k+1
and

2 ' ' y®

gO(U/SEl’ Ulﬁ)l’ )‘l(clil’ )‘/(c2+)1) = 1_[ [PO(L(Z/(;J)A) = )‘/(clJ)rl(Ik))] o

i=1 .

_Uk+|

. . 1
x [PO(L(Z,E’L) < x,ﬂ’ll(lk))]

We now wish to show that the optimal thresholds Axy1(Z;) depend only on 7.
To this effect we consider the problem of minimizing the expected Bayes cost
E; {cT + C(8, H)} over the finite horizon [0, t]. In other words, in this finite hori-
zon problem, the fusion center is obliged to stop and make a decision by time 7, which
implies that T can take values only in the set {0, 1, ..., t}. Let us denote the minimal
expected cost to go at time k by J;7 (Zy). It is obvious that

(1) For {T = t}, we have J;(Zr) = min{ci P, (H = H|Ir), coPr(H = Hy|I7)};
and
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) For {T =kl k=0,1,...,7— 1,

c1Pr(H = Hi|I7),

JF (Zx) = min coPr(H = Hol|Zr), : (7.16)
c1nf¢£2]’¢$] Ex {J7 T DI Ti )

Notice that the interpretation of (7.16) is fairly straightforward. The first term is the cost
of stopping at time k and deciding in favor of hypothesis Hj. The second term is the
cost of stopping at time k and deciding in favor of hypothesis Hy. Finally, the last term
is the cost of continuing to sample. As usual, the constant c reflects a cost of ¢ units
for each additional sample. In connection with this cost function we have the following
result.

PROPOSITION 7.2. The function Jkr (Zy) depends on Iy only through my for all 0 <
k < t, and the optimal sensor thresholds at time k 4 1 depend on Iy only through my.

Proof: It is obvious that the claim holds for {T = t}. We will prove the result by
induction. Suppose that J;© 1 @rr1) = JE +1(k41). Then from (7.16), it suffices to

show that for a given choice of A,ﬁ:ﬂl and )L,gg] E, {JkT+1 (nk+1)|Ik} is a function only
of 7. We have

1 2
Ey {J]:+1(ﬂk+l)|zk} = WJkTH()»](CJi], )‘I(c+)l; k),

with

1 1 .. (1) 2)

O L@ . [ TR&GL T A s A
Wy i =YY ( X A(mk. g1 80)-
k1Y k10 k41 k+1
pr s A7y, g1, 80)
(7.17)

where

.. 1 2 .. 1 2
A(r, g1, 80) = kg1 Gy jo A A2 ) + (L= 7 g0ty i AL ACLD.

Therefore, whichever the pair of optimal ()\,({1_&1, A,(CZJ: 1) is, it will depend on Z; only
through 7. That is, if the inductive hypothesis holds for j = k + 1, it also holds for
j = k, and thus by induction for all j = O, ..., r. This completes the proof of the
proposition. |
REMARK 7.3. As aresult of the fact that the optimal pair {)\,(:J:l, )»l(ﬁl} depend only on
7k, we have that the sequence {;} is a Markov process with respect to the filtration Z.

Our problem however, is one in which the restriction of a finite horizon is removed.
That is we need to make sure that lim;_, o Jkr exists. If it does, then this limit will be
the value function of our original problem. We first notice that, for all k, J;/ . Ji.
Moreover, due to the i.i.d. nature of the observations, the value J, kt is time-shift invari-

ant. That is to say, J,::ll = ka . Therefore, lim;_ oo ka is independent of k. Hence the
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limit exists and we have that lim; o J{ = inf;., J; = J. Taking the limit in (7.16)
we have that J satisfies the Bellman equation:

J(m) = min{cim, col — ), c+ W00, 0@ 1)), 0<7 < 1. (7.18)

In what follows we will establish the uniqueness of this limit. This will in turn establish
the uniqueness of the optimal pair (A, 1)),

PROPOSITION 7.4. Suppose f () = inf{c 7, co(1 — 7)}. Define the operator Q as
follows:

Qh(r) = min{f (), inf W, A1, 2® m)}.
(A 12y

Then, J is the unique fixed point of the mapping Q.

Proof: Let g be a fixed point of the operator Q, and choose the pair (A(l), k(z)) so that
the minimum in Wg (WD, 2@ | 1) is achieved. Define 7 through the recursion (7.15),
with n(()l) = 1. Now define a stopping time S and a fusion center decision rule g, in
the following way:

S = inf{k| f (mx) < ¢ + WV, 0@ 1)), (7.19)
and

55— { 1 ifepme = co(l —mp) (7.20)

0 ifcime < co(1 — mp).
From (7.19) and the fact that g is a fixed point of Q, we obtain

g(m) =c+ Ex {g(m1)|Zo}
g(m) =c+ Ex {g(m)|11}

gmy—1) =c+Ex {g(nn)ﬂ-nf]}

and

g(ms) = f(mws).
Substituting backwards and taking expectations, we obtain, for 0 < 7 < 1,

gm)=E;{cS+ C(Ss, H)} > Tlng_E {cT + C(67,H)} = J ().
€

To show the reverse equality, we note that for any 7 € [0, 1] we have that

() < f(r) = JE(m), V.
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Now we fix t for some integer m < T — 1, such that J,ZH > g(m), forall0 <7 < 1.
Then, forO <nw <1,

JI(r) =min{f (), c+ inf W} D 1P 7))
mn A @ It

> min{f(r).c+ inf W7D, AP 7))
A 12

= g(m).

That is, the inequality holds for m as well, and by induction it holds for every m € [0, t].
That is

Ji(m) = g() forallt > 1, and k < 7.
Fixing k and taking the limit as T — oco,we obtain
J() =z g(m), 0=m = 1.
This establishes the uniqueness of the fixed point and the proposition. ]

As a consequence of Proposition 7.4, the uniqueness of the optimal pair of thresholds
(AW 1@} is established.
Fix {A(", A} at their optimal values. Then, for 0 < 7 < 1,

J(mr) = il;f E; {min{cimr, co(1 — 1)} + T}
= inf E; {cT 4+ C(5, H)}. (7.21)
(T,9)
From Proposition 7.1, it is evident that the function C (8, H) is linear in 7. Of course,

we can also write E; {¢cT} = wE 1 {cT}+ (1 — m)Eo{cT}. Thatis, J is the minimum
of linear functions of 77 and therefore is concave. Moreover from (7.21), it follows that

0 < J(m) <min{cim,co(l1 —m)}, 0<m <1,

where the inequalities become equalities at 7 = 1 and 7 = 0.

Using the Markov optimal stopping theory of Chapter 3, in view of Remark 7.3, or
arguments similar to those used in Chapter 4, it follows that the optimal stopping time
for the fusion center is of the form

Topt = inf{k| min{cy7mg, co(1 — mx)} = J (7wx)}. (7.22)
The concavity of J therefore implies that the optimal stopping time is
Topt = inf{k|my ¢ (7, 70}, (7.23)

where
1
nL:sup{Osﬂfi'J(n)zcln}, (7.24)
and

nU=inf{%fngl‘l(n)zco(l—n)}. (7.25)
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Finally, the optimal decision rule at the fusion center is

(7.26)

8 — 1 ifme >my
k 0 ifm <.

Thus, (7.23) and (7.26) define the fusion center’s optimal sequential decision rules,
while the optimal local decision rules are given by (7.13) with thresholds depending
only on 7.

Decentralized quickest detection with a fusion center

In the previous section, we considered the decentralized version of the sequential detec-
tion problem of Chapter 4. In this section we consider a decentralized version of the
Bayesian quickest problem of Chapter 5 for the situation in which there is feedback
from the fusion center. So, as before, at each time step the sensors receive new observa-
tions sequentially and they also receive information accumulated by the fusion center as
feedback from the fusion center. At some unknown change point ¢ the statistical behav-
ior generating the sensor observations changes abruptly. The fusion center, based on
information that it receives from the sensors, wishes to detect this change as quickly as
possible while maintaining a low probability of a false alarm.
To formalize this problem we consider the measurable space

(Q,F) = (R® x R® x N, B* x B® x By),

where A/ denotes the non-negative integers, and Bs the o-field consisting of all sub-
sets of V. As before, sensors S; and S, make observations {Z,El); k=1,2,...} and

{Z,Ez) ik = 1,2, ...}, respectively. The change point 7 is a random variable, and con-
ditional on {tf = k}, the random variables Z%j ), e, Z](CJ_) | are i.i.d. with marginal

distribution* Q¢ and density go and Z,(Cj ), ..., are i.i.d. with marginal distribution Q1
and density ¢;. As before, we assume that the distribution of the change point ¢ is as
follows: P(t = 0) = 7 and P(t = k|t > 0) = p, k = 1,2, ..., where = and p lie in
[0, 1]. Moreover, it is assumed that the observations at each sensor and across sensors
are independent conditioned on the value of the change point.

The flow of information is summarized once again, in Figure 7.1. In other words, at
each time step k the sensors send quantized information to the fusion center through the
decision functions ¢’kl as in the previous section, which take values in a finite alphabet.
For simplicity of exposition we again assume in this case that this is the set {0, 1}. The
fusion center then makes a decision through a stopping time 7 as to whether to stop
sampling and declare that an abrupt change has occurred, or to continue sampling. In
the latter case, it sends the information summarized in Z; back to the sensors which

after receiving their new observations Z,ﬁlﬁl and Z,gl, respectively, send new binary

messages to the fusion center, through decision functions q),g Iy

4 We again assume, for convenience, that the sensors are statistically identical. The more general case of
non-identical sensors is treated in [218].
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It is up to the fusion center to stop and declare that a change has occurred based on
the quantized observations it receives from the sensors, that is, through the filtration
{Zx}. More specifically, let 7 again denote the set of all stopping times with respect to
the filtration {Z;}, D denote the set of all decision functions {¢>,El) , ¢>152) ;k=1,...}and
Q(j ) denote the vector of decision functions used by sensor S j» j = 1,2. Then, as in
Chapter 5, we are interested in finding a stopping time that minimizes a weighted sum
of an expected delay and the probability of false alarms. That is, our objective is to solve
the following stochastic optimization problem:

inf [P(T <)+ cE{(T—1t+1DT}]. (7.27)
TeT (oD, 9P eD)
where the choice of a stopping time of the fusion center depends on the choice of the
sensor decision functions as defined in (7.1) through the filtration {Z}.
To solve (7.27), we begin with the following preliminary result.

PROPOSITION 7.5. Suppose that E {T} < 0o and define the sequence {my} by mp =
P(t <k|Zy) forall k=0,1,.... Then

[ + (A —m)pl B

T e A —mopl B+ 10— p( — 70l C 728
where
B=PWU., U\t <k+1,T;)
and
C=PUL. Ut > k+1,Tiy).
Moreover, for each T € T we can write
T
[P(T<t)+cE{(T—t+1)+}]=E{l—nT+an}. (7.29)
m=0

The proof of Proposition 7.5 mimics the proof of Proposition 5.1. The validity of
(7.29) similarly does not rely on the specific choice of an exponential prior for 7.

Proof: For every stopping time 7', we have that
P(T <t)=E{lyr<y} = E{l —nr}. (7.30)

Since T can take only countably many values, the above equality holds for every T.
Now, it remains to show that

T—1
E{(T-r)ﬂ:E{an}. (7.31)
m=0

‘We can write

E{(T —1n"} = E{Dr}, (7.32)
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where
Dy =E{(k-0"|T}. (7.33)

We have
k—1
Di=Y (k—mP(t=m|Ty)

m=0
k—1

=) P(=m|T

m=0
k—1

=Y T+ M., (7.34)
m=0

where
k—1
Mk=Z[P(zgm|zk)—n,n],k=1,... (7.35)

m=0
Consider the sequence {My}. Since Zy_| C Zj, the iterative property of conditional
expectation (2.31) implies that
E{P(t <m|T)| Tx—1} = E{E { 1y=m)| T }| Zu—1}
= E {ly<m)| Te1}

=P (t <m|Zy—y). (7.36)
Similarly, since Z,, C Zy—1, m =1, ...,k — 1, we have
E{P(t <m|Ty)|Lln} =mm,Vm < k. (7.37)
Thus,
E{Mi|Zx—1} = My—1, (7.38)
and so { My} is an Z;-martingale.
Now consider the quantity
o
M= (1-my)—t. (7.39)
m=0
Since,
k—1 k—1
E{Z(l—nm)} =Y P(t>m) 1 E{t} <o, (7.40)
m=0 m=0

it follows from Fatou’s lemma that E{|M|} < 2E{t} < oo, and thus that M is an
integrable random variable. On writing,

oo
1= lism), (7.41)
m=0
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we have
oo
M = Z [1—7m — Liy=m], (7.42)
m=0
which by dominated convergence has conditional expectation

oo
E{M|Zi} = Y [E{P(t>m|T)| T} — P (t > m| )]
m=0
k—1
= Z[P(t>m|Im)—P(t>m|Ik)]:Mk, (7.43)
m=0
where the second equality follows from the fact that 7, C Z,,, m > k, and the iteration
property of expectation. Thus, { M} is also regular, and so optional sampling (compare
Section 2.3.2) implies

E{My} = E{My} = 0. (7.44)

Since D = 251_:10 T + My, (7.29) follows. Again we note that, to this point in the
proof, we have used only the finiteness of E{¢} and not the detailed structure of the
exponential prior. Thus, (7.29) is a more general result.

To prove (7.28), we notice that from a straightforward application of Bayes’ formula
it follows that
Pt <k+1|Zy)B
Pt <k+1|Z))B+ P(t > k+ 1|Z})C"

Tk+1 =

Using the above equation and the equality we have

Pt =k+1|Zx) = P(t < k|Li) + P(t =k + 1|Zk)
=Pt <kli)+ Pt =k+ 1Ly, t =k+ 1Pt >k+ 1|Zy),

the result follows. |

Using arguments similar to those in the previous subsection, we can show that the
person-by-person optimal sensor decision functions take the form

» - Dy _ 5 ®
o = [ 1@ > @ } (.45

0 otherwise

where L = q1/qo and the )\,(:) (Zk—1)’s are decision thresholds to be chosen optimally.
We wish to show that the dependence of the optimal thresholds on Z;_; is only through
mi—1. To this end, we proceed along the lines of the previous subsection and consider
the finite horizon problem of minimizing the expected Bayes risk given that we cannot
stop beyond the interval [0, 7]. Let us again denote by J;7 (Z;) the minimal expected
cost to go. Then we have the following conditions.
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(1) When {T = t}, we have J;(I7) = 1 — 7.
(2) When{T =k}, k=1,...,7 — 1, we have

JE(T) = min { 1 — mi, ey + (linf(z) E{J @) T} ¢ - (7.46)

)
1Pt

Notice that the interpretation of (7.46) is fairly straightforward. The first term is the cost
of stopping falsely (that is, when ¢ > k) at time k. The second term is the cost of not
stopping at time k when in fact ¢+ < k, and sampling continues. The argument on the
dependence of the optimal pair of thresholds 02r; 7y follows by induction and by noticing

that for any given pair of thresholds {)\](;21, )»,(C b

1 2
E{JF o) T} = WGl 1 a2 mo,

where

.. 1 2
L (et (= moplen (i 240043, )

1

1 2
Wiy il my =330
i=0 j=0

C(mk, p, &1, 80)
x C(mk, p, g1, £0),
with

2 . B

i=1
for j =0, 1 and

.o 1 2
Ce, p, 81, 80) = [k + (1 — ) pl &1 (l, Js A,({ﬁl,k,ij,)

.. 1 2
+ (1= o)1 =mgo (i 4 A7 )

2)

M
A )LkJr

k1> 1} that depends on

Therefore, the minimum in (7.46) will occur for a pair {
T only through .

Letting 7 tend to infinity, and using arguments similar to those used in the previous
subsection, it follows that the minimal cost does not depend on k from which it further
follows that the optimal pair of thresholds corresponding to the local decision functions
do not depend on k either. In fact the optimal local decision function thresholds consist
of the unique pair {A(l), A(z)} for which the minimum of Wj;(A{, A», 7r) is achieved,
where J is the unique solution to the equation

J () = min {1 —m,cm + inf Wj()\,(l),)»(z),ﬂ)} ,0<m <l
(A 22

REMARK 7.6. As aresult of the fact that the optimal pair {)L,(Cl), )\](62) } depends on i1,

we have that the sequence {mrz} is a Markov process with respect to the filtration {Z}.
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Once the selection of the optimal pair {A", A(?)} is done as described above, we note
that for fixed 7 we have

P(T<t)+cE{(T-0Dt}=0—-m)[P(T <)+ cE{(T —0)*}] + cn E({T},

where subscripts refer to values of w under which the corresponding quantities are
computed and from which it follows that J is a concave function satisfying

0<Jnm)<l—m O0<m <.
In view of Remark 7.6, it follows that the optimal stopping time for the fusion center is
Topt = inf{k|J () = 1 — i} (7.47)
From the concavity of J, it now readily follows that (7.47) can be rewritten as
Topt = inflk|my > 7}, (7.48)

where 7* = inf{m|J(7) =1 — 7}.

It is worth recalling at this point that in this analysis it has been assumed that the
change point 7 is a random variable. Other approaches have been developed under which
the assumption that 7 is an unknown constant is used. Please refer to [64], [145], and
[153] for discussion of these cases. As an example, in [145] it is shown that a monotone
likelihood ratio quantizer (MLRQ) is asymptotically optimal as the frequency of false
alarms tends to oo.

Decentralized sequential detection without fusion

In this subsection, we turn to the problem of decentralized sequential detection in the
absence of a fusion center. More specifically, in this setting the final decision about the
state of the environment is made locally by the sensors and not at a fusion center. To
formalize this problem, consider a random variable that represents the true hypothesis
H about the state of the environment. This random variable can take the value H; with
probability w and H( with probability 1 — 7.

Each of the sensors S; and S, receives a sequence of observations {Z,El)} and {Z,Ez)},
respectively. Under each hypothesis, the sequences {Z,(([) } are i.i.d. and are independent
of one another. The observations at sensor i are assumed to have marginal probability
density functions’ q;’), given hypothesis H;.

The probability space of interest here is (2, F) = (R*® x R®, B> x B%°) equipped
with the probability measure P = w Py + (1 — )Py, where P; = P](l) X Pl(z) and
Py = PO(I) X Péz) and where P;l) and P]Q) denote the restrictions of P; to the filtrations

> Note that here we do not make the assumption of identicality of the sensors, as they largely operate
autonomously in this formalism.
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respectively. Each of the sensors S; devises a sequential decision rule (7@, §®) as
described in Chapter 4. Furthermore, we introduce a cost function C (8", §; H) that
represents the cost of making a mistake in none, either or both of the decisions made by
the sensors. We assume that

C0,8%: Hy) > €(1,8%; Hy),
C(1,8%; Ho) = €(1,8@; Hy),
Cc(1,89; Hy) > C(0,8%; Hy), and
C(0,8%: H)) > C(0,8?; H)).

It is further assumed that similar inequalities hold for (1. The above set of inequal-
ities mean that at least one error is more or equally costly than at most one. Finally
it is assumed that for each additional observation a cost of c is incurred by the corre-
sponding individual sensor. This gives rise to the following Bayesian decision problem
(see [211]):

inf E {cT<1> +eT? 4D, 5@ H)} . (7.49)

{(T(l)vg(l))}

REMARK 7.7. An alternative to the above problem, in which a positive cost c is asso-
ciated with each additional time step (i.e. each observation) taken by the sensors as a
team is also of interest. The solution of this problem, which is treated in [221], can be
found using the same method as the one we use here to solve (7.49).

To address (7.49), let us consider the common structure of all person-by-person opti-
mal solutions. That is, let us fix (T®, §), possibly at the optimum. Then sensor S| is
faced with the following stochastic optimization problem:

Jor)= inf E {cT“) +cEW, 52, H)}. (7.50)
(T ,5Dy)
We note that in the special case in which cM, 8@ H)=cEW, H)+ C$?, H),
this problem degenerates to the classical sequential detection problem treated in Chapter
4. Tt is precisely the fact that the cost function is possibly coupled between the two
sensors that makes this problem interesting.

Before we proceed to the solution of (7.50), we present a sufficient statistic for its

solution, namely

7 = P(H = H|FDY), (7.51)
and note the following recursion resulting from Bayes’ formula:
(1
x = () (7.52)
1= "M M Dy, (D, N’ ’
T, 4y x)+d - T )610 (x)
with n(gl) = m. From (7.52), it becomes obvious that {n,ﬁl)} forms a Markov process

with respect to the filtration {F, ,fl) }.

To solve (7.50), we consider the finite horizon problem, in which sensor S; stops
sampling and makes a decision not later than time 7. Let us denote by J; the minimal
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expected cost to go at time k for this problem. Then we have the following dynamic
programming equation.

(1) When {T) = 7}, we have
oy =inf{Efc©. 8@ miFd | Efea s®: miFd |
(7.53)
(2) When {TV) =k}, k=1,...,7 — 1, we have

J;(l)(j‘[;l(a)) = lnf{E {C(O’ 6(2)’ H)|f;1()l)

boEfeas®miFd ).
c+ i}, (7.54)
where
i) = E{uga iFE" )

We note that Jj is the minimal expected cost for the finite horizon problem. Equations

(7.53) and (7.54) explicitly show the dependence of the minimal expected cost to go on

the sufficient statistic nk(l). This becomes evident by expanding the right-hand side of

(7.53), according to
(1) E{C.62: MIF, | = Shog oo 6@ = )C0, d: Hy)
1
x P (H - Hﬂf}&) ,
@ E{C.6P: HIF | = Tisg Xjog P06 = dC(L.d: Hy)
1
<P (H = H;|F}0,).
and using (7.51). The same holds true for (7.54), as we see from the relationship
EfstmaniA | = / T @ [7a @ + (1 = 7"ag" 0] d.
Regarding J;7 and C}, we have the following result.

PROPOSITION 7.8. J; and C; are concave functions of w on [0, 1].

Proof: We have that J is the pointwise minimum of two linear functions of 7 and
hence it is concave. Now suppose that Ji', | is a concave function of 7. Then it can be
written as inf; (a;w + b;) for some a;, b;, i = 1, 2, . ... With this representation we have
that

cr V) = /irl_lf(ain,ﬁfl b)) [n,ﬁ”q{”(x) +(1— n,§1>>qgl><x)] dx
= / inf [ (@ +b07"g{" )+ bi(1 = 7")gf (0] dx.

Consequently, C; is a concave function of 7, as is J;7, and by induction the claim holds
true for every k < t. This establishes the proposition. |
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We further have the following preliminary result.

PROPOSITION 7.9. Define f (") = min{E {C(O,S(z); H)|J-‘,f”} E{C(, 8@,
H)|]-',£l) } } Then the following inequalities hold for allk =0, ..., T.

f(0) < ¢+ Cp(0), (7.55)
and
f) <c+Cp(D). (7.56)
Moreover,
JEm) < S, (@), 0<m <1, (7.57)
and
Ci(m) <Ciy (m), 0<m < 1. (7.58)

Proof: The proof of (7.55) and (7.56) follows by the definitions of the respective func-
tions and induction. For the monotonicity results of (7.57) and (7.58), we note that each
of the left-hand quantities is the infimum over a larger set of stopping times than is the
corresponding right-hand quantity. This establishes the proposition. |

To solve problem (7.50), we consider the limit ¢ — oo. By following an argument
identical to the one used in Section 7.2.1, it follows that the pointwise limit of J k’ exists
and is independent of k. More specifically we have that

J(m) = lirrgo J¢ () (7.59)
T—
= inf Ji(7), 0<m <1 (7.60)
T—>00

THEOREM 7.10. The minimal expected cost to go J (r) satisfies the Bellman equation

J(r) =min{E {C(o, 5@, H)} E {C(1,5<2>; H)} ,c+CJ(7r)}, 0<m<l.

(7.61)
where®
Cijm)=E{J@}, 0=m <L
The optimal stopping time is
Tope = inflk|m” ¢ (r'"”, (), (7.62)
where the thresholds of detector 1 are characterized by
1
) = sup{O swsgletCin=E {C(o, 8@ H)}} , (7.63)
and
1
) = inf{ SSmslle+Citn) =E [C(1,5<2>; H)]}. (7.64)

6 Note that C; () depends on 7 through the dependence of E{-} on 7.
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Proof: Equation (7.61) follows by taking the limit in (7.54) and using (7.59). The con-
cavity of J follows from the fact that it is the limit of concave functions as Proposition
7.8 asserts. Inequalities similar to (7.55) and (7.56) also hold by the same token. Using
these inequalities, the concavity of C;, and (7.61), it follows that the optimal stopping
time is of the threshold type as given in (7.62), where the thresholds are determined by

c+Cir") = E {C(O, 5@ H)} ‘ . (7.65)
{r=m; "}
and
c+Cyh = E{c.s®: m) ‘{ﬁw}' (7.66)
This establishes the theorem. |

REMARK 7.11. The uniqueness of the limiting value function for problem (7.50) fol-
lows by using an argument similar to the one used in the proof of Proposition 7.4.
Moreover from (7.65) and (7.66) it is evident that the optimal thresholds nﬁl) and nél)
are coupled, and their determination requires the solution of two simultaneous dynamic
programming equations.

In the above, we have derived the optimal local decision rule for S; for a fixed value
of (T®, 8@). The globally optimal decision rule is achieved when both sensors simul-
taneously implement their individually optimal decision rule for each other’s optimal
decision rule. This globally optimal rule can be found iteratively by successively fixing
one sensor’s thresholds and optimizing the other’s via Theorem 7.10.

Ultimately, the optimal decision rules for the sensors S;, i = 1, 2, are of the following
form:

(1) accept Hy if nlgi) < nf);
(2) accept Hj if 71,5') > n[(j); or

()

@)
ko =Ty

(3) continue sampling if nlfi) <m
The thresholds (nﬁi), nl(f )) are related to the thresholds (A;, B;) of the per-sensor
SPRT’s via '
r (A-al)

A= o (7.67)

and o
1 _ L
Bi=—" (—(”)L) (7.68)
S

Notice the similarity of (7.67) and (7.68) to (4.46). See [221] for further details of
these results.

A similar approach to that described above can be applied to the problem of decen-
tralized quickest detection. In this problem each of the sensors S; receives sequentially
observations {Z,Ej )} that have a known marginal density q(()j ) for k = I,...,t —1and
qu ) for k = t,.... The change point ¢ is assumed to have a geometric distribution with
a mass at 0 as in Chapter 5. The sensor observations are assumed to be conditionally
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independent given the value of the change point. This conditional independence is valid
within sensors and across sensors. The problem that each of the sensors face is to opti-
mally select stopping times 7 (each measurable with respect to their own filtrations
F®), 50 as to detect the change point as soon as possible, while at the same time control-
ling the probability of false alarms. The objective is to minimize E {C(T"V, T@; 1)}
over all stopping times 7" and T, where

cTV, 10 = 1oy lge -y +a TP =Dz, + T —Dlre.,.

This problem is treated in [212], where it is shown that the optimal solution to the above
problem is

T = inf{k|P(t < k|F V) > 77},
and
T@ =inf(k| P(t < k|F?) > 7]},

where the optimal thresholds 7z;* are coupled through a system of two dynamic program-
ming equations. It is important to note that it is the term 1,71y ;) L7, that appears
in the cost function that couples the solution. Just as in (7.50), if we were able to write
C(TV, 7T@: 1) = C(TV; 1) + C(T?P; 1), the problem faced by each of the sensors
would be the typical change-point problem whose solution appears in Chapter 5. Again,
a treatment of this problem is found in [212].

Quickest detection with modeling uncertainty

In Chapters 5 and 6 we considered the quickest detection problem under the assumption
that the pre-change and the post-change distributions of the observations are known.
In this section we discuss strategies for handling situations in which there is a degree
of uncertainty with these distributions. We will begin, in the following subsection, by
considering the case in which this uncertainty can be modeled by introducing non-
parametric uncertainty classes within which the pre- and post-change distributions
must lie. Here, we seek change detection procedures whose performance is robust to
uncertainty within these classes. Then in Section 7.3.2, we consider adaptive quickest
detection for situations in which the uncertainty can be parametrized.

Robust quickest detection

Consider a sequence of independent real-valued observations {Z;} with the same char-
acteristics as in Section 6.2. In particular, as before, there is an unknown (non-random)
change point ¢, at which there is an abrupt change in the distribution of the given
sequence. The measurable space is (R*, B°°) and, for fixed 7, {Zy; k = 1,2,...}isa
sequence of independent random variables with Zy, ..., Z;_ being i.i.d. with marginal
distribution Q¢ and Z;, ... being i.i.d. with marginal distribution Q. So far, this is
exactly the model of Section 6.2. However, now we wish to model the situation in
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which the distributions Qg and Q are not known exactly. Thus, rather than assuming
that we know Q¢ and Q1, we assume instead that they are known only to be within
respective classes Qp and Q; of probability distributions on (R, B). For simplicity of
exposition, we will consider the specific case in which all elements of Qy and Q; have
probability density functions. That is, the Z;’s have a common marginal density gg
before the change and g; after the change. So it is not only the case that we do not know
the change point, but that we are also uncertain about which member of Qg describes
the observations before ¢ and which member of Q; does so after ¢.

Since, as in Chapter 6, we assume that the change point is an unknown constant, the
objective is to minimize the worst detection delay (i.e., Lorden’s delay penalty), while
insisting on a lower bound on the mean time between false alarms, y. However, we will
need to be more specific about what it means to achieve optimal performance when the
pair (Qo, Q1) is known only to lie in Qg x Q. Naturally, the most desirable design
procedure would be the one that minimizes the worst detection delay uniformly over all
possible pairs (Qo, Q1) € Qo x Q. Unfortunately, such a procedure does not usually
exist.

An alternative way to approach this problem is to seek procedures that mini-
mize the worst-case performance over all pairs of pre- and post-change distribution
(Qo, Q1) € Qv x Qy;i.e., to adopt a minimax approach, where the maximization
used to define J(7') now extends to the unknown distributions Q¢ and Q. As in many
such formulations (see, e.g. [120]), it turns out that this problem can be solved (at least
asymptotically) by choosing stopping times that optimize the performance for a “least
favorable” pair of distributions (Qor, Q1) € Qo x Q; for that particular model.
Although the performance of such a stopping time may be less than optimal for other
pairs of distributions in Qg x Qj, the use of procedures of the kind described above
guarantees a given level of performance over the entire class under certain conditions
(again see, e.g. [120] for a general discussion of such problems).

Let us briefly remind ourselves of the stochastic optimization problem that arises by
minimizing Lorden’s delay penalty J(7') subject to a given constraint in the mean time
between false alarms y (see Chapter 6), when Q¢ and Q are known. In particular, it
was shown in Chapter 6 that Page’s CUSUM stopping time is its optimal solution. That
is, the stopping time

T, = inf{n|S,, > h}, (7.69)
with
S, = max{0, S,—1 +g(Z,)}, So=0,n=1,...,

where g(Zy) = log L(Zy) = log Z(l) g}f; achieves the lowest detection delay J(T') for a
given false-alarm constraint y. Recall also that the performance of this solution can be

characterized asymptotically by the quantity, (see Theorem 6.19)

. log y
= lim ,
y—o0 J(Ty)

n (7.70)
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where 7 is the Kullback—Leibler divergence of Q1 with respect to Qg is as defined in
(6.1). Note that for large ¥ we have the approximation J(T) ~ (logy)/n, and so to
minimize J(7T') (asymptotically in y) one needs to maximize 7.

The lack of precise knowledge of the pre- and post-change distributions leads us to
consider stopping times that will replace the function L = loggqi/qo in (7.70) with
choices other than L, which we will denote generically by g. An issue that immediately
arises is how we can characterize the asymptotic performance of such stopping times.
Because of the optimality of the CUSUM, such a stopping time will have a value of 1 (as
in (7.70)) that satisfies n < D(Q1 || Qo). It is unclear however, how one could go about
calculating n for a general choice of g. To address this problem, Broder [49] has shown
that the following quantity is a lower bound on 7 for a general class of functions g:

+00
= wo/ g(x)q1(x)dx, (7.71)

—00

where wy is the unique non-zero root of the moment-generating function equality
o
/ e®08W g0 (x)dx = 1. (7.72)
—00

REMARK 7.12. The moment-generating function equality (7.72) has

¢ one and only one non-zero root wg < 0 if ffooo g(x)go(x)dx > 0,
e one and only one non-zero root wg > 0 if ffooo g(x)go(x)dx < 0, or
e no non-zero real root if ffooo g(x)qo(x)dx =0

provided there exists 1 > § > 0 such that

(1) Qo (8(Zx) > In(1 +6)) > 0; and
(2) Qo (g(Zx) > In(1 —3)) > 0.

For further discussion on this result please refer to the discussion following (4.79), and

for a formal proof please refer to [93, p. 103].
With regard to the quantity (7.71), we have the following useful property.

PROPOSITION 7.13. We have that ] = n = D(Q1 || Qo) ifand only if g = C - L

for some C > 0, where L =1logq/qo.

Proof: Suppose that g = Clogq1/qo; then we have

o0
n= woC/ log c“(x)ql(x)dx
—o0 qo(x)

=woCD(Q1 || Qv),
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where wq satisfies

1= /OO exp {a)OClog q1(x) } go(x)dx
—00 qo(x)

00 woC
=[] wer

from which it follows that wg = 1/C. Therefore, 7 = n = D(Q1 || Qo). Now suppose
that 77 = 1. We want to show that the function g that solves the optimization problem

o
max 7 = a)O/ g(x)g (x)dx (7.73)
8 —00
subject to
o0
1= f exp{wog (x)}qo(x)dx, (7.74)
—00

is given by g = Clogq1/qo for some C > 0.
To solve this problem, it suffices to find g that minimizes

/ [00g (1)1 (x) + & exp (wog () o ()] dx,

—00
where A is the Lagrange multiplier associated with the constraint (7.74). Suppose that
¢ is the solution to the above problem and consider an arbitrary perturbation of g in the
neighborhood of an arbitrary function p. That is, consider g = g + €§p. The problem
now becomes one of finding a stationary point (in €) of

o0
/ (w0 [8(x) + €5p(x)] g1 (x) + Aexp {wo [§(x) + €3p(x)]} go(x)) dx.
—0oQ

Taking the derivative of the above expression with respect to €, and setting the result
equal to O we have

wO/ dp(x) [ql(x) + )»e‘”"g(x)qo(x)] dx = 0.

In order for the above equality to hold for arbitrary ép it is necessary (and sufficient)
that

[cn(x) + Aew0?<x>qo(x)] =0, forall x € R.

Or equivalently
~ q1(x)
wog(x) = log —log(—A), forall x € R,
qo(x)
where from (7.74) we have A = —1. Therefore it follows that
_~ 1 q1(x)
g(x) = —log .
wo  qo(x)

The result now follows by letting C = 1/wp, and noticing that the second derivative of

’

/ (wo [3(x) + €8p(x)]1 g1 (x) + rexp {wo [g(x) + €8p(x)]} qo(x)>dx
rA=—1

—0o0
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with respect to €, evaluated at g, is negative, which establishes the fact that g is in fact
a maximum. This completes the proof of the proposition. |

Using the above formulation, we can consider an asymptotic max—min stopping time
to be one that solves the problem

n(g; Qo, 01), (7.75)

sup inf
g (00,01)eQoxQ;
where 77(g; Qo, Q1) is defined through (7.71). It is shown in [49], that solving the max—
min problem of (7.75) is equivalent to solving the min—max problem

inf sup77(g; Qo, O1). (7.76)
(Q0.01)€Q0x Q) gpn & !

In view of the above proposition, given any choice of the pair (Qg, Q1) € Qo x 91,
the choice of the function g that maximizes 7 is L = Ingj/qo which leads to
n(L, Qo, Q1) = D(Q1 || Qo). Hence problem (7.76) can be solved by first solving
for a minimizing pair of distributions (Qor, Q1) € Qo x Qj, that is, a pair solving

inf D01 |l Qo)» (7.77)
(00,01)€Q0x Q)

(assuming that such a pair exists), and then choosing g = log ggéi .

By drawing on work of Brandt and Karlin [44], it can be shown that (7.77) has the
same solution for a given pair of classes Qp and Q; as a well-known problem in robust
hypothesis testing posed by Huber in [108]. Solutions to the latter problem are known
for several useful choices of Qg and Q;, and therefore solutions to (7.77) and (7.76) can
be found directly.

As an example, consider the very useful and intuitive e-contaminated model:

Example 7.1: Suppose € and €] € (0, 1), and define the classes Qg and Q; in terms of
respective classes Cp and C; of density functions:

Co={fIf =1 —¢€)fno+eoh, h € H}, (7.78)
and
Ci={fIf =0 —e€)fu1 +eh, h eH]}, (7.79)

where H is the class of all probability density functions on R, and where f,0 and f,
are nominal densities for the classes Cy and Cy, respectively.

The least favorable pair of densities in the above e-contaminated classes for robust
hypothesis testing are known to be (see [108])

(I — €p) fro(x), Su1(x) < ag fuo(x)

fOL(x)Z{ LA —e) o0, fur®) = a0 fao @)

and

(I —€1) fro(x), S (x) < ay fuo(x)

finl = { ar(l =€) (), fu() = ar fuolx)
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where ag, a; satisfy 0 < a; < 1 < ag, and are selected so that fo;, and f1 are densities.

That is, they satisfy:
V4 V4
P<fn1( k)< f )+_P<fn1( k)

1
fm) — (7.80)
€0

ao >
fao(Zy) aop Sno(Zy) 1-
and
fu1(Zy) ) (fnl(zk) ) 1
P n P < W —_ 7.81
<fn0(Zk) Zajfm frab Gy =) =T, (7:8D

where P (-] f) denotes probability assuming that Z; has probability density f. Note that
ap and aj are unique. (See [108].)
The above fo;, and fi give rise to the following log-likelihood ratio:

loga; + log i_; fa1(x) < ay fuo(x)
gr(x) = § log 248 4 log =5, ay f0(x) < fu1 (¥) < ag fuo(x)
logag + log i_;') Sfn1(x) = ao fro(x)
which, aside from the (inconsequential) additive constant log }761 is simply a censored
fnl(x)

version of the log-likelihood ratio for the nominal model, log 7ot . For example, in the
case in which €y = €] and f;,¢ and f,; are AV'(0, 1) and NV (i, 1) densmes respectively,
gR 1s given by

logay, ux — %,uz <loga
gr(x) =1 ux — %,u2, loga; < px — %,u2 < logag.
log ay, px — Spu® > logag

When a least-favorable pair of distributions (Qor, Q1) (i.e. a minimizing pair in
(7.77)) exists for the classes Qg and Qj1, then the triple (gr; Qor, Q1) With ggr = Zgéi
forms a saddle point of the max—min game (7.75). That is, not only does gg maximize

71(g; QoL, O11), but we also have
n(gr: Qor, Q1) = 1(gr; Qou, 1), Y(Qo, Q1) € Qo x Q1. (7.82)

Thus, the bound 7 for the stopping time based on gg is guaranteed to be no smaller
for any pair of distributions in the uncertainty classes than it is for the least-favorable
pair. This implies further that 7 itself is uniformly lower-bounded over Qg x Q for this
choice of stopping time, thus leading to the claim of robustness. For further discussion
please refer to [49] and [120].

Note that a tacit assumption in the above discussion is that the classes Qg and Q;
represent relatively small degrees of uncertainty in the model; e.g. in the e-contaminated
example, €y and €] should be small. Otherwise the performance guarantee of (7.82)
could be very pessimistic. When Qg and Q; are instead very broad classes, then other
approaches, known as non-parametric approaches, are more suitable than the max—min
formalism treated here. Some work in the area of non-parametric quickest detection is
found in [3,31,35,36,49,63,97,98,158,166].
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Adaptive quickest detection

In the previous subsection we have discussed the problem of detecting a change in the
case of uncertainty in the pre-change and post-change distributions. In this section we
will discuss the problem of detecting a change while at the same time attempting to
estimate unknown parameters of the post-change distribution. The difficulties pertain-
ing to achieving this goal are inherent in the uncertainty of the location of the change
point.

To consider a specific situation, let us again consider the case of independent discrete-
time observations with a non-random change point 7, and suppose that the observations
are described by a parametric family of distributions whose (real) parameter is 6 = 6
before the change, and changes to & = 6; at the change point, where 6; is at least
equal to 6y + v for a fixed positive value of vy. In many applications, it is natural to
assume that the pre-change distribution is known (or that 6y can be estimated) since
the pre-change distribution in most practical examples, although not all, corresponds to
a normal state of the sequence. Hence, it is typically easy to find historical data and
use standard statistical methods to estimate 6y. The problem of estimating 8; however,
is much more complex, since we do not know which is the first observation that we
should use in estimating it.

A traditional approach to such problems, as described in [139], is to use the
generalized CUSUM stopping time defined as

n

T =inf {n; max sup Zlongl(Zj) >ay,
O=k=n g,>00+v, =k

where Ly, denotes the likelihood ratio between the post- and pre-change marginal dis-
tributions, assuming that 6 = 6 after the change. Properties of this stopping time have
been studied and its asymptotic optimality as the false-alarm constraint y — oo under
certain conditions has been established in [77] and in [139]. The main drawback of this
stopping time is that it does not admit a recursive implementation. That is, in terms
of computation, at each time step all observations must be stored, and the supremum
recomputed afresh.

In this section we will present an alternative adaptive algorithm for detecting a change
in distribution in the case in which the post-change parameter of the distribution is
unknown, following [63]. For simplicity, we treat here the case in which the marginal
distribution of the Z’s is N'(8, 02), where o2 > 0 is known, although the results can
be extended to more general cases. (See [63].)

Consider the following stopping time in which Lg, defined as above, is a monotone
function of its argument and # > 0 is a fixed threshold.

(1) Initialize i = 0, Sp = 0.

) i=i+1.
(3) S; = max{0, S;—1 +log Lgy+v,(Z;)}. If S; < h then repeat 2.
4 k=i+1.

() i=i+1.85=Y"_logLg(Z).
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6) Ifa < S; < b, repeat 4. If S; < a, set §; = 0 go to step 2. Otherwise, proceed
to (5).
(7) Declare a disorder at time i.

In step (5), 5, = max{fy + vo, él-} with §; = ﬁ Z;zk Z ;. Note that é,- is an estimate
of 61 under the assumption that Z, ..., Z; come from the post-change distribution

The above algorithm is a combination of a CUSUM tuned to detect the minimum
possible change of 8; = 6y 4 vp and an SPRT with an estimated post-change parameter.
The former is used to signal the possibility of a disorder. If an alarm sounds then the
second test is initiated. If the SPRT results in a rejection of Hy, then the CUSUM statistic
is set to 0 and the process restarts. Otherwise, a change is declared. The selection of &
can be done through techniques described in Chapter 6. The determination of a and
b can be done through the control of type I and type II errors of the SPRT, which in
turn are determined by the oc of the SPRT procedure described above. Both the asn and
the oc of the procedure are determined by simulation as no closed form formulas exist.
This approach can be extended to other families of distributions for which the CUSUM
under step 3 is optimal for the alternative 61 > 8y+ vg (similarly to the case of Brownian
motion with post-change drift parameter © > m > 0 treated in Chapter 6). For further
details on this procedure, please refer to [63].

An alternative interesting adaptive approach for detecting a change in the mean in a
sequence of observations in the presence of noise is introduced and analyzed in [56].
The objective in this approach focuses more on the sequential estimation of the mean
that can change at an unknown point in time rather than on estimating the change point
itself. Similarly, an adaptive procedure for detecting an unknown change in the mean
for the particular case of Poisson observations in the case of an unknown change in the
Poisson arrival rate has been suggested in [65]. Another approach to the detection of
signals with unknown shape and unknown magnitude is given in [28].

Quickest detection with dependent observations

In all previous discussions we have considered only situations in which observations are
independent of one another conditioned on the hypothesis or change point. In this sec-
tion we consider situations in which we have dependent observations. We consider two
particular situations, one that extends the optimality of the CUSUM to certain depen-
dent situations, and another that treats more general dependencies using an asymptotic
framework.

Quickest detection with independent likelihood ratio sequences

In this section, we generalize the result of Theorem 6.2, which asserts the (Lorden)
optimality of the CUSUM for i.i.d. pre- and post-change models. We follow [151]. In
particular, consider a general discrete-time observation process {Z;} (not necessarily
independent) with the usual filtration {Fy; k = 1, 2, ...}, and sequences of conditional
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probability measures {Qo(-|Fix—1)} and {Q1(:|Fx—1)} that describe the conditional
distributions of { Z;}, given the past F;_ before and after the change point . We assume
that, for each k, these probability measures are mutually absolutely continuous. Suppose
further that {Qo(-|Fx—1)} satisfies the following key condition for all k:

Qo (L(Zy) < l|Fk=1) = Fo(l), foralll > 0, (7.83)

where Fj is a cdf, independent of k. Although the observation process can be non-
stationary and dependent, the above condition guarantees that the process {L(Zy)},
where L(Z;) = 401(ZelF1) g i d. under both Qo and Q;. To see that (7.83) is

’ dQo(Zk|Fr-1) o ) o o
sufficient to ensure that the process {L(Zj)} is i.i.d., consider the multivariate distri-
bution of the random variables L(Z1), ..., L(Z;) under the probability distribution

induced by the conditional probability measures {Qo(-|Fix—1)}. Using the fact that
{L(Zy) <1} € Fi, foralll > 0, we have

k
P(L(Z) <li,....L(Zy) < lp) = 1_[ Qo (L(Zi) = li|Fi-1) (7.84)
i=1

k
= Fotn. (7.85)
i=1

which proves that the {L(Z;)} are i.i.d. with corresponding marginal distribution Fj
before the change. Using the absolute continuity of Q1 with respect to Qy it is possible
to show that the same holds under the sequence of measures {Q(:|Fx)}, with

Fi() = Q1 (L(Zp) = | Fk-1), 1 =0, (7.86)

where Fi () = [} zdFo(2).

On examination of the proof of Theorem 6.2, it can be seen that the optimality of
the CUSUM S, = max{0, S,_1}L(Z,) does not rely on the independence of the obser-
vation sequence, but rather on the independence of the sequence of likelihood ratios.
Thus, the CUSUM is (Lorden) optimal for processes satisfying (7.83) and (7.86), a fact
noted by Moustakides in [151].

As an important example of a situation in which (7.83) and (7.86) are satisfied,
suppose the observation process {Z} is generated by the equation’

p
Zi=) BiZii+ W (7.87)
i=1

where {W;} is an i.i.d. Gaussian sequence with mean 6 and variance o2, about which
we wish to solve the change-point detection problem in which 6 = 6y for all k =
l,....,t —land @ =6 forallk =1, ...

7 Such a process is known as an autoregressive (AR) process of order p.
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It is straightforward to show [19] that the log-likelihood ratio based on n observations
from (7.87) takes the form

n

01 — 6o u O + 01
Si=) " (zk — > BiZii— T) : (7.88)
i=1

k=1

the summands of which are i.i.d. before and after the change regardless of the value of 6.

Therefore, from (7.88), we can see that condition (7.83) is met and thus the CUSUM
process is optimal under Lorden’s criterion in detecting a change of 6 = 6y to 6 = 6.

A number of other examples of processes that satisfy (7.83) are given in [151].

It is easy to check however that (7.83) is not satisfied in the case of an autoregres-
sive process in which the hypothesis of change involves changes in the parameters 8
through B,. One technique used to detect changes of such type in cases for which
the change is small and the distance in the parameters shrinks as the sample size n
increases, is the local hypothesis testing approach, to which we turn in the following
section.

Locally asymptotically normal distributions

To introduce the notion of a locally asymptotically normal family of distributions let
us first review some definitions from statistical theory. Consider a collection {Zy; k =
1,...,n} of (possibly dependent) random variables defined on the measurable space
(R", B") and a parametric family of probability measures { Py}gc@ Where ® is an open
subset of R” and where Py is the joint distribution of the collection {Zx; k = 1, ..., n}.
We assume that the family of measures {Py}pce satisfy certain regularity conditions,
given for example on page 45 of [188], among which is that each Py has a probability
density function py.
For 6 € O, the efficient score statistic is defined as

ope(Z1,...,2Zy)
E, = Po 139 n

and the Fisher information matrix is defined to be the p x p matrix I, (6) with i — j®
element (see, e.g. [178])

1 dlnpg(Zy, ..., Zy) 0Inpy(Zy, ..., Zy)
[In(e)]ij=;Ee{ P S S }
i J

Let {h,} be a sequence of points in R” such that 7, — h € R?”, and set 6§, =
0+ h, IT so that 8, € © for sufficiently large n since ® is open and 6 € ®. Denote by

n’

L,(Z1,...,Z,) the likelihood ratio between the hypotheses
Hj : the distribution of Z1, ..., Z, is Py

VErsus

H; : the distribution of Z1, ..., Z, is Py,
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Then, the parametric family of distributions { Py }gce is said to be locally asymptotically
normal (LAN) if we can write

1
log L,(Z1, ..., Zy) =hT A, (0) — EhTI,,(e))h +x(Z1, ..., Zn,0,h),  (7.89)

where
1 dlngy(Zy,...,2Zy)

Jn 20

Ap(0) =

and

lim «(Zy,...,Z,,0,h) =0 Pya.s.,
n—oo

and where the asymptotic distribution of A, (8) is N (0, I (9)) under Py.

Members of the LAN family of distributions include i.i.d processes, stationary
Markov processes of any given order, stationary Gaussian random processes, a sub-
set of which includes stationary Gaussian autoregressive moving-average (ARMA)?
processes, etc. (See for example pp. 47-52 [188].)

For the LAN family of distributions, it is also the case that the asymptotic distribu-
tion of A, (0) is N (1 (0)h, I (9)) under Pg,. To see this, consider a continuous random
variable X and two hypotheses regarding its probability density, namely assume it has
density g, under H; and density gy, under Hy for some p vectors 61, ) € ®, where

® C R? and ||6; —6p|| is small. The likelihood ratio is L(X) = ZZ' 82 , and we can write
0
3 1Ingg(X) 1 9% Inge(X)
LX)~ 6 —60)" a2 S0 — )" (6 — 6y,
30 lo=g, 2 a0 9t
=t
(7.90)
from which we see that
1
Eg, {In L(X)} ~ —5(91 — 00)" 1(60) (61 — 60), (7.91)

and
1 1
Eg {In LX)} ~ (01 — 00)" 1(61)(6) — 6p) ~ 5@ — 00)" 1(60)(61 — 60), (7.92)

where the second relationship follows by using (7.90) and interchanging the roles of 6;
and 6y. Moreover for small values of ||6; — 6p||, we have

60)7 d1Ingy(X)

InL(X) ~ (6 — =
6=0p

s

8 ARMA processes generalize the AR model of (7.87) to include a “moving average” piece, as follows:
P q
Zy = Zﬁizkﬂ' + Z(XjWk—sz
i=1 j=1

where ay, ..., o are constants.
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and using (7.92) it follows that

d1Ingg(X)
Es, { 30

} ~ 1(60)(01 — 6o). (7.93)
0=,

We note that in the case of a collection of n random variables the expected value of the
second-order term appearing in the expansion of In L, (Zy, ..., Z,) is of the order of

nl,(0). Hence, it should not come as a surprise that the rate at which 6, = 6 + h—’;

approaches 6 is of the order of 1/4/n, as the quantity squared cancels n allowing
(together with other regularity conditions and stationarity) the limiting distribution
to exist.

Equation (7.93) indicates that in the case of a LAN family, under P, , the distribution
of A,(0)is N (1(0)h, 1(9)). Using the normality of A, (6) we can also use (7.91) and
(7.92) to deduce that

1o

InL,(Zy,...,Z,) N (—%hTI(H)h, I(9)> under Py, (7.94)

and
InL,(Zy,...,2Zyn) 2 N (—l—%hTI(Q)h, 1(9)) under Py, . (7.95)
The basic idea behind the LAN family of distribution is that
La(Z1, ..., Zy) ~exp [hTA,,(e) - %hTI(G)h] , (7.96)

from which it is seen that the likelihood behaves approximately as if it were an
exponential family with sufficient statistic A, (0) (see, e.g. [178]).

In the next section we develop a technique used to test sequentially a null hypothesis
about the parameter of a parametric family of distributions against local alternatives. We
will achieve this through the construction of an appropriate SPRT stopping time. We will
examine its optimality properties as well as its asn. Moreover, we will investigate the
problem of detecting a change in the case of local alternatives using an appropriately
constructed CUSUM stopping time.

Sequential detection (local hypothesis approach)

Continuing with the model above, but with a scalar parameter (i.e. p = 1), we are
interested in testing the null hypothesis Hy : 8 < 6 against local alternatives H; : 6 >
6o. We continue to assume that for each 6 € ®, Py has a probability density function py.
In what follows we first assume that { Z;} is an i.i.d. sequence with marginal probability
density gp, construct an SPRT-type test based on the statistic

n

Z d1nge(Zy)

P a0

and indicate its local optimality properties. We then extend these ideas to situations in
which the observations are LAN.
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So, we begin with the i.i.d. case. Let (§, T') be the following SPRT-like stopping time

n

Z 01ngg(Zy)
20

T =inf{n ¢ (a,b)}, (7.97)

0=6

k=1

with the associated decision function

WSS SR TA R
5(Z1. ... Zp) = (7.98)
0 sif Yo, U0 L

The local performance characteristics of the above sequential test are described by
the type I error «(8) (compare footnote 2 in Chapter 4), the asn E {T'} and the local
slope of the power function® B’(6) at the null hypothesis 6.

It can be shown that, within regularity, the test described by (7.97) and (7.98)
is locally most powerful. That is, for any other test (5, 7) with characteristics

(a@LE{TLBK%»Amm
E{T}fE{TL
and
a(8) < a(d),
the following holds

B )lo=s, < B'(0)]o=0,-

For a proof of this result please refer to [33].

To examine the asn of (7.97) for the two simple local hypotheses Hy : 6 = 6 vs.
Hy : 0 = 6y + has h — 0, let us consider once again a random variable X with
density pg, with 6 as prescribed by Hy and H; and use the Taylor expansion of the
log-likelihood ratio. We have

o0lnpeO| 1 9 In py(X)

+ o(h?).
0 lo—g, 2 362

0=06y

L(X)=h

Taking expectations of both sides under Hj and using the fact that Eg, { % s }
=v0

= (), we obtain
1 2 2
Egy {L(X)} = —51(90)11 + o(h?)
and

_ 1 2 2
Eg {L(X)} = 51(91)h + o(h”),

9 The power function is defined as (6) = Py (57 = 1).
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where 7 (0) denotes the Fisher information when the parameter is 6. Using the definition
of the Kullback—Leibler divergence of Section 6.1, we obtain

1
D(Py,||Po)) = 51(90)}:2 + o(h?),
D(P, _! 2 2
0, || Poy) —21(91)h + o(h?),

Eg{L(X)} =h <h — %h) 1(0) 4 o(h?),

for 6 € [0y, 61] and h = 6 — 6. Using the analysis and the results of Section 4.2, we
thus obtain

(I—a)in ¢ faln it

Eg, {T} ~ 7.99
%l Lh21(6) + o(h?) 799
(1—y)In X 4 yIn 12
Eg (T} ~ ; v (7.100)
3h21(61) + o(h?)
and
Eo (T) ~ —a oc(0) + b(1 — oc(0)) (7.101)

h (h — %h) 160) + o(h?)

where oc(0) is the operating characteristic.

For further details on the local approach for calculating oc(9) please refer to [19].

Before considering the local approach for hypothesis testing in the case of processes
with more involved dependence structures than the i.i.d. case (such as the case of LAN
distributions), it is important to mention two results concerning the most powerful test
of fixed size in the case of LAN distributions.

Let {Py}oco, ® C R be a LAN family of distributions with scalar parameter 6.

Consider the hypotheses Hy : 0 < 6y = 0* + f}—%, vs. Hy :0 > 60 =0* + j—lﬁ, and let
Cy =16 |lim sup sup Eg {§(Z1,...,Zy)} <oy .
n— 00 0 <6
The test with critical region
A, > K, (7.102)

where A, = A, (0*) as defined in (7.89), is asymptotically uniformly most powerful
(AUMP) in the class C,,. This is a result of [42].

That (7.102) is AUMP means that as n — oo the test based on A, is the best among
all tests with Type I error less than or equal to « (i.e. all a-level tests). (For a more
detailed discussion on the AUMP test please refer to [188].) Essentially, this result
follows because the likelihood ratio depends asymptotically on the quantity



208 Additional topics

1 0lnpp(Z1,...,2Zyn)
Ay =—
Jn a0 9—6*
1 < 3lnpg(Zi|Zy, ..., Zi—
:_Z Po(Zi|Zy k—1) (7.103)
Vn = a0 9—o*
via (7.89).
Given the above information, we can discuss the construction of tests for the
following hypotheses:
Hy:60 =6y
VS. (7.104)
Hi:0=00+h/Jn,
and

Hy : 0y = 0* —h/z\/ﬁ
VS. (7.105)
H,:0, =0* —|—h/2ﬁ,

where in both of the above cases we assume ® C R.
The obvious candidate for the construction of an SPRT-type test for both types of
hypotheses is the stopping time

1 91 ZilZy, ... Zi—
T = inf n‘—z n po(Zk|Z1 k1) ¢ @b, (7.106)
n a0 0—p*
k=1
with the associated decision function
1 ;ifAr>b
Sr(Zy, ..., Zr) = (7.107)
0 ;if Ar <a.

Let us begin with the first set of hypotheses. To calculate the asn of this stopping
time we can follow the procedure described above or use the fact that asymptotically it
behaves as in the Gaussian i.i.d case to obtain

(1—a)ln(l —a)/y +aln(l —y)/a
$h21(60) + o(h?)
(1—a)in(l —a)/y +aln(l — y)/a
Ih21(6)) + o(h?)

Egy (T} = , (7.108)

Eg (T}~ , (7.109)
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and
—a oc(0) +b(1 —oc(9))

Eo (T} ~ —L :
o AT} h(h — 1) + o(h?)

for 6 € [0, 01]. We can then use the following central limit theorem which appears in
[103] and concerns the limiting distribution of

[ns]

1 ol ZilZy, ..., Z;_
Aps(0%) = —— n po(ZilZy k—1) ’ (7.110)
withs € [0, 1]and 6 € ® C R.

We have

(1) under Pys : I,(6%) "2 Ay (6%) 2 Wy; and
(2) under Pye, i : (I(6%)77 (Ans(6%) — L,(6")hs) 3 Wi,
N

where {W,; 0<s<1} is a standard Brownian motion.

REMARK 7.14. In the above two results, convergence in distribution actually means
weak convergence of the stochastic process {A, s; s € [0, 1]} to the limiting Brownian
motion.

We can then obtain approximations to both oc(9), and asn(9) by using results on the
hitting times of Brownian motion.
In the case of the second pair of hypotheses (7.105), notice that

Zi,.... Z h o dpe(Zy,....Z h?
1 P21 n po(Z1 n) 7 em, 7.111)
pg*(zl,...,Zn) 2\/5 20 9—p* 8
while,
(Z1,....Z h dpe(Zi,....Z h?
1 P2 n pe(Z1 n) e, (7.112)
pgo(zl, ...,Zn) 2\/;1 a@ 0—0* 8
Therefore, by combining (7.111) and (7.112), we obtain
Zy,...,Z h opg(Zy,...,Z
In po, (Z1 n) o 9pe(Z n) —hA,. (7.113)
pe()(zl’"',zn) «\/ﬁ 89 H=0*

Using the same central limit theorem as above, with convergence in the sense of
Remark 7.14, it follows that:

(1) under Ho: I,(0%)"2 (An,s(e*) + %In(e*)hs) 2 W,; and
(2) under Hy: 1,(0")% (8,,60") = $1,0)hs) 2 W,.

Therefore, again the approximation of oc(0) and asn(0) reduces to answering the same
questions in the case of a Brownian motion with negative drift and positive drift, respec-
tively. The questions are easily answered in this case of a scalar parameter. (See for
example [118].)
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Given the result of Berk [33] discussed at the beginning of the section, which applies
to local scalar alternatives and the asymptotic behavior of an LAN as an exponential
family with sufficient statistic A,, one could potentially characterize (although no such
result exists in the literature) the SPRT-type test described by (7.106) and (7.107) as a
locally asymptotically most powerful sequential test for both the first and the second
pair of hypotheses.

The extension of the above results to a p-dimensional parameter set is straightforward
at least in the second pair of hypotheses (7.105) as long as the hyperplane separating
the parameter sets ®p and ® under the two hypotheses can be approximated by the
hyperplane A7 I(0*)(6 — 6*) = 0. This is true in the case in which the following two
inequalities hold for all k£ > 1:

a1 ZilZy, ..., Zk—
Egy {17 ngg(Zk|Zy k—1) <0 V6 e 0y,
26 bpr
and
ol ZilZ1, ..., Z—
Eg, {n7 0002 21 k1) ~0Veheo,.
20 i

It is important to mention that one is guaranteed that the SPRT described by (7.106)
and (7.107) is closed in the second pair of hypotheses (that is, it will terminate) even
in the case in which we do not have a LAN family of distributions or the limit theorem
of convergence to Brownian motion does not hold. All that is necessary is that the
asymptotic expansions (7.111) and (7.112) be valid.

In what follows we will discuss how to construct a CUSUM type of algorithm in the
case of a LAN family of distributions to detect local changes of the type appearing in
the second hypotheses pair (7.104).

Quickest detection (local hypothesis approach)

We would like to detect a change in the parameter determining the statistical behavior
of a process {Z;} whose distribution before and after the change point 7 belongs to a
LAN family of distributions {Py}pce, (® C RP) with parameter . It is assumed that
before the change point ¢, hypothesis H is true regarding the value of the parameter 6
and after the change point, hypothesis Hj is true regarding the value of the parameter
6. In this section we will consider the local hypotheses Hy : 6y = 0* — (h/s/n) vs.
Hy : 6y = 60* + (h/s/n), with ® C R.

REMARK 7.15. Notice that the dependence on n of the hypotheses treated in this sub-
section becomes relevant in the convergence of the distribution of the statistic (7.103)
through the mechanism explained in the paragraph following (7.93). Intuitively, one can
consider n to be much larger than the change point  when a change occurs, so that the
asymptotics can be applied both pre- and post-change.

As is evident from (7.108) and (7.109), we have that

E Indpe(Zi|Zy, ..., Zi—1) <0
% 90 oo
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and

Inodpy(ZilZ1, ..., Zk—1)
Eo 30

} > 0.
0=0*

This suggests that a CUSUM type of stopping time based on the first passage time of
the process (7.71) with g replaced by
Indpe(ZklZ1, ..., Zi—1)
a6

: (7.114)
0=0*

&k(Zy) =

will terminate. That is, gx(Zx) is directly related to the statistic (7.103). Therefore,
asymptotic results regarding the LAN family of distributions and in particular the
statistic (7.110) become relevant here in the computation of the first moment of the
first passage time of the process (7.71) with gx of (7.114). Such a result is given in
[103], where it is shown that I(Q*)‘éAn,x(G*) of (7.110) converges in the sense of
Remark 7.14 to

1 1
dB = ~ o= 51 O")hds + Loz 5 1 (07)hds + 1(6%)2dW,, (7.115)

where {Wy; s € [0, 1]} is a standard Brownian motion, (in the case of a vector parameter
it is a multi-dimensional Brownian motion) and the change point ¢ is any fixed point in
the interval [0, 1] (see pp. 358-360 of [19]).

The extension of the above to the p-dimensional case, that is to the case in which
Hy : 0 = 0* — (h//n) is true for Zy,...,Z;—y and Hy : 0 = 0* + (h//n) is true
thereafter, (%, is given at the beginning of Section 7.4.2). Here, we use the CUSUM-like
stopping time of (7.69) with the g of (7.70) replaced by

_ 7 MOPo(Zi|Zy, ..., Zy—1)

, 7.116
39 ( )

0=0*

gk (Zy)

since

Inope(Zi\Zy, ..., Zi—
Eaq {hT ndpy(Zi|Zy k1) }<0’

and

Ino ZilZy, ..., Z—
Ey {hT ndpe(ZklZy k1) }>0_

In the case in which Hy : 6 = 6 is true before the change and H; : 0 = 0y + (h/ /1)
is true after the change, a practical algorithm arises from the approximation

ZilZy,...,Zi_
max  sup Zln po(Zi|Zy i—1)

~ max (A)TT00) (A, (7.117)
I=r=kgee, = Poy(ZilZ1,.... Zi—1)  lsrsk '

where

1 ilnapuznzh...,z,-_l)

R (7.118)
vn—r+1 i a0 0=0,
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whose asymptotic distribution, in the LAN family, is x> with n — r + 1 degrees of

Ipeg(ZilZy,....Z2; —
o (Zi] 810 i—1) can be

0=6
treated as being i.i.d. in the LAN family. Hence the quadratic form that appears on the

right-hand side of (7.117) has a X2 distribution.

Other approaches to problems with dependent observations, include the work of
Bansal and Papantoni-Kazakos [13], who proved an asymptotic optimality result equiv-
alent to the one of Lorden [139] discussed in Chapter 6 for the CUSUM stopping time
of (7.70) with g in (7.71) replaced by
_po(ZklZy, ..., Zi—1)

poo(ZilZy, ..., Zi—1)
Other related works that investigate the asymptotic optimality properties of the CUSUM

stopping time and the Shiryaev—Roberts stopping time (compare Remark 6.18) in the
case of dependence in the observations include [16,34,88,89,105,126—-128,145,222].

freedom.'” The crux of this result lies in the fact that In

(7.119)

8(Zk)

10" A continuous random variable X has a x2 distribution with p degrees of freedom (p € {1,2,...}) if its
probability density function is given by

1 (ﬂ) x
fx(x) = ————<x\2/e"2, x =0,
F(§)2(7)

where I is the gamma function.
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